A DIOPHANTINE EQUATION RELATED TO THE SUM OF POWERS OF
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ABSTRACT. Let (Fy)n>0 be the Fibonacci sequence given by Fri2 = Fint1 + Fm, for m >0,
where Fy = 0 and Fi = 1. There are several interesting identities involving this sequence such
as F2 + F2 .1 = Fam+1, for all m > 0. In 2011, Luca and Oyono [8] proved that if F5, + F5 4
is a Fibonacci number, with m > 2, then s = 1 or 2. One of the most known generalization
of the Fibonacci sequence, is the k-generalized Fibonacci sequence (Fy(Lk))n which is defined
by the initial values 0,0,...,0,1 (k terms) and such that each term afterwards is the sum of
the k£ preceding terms. In this paper, we generalize Luca and Oyono’s method to prove that
the Diophantine equation
(F))" + (Fdy)” = B

has no solution in positive integers n,m, k and s, if 3 < k < min{m, logs}.

1. INTRODUCTION

Let (F},)n>0 be the Fibonacci sequence given by Fy 1o = Fy 41+ Fy,, for n > 0, where Fy =0
and F; = 1. A few terms of this sequence are

0,1,1,2,3,5,8,13,21, 34, 55, 89,144, 233, .. ..

The Fibonacci numbers are well-known for possessing wonderful and amazing properties
(consult [7] together with their very extensive annotated bibliography for additional references
and history).

Among the several pretty algebraic identities involving Fibonacci numbers, we are interested
in the following one

F? + F2 = Fyyy1, for alln > 0. (1.1)

In particular, this naive identity (which can be proved easily by induction) tell us that the sum
of the square of two consecutive Fibonacci numbers is still a Fibonacci number. In order to
check if the sum of higher powers of two consecutive Fibonacci numbers could also belong to
this sequence, Marques and Toghé [9] showed that, for a fixed s, if F};, + F}}_; is a Fibonacci
number for infinitely many m, then s = 1 or 2. In 2011, Luca and Oyono [8] solved this
problem completely, showing that the Diophantine equation

FS$ +FS,, =F, (1.2)
has no solutions (m,n,s) with m > 2 and s > 3.

Let k > 2 and denote F*) = (F'r(lk))nZ—(k—Q)> the k-generalized Fibonacci sequence whose
terms satisfy the recurrence relation

(k) _ (k) (k) k
Fn+k_Fn+k71+Fn+k72+“'+F7g)7 (1.3)
with initial conditions 0,0,...,0,1 (k terms) and such that the first nonzero term is Fl(k) =1.

The above sequence is one among the several generalizations of Fibonacci numbers. Such

a sequence is also called k-step Fibonacci sequence, the Fibonacci k-sequence, or k-bonacci
1
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sequence. Clearly for k& = 2, we obtain the well-known Fibonacci numbers Fj, 2 _ Fn, for
k = 3, the Tribonacci numbers F,S ) = =T, and for k = 4, the Tetranacci numbers F = Qn.

The aim of this paper is to study a generalization of the equation (1.2) in the k- generahzed
Fibonacci context. More precisely, we have the following result

Theorem 1.1. The Diophantine equation
k
(ES) + (Fl) = B (L4)
has no solution in positive integers m,n,k and s, with 3 < k < {m,logs}.

We recall that for —(k—2) < m <1 there are trivial solutions to the Eq. (1.4) for all &£ > 2.

Our method follows roughly the following steps: First, we use Matveev’s result [11] on
linear forms in logarithms to obtain an upper bound for s in terms of m. When m is small,
say m < 1394, we use Dujella and Pethd’s result [12] to decrease the range of possible values
and then let the computer check the non existence of solutions in this case. To the case where
m > 1395, we use again linear forms in logarithms to obtain an upper bound for s, now in
terms of k, which, combined with the hypothesis k& < log s, gives us an absolute upper bound
for s. In the final step, we use continued fractions to lower the bounds and then let the
computer cover the range of possible values, showing that there are no solutions also in this
case, which completes the proof.

2. AUXILIARY RESULTS
(k)

We know that the characteristic polynomial of (Fy "), is
Yp(x) =aF —aF - -1

and it is irreducible over Q[z] with just one zero outside the unit circle. That single zero is
located between 2(1 — 27%) and 2 (as can be seen in [10]). Also, it was proved in [1, Lemma
1] that
a" 2 < F® <o foralln > 1, (2.1)
where « is the dominant root of ¥y (x).
Recall that for £ = 2, one has the useful Binet’s formula

a” —pg"
F,=2"2
n \/5
where o = (1 + v/5)/2 = —B~!. There are many closed formulas representing these k-

generalized Fibonacci numbers, as can be seen in [3, 4, 5, 6]. However, we are interested
in the simplified “Binet-like” formula due to G. Dresden [2, Theorem 1] :

i —1
n—1
. 2.2
EZ: k + 1 Ozi — 2) % ’ ( )
for @« = aq, ..., ax being the roots of ¥ (z). Also, the contribution of the roots inside the unit
circle in formula (2.2) is almost trivial. More precisely, it was proved in [2] that
1
(b)) < 5. (23)

where E, (k) := ol g(a, k)a™ 1 and g(z,y) == (z —1)/(2+ (y + 1)(x — 2)).
We shall use a few times a result due to Matveev [11], which states the following
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Theorem 2.1 (Matveev). Let oy, ..., real algebraic numbers, by, ..., by nonzero integers
and A = ool — 1. Let D = [Q(av,...,04) : Q] and Ay, ..., A positive real numbers
satisfying

A; > max{Dh(«;),|log o],0.16}, for j=1,...,t.
Let B > max{|bi],...,|b|}. Also define
Ci.p = 1.4 x 30" x t*5 x D*(1 + log D).
If A #£ 0, then
|A] > exp(—Cyp(1 +1log B)A;---Ay) .

Where for an algebraic number 1 we write h(n) for its logarithmic (or Weil’s) height whose
formula is

d
1 ,
h(n) = - <10g laol + Y log(max{|n®], 1})> :
i=1
with d being the degree of 1 over Q, and
d .
F(X) :=ao [[(X = nW) € Z[X]
i=1

the minimal primitive polynomial over the integers having positive leading coefficient and
_ ()
n=mn--.
Another result which will play an important role in our proof is due to Dujella and Pethd
[12]

Lemma 2.2. Let M be a positive integer, let p/q be a convergent of the continued fraction of
the irrational v such that ¢ > 6M, and let p be some real number. Let € :=|| uq || —M || vq ||
If € > 0, then there is no solution to the inequality

O<ny—s+u<AB™
in positive integers n and s with

log(Aq/e)
o << M.
logB — nsM

The next theorem about continued fractions is due to Legendre, and will help us to finish
the demonstration.

Theorem 2.3. Let & be a real number. If a rational number a/b is such that

a 1
—_ = < —
‘5 b ’ 2b2
then it is a convergent of .

Now, we are ready to deal with the proof of Theorem 1.1.
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3. PROOF OoF THEOREM 1.1

First, observe that by using the estimates in (2.1), we obtain

a1 > Fr(Lk) _ (Fr(ric))s + (Fr(ri)rl)s > a(m—2)s + Oé(m—l)s

_ a(m72)5(1 + QS) > a(mfl)s,
and
a2 < Fr(zk) _ (Fr(rf))s + (Fr(rif-i)—l)s < Oé(mfl)s + o™
a(m—l)s(l +as)

ms+1
< « ,

where we used that 1+ a® < o*T! for all k£ > 3, which is an immediate consequence of o*(a —
1) > (7/4)3 x (7/4 — 1) = 1029/256 > 1 . Now, the estimate a" 2 < FF) < qn-1 together
with the previous estimates yield (m — 1)s + 1 < n < ms + 3. In conclusion, we have proved
that if (m,n, k, s) is a solution of Eq. (1.4), thenn € {(m—1)s+2,(m—1)s+1,...,ms+2}.

3.1. An inequality for s in terms of m. Using formula (2.2), we rewrite (1.4) as

(F(k)

mi1)” = 9ot = (FP) — En(k) . (3.1)

m

Since |E,, (k)| < 1/2, we have that (FTEH)_I) —ga"t e [(Fy FP ) —1/2, (F(lC )* 4+ 1/2], which
is positive. Now applying the absolute value and the triangle inequality in (3.1), we obtain

ga"~ <F£i11>|< + (FF)s < 2(FWM)*

)\ *
<2<Ii’”’,§)> . (3.2)
F
m+1

In order to give an upper bound to the right side of (3.2), we use that

Dividing by (Félll) to get

n—1

go

(F¥) )

-1

FO = FW +F® 4y BW L —op® g0

Thus, for k£ > 3
(k) (k)
F F 1
%:2 m(k)k>2——>165 (3.3)
Fy, Ey, k

Now, using estimate (3.3) in (3.2), we get our first key inequality:

(3.4)

gan—l ( 9

_ < .
k s
(Fr(nll)s 1.65

In a first application of Matveev’s result, take t := 3, v = Fﬁll ,Y2 = o ,y3 = g, e
b1 :=—s,by:=n—1,b3:=1. Now, consider

A= ga”fl(ﬂ(f) ) -1,
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which is positive (an immediate consequence of what we observed right after (3.1)). The
algebraic number field containing v1, 72 and 3 is K := Q(«), whose degree is D := [K : Q] = k.
For the value of B, note that

max{|b1], |b2|, |b3|} = max{s,n — 1,1} = max{s,n —1} ,
but since s +2 < (m—1)s+2 < n, then s <s+1<n—1, and we can take B :=n — 1. Now

we need to estimate the logarithmic heights h(~1), h(y2) and h(ys).

Since h(vy1) = log Féﬁl < mlog2, and max{Dh(v1),|log~i|,0.16} < kmlog2 , we can take
Ay = kmlog?2. Similarly, since h(y2) = h(a) = loga/k < log2/k , where we used the fact
that « is the only root of ¢ (x) outside the unit circle, and max{Dh(v2), |logv2|,0.16} < log2,
we can take As :=log2.

For h(vs3), we have

k
() = hig) = <log|ao\ + 3 log(max{lgi, 1})) .

=1

First, note that applying the conjugation (over K) on g = g(«, k), we obtain g; = g(«;, k) for
all 1 <i <k, and since [Q(«) : Q(g)] = 1, we have d = k. Put

k

ai—»l
G(m):H(x_ 2+(ai—2)(kz—i—1)> € Qle] -

i=1

The leading coefficient ag of the minimal polynomial of g over the integers divides Hle(Z +
(i —2)(k+1)). But,

k k
g(2+(ai—2)(k—|—l))‘:(k+l)k E<2—]i1—ai> = (k+1)* ¢k<2—kil> ,
Since

[r(y)| < max{y®, o "+ +y+1} <28,
for all 0 < y < 2, we get the following upper bound for ag:

U, (2—2>’<2’“(k+1)’“.

a0 < (k+1)" k+1

For all k > 3, we have 2(k + 1) < k% and then log |ag| < k(log(k + 1) +log2) < 3klogk. Now,
we need to estimate |g;|. If 2 <14 < k, we have |o;| < 1, which gives us

24 (k+1)(a;—2)| > k+1D)2—a;| —2>k—1>2.

Hence,

1 d<1.
2+ (k+ 1)(a; —2) 5 <1 = lal<

In the case of the dominant root, «, is easy to see that |g| < 1, as follows

_ a—1 < 1 <1
I 2% (k+ D)(a—2) Fr1 =
2 —
9k—1

’ a1 ‘<|ozi|+1
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where we used in the above inequality that k+1 < 2¥~1 for k > 3. Therefore, max{|g;|,1} = 1,
and we finally obtain

k

1 1

h(vs) = Z <log|a0\ + g log (max{|g/, 1})) < %(3klogk) < 3logk .
i=1

So we can take Az := 3klogk. Now, applying Theorem (2.1) to get a lower bound for |A;|,

|A1] > exp(—1.4 x 30373 x 3% x k? x (14 logk)(1 + log(n — 1))
X (3klog k)(log 2)(kmlog2))
= |A1] > exp(—2.064 x 10" x k*mlogk(2logk)(1 + log(n —1))) .

Using the previous estimates for n in terms of s and m, is easy to see that n > 8, where the
inequality 14 log(n + 1) < 2log(n — 1) holds, and n — 1 < ms + 1. Then,

|A1] > exp(—8.256 x 10™ x mk*(log k)?log(ms + 1)) .
Comparing the above inequality with (3.4), we get

> exp(—8.256 x 10" x mk*(log k)* log(ms + 1)) .

1.65%
Now, taking logarithms in the previous inequality, we have
log 2 — slog 1.65 > —8.256 x 10'! x mk*(log k)% log(ms + 1) ,
which leads to
5 < 16.7 x 10! x mk*(log k) log(ms + 1) .

Since m, s > 3, then logm,logs > 1 and so log(ms + 1) < log(ms)? < 4logmlogs. Thus, we
obtain

11 5 3
Tog s < 66.8 x 10** x m°(logm)” , (3.5)

where we also used the hypothesis £ < m .
Now, we are going to use the following argument showed by Luca and Oyono [8], for z > e,

<A = z<2AlogA, (3.6)
log

whenever A > 3. Thus, taking A := 66.8 x 10'! x m®(logm)?, inequality (3.5) yields
5 < 2x(66.8 x 10 x m®(logm)?)log(66.8 x 10" x m°(logm)?)
< 133.6 x 10" x m®(logm)3(29.54 + 5logm + 3loglogm)
< 133.6 x 10" x m®(logm)3(34.91ogm) ,

In the last chain of inequalities, we have used that loglogm < logm and 29.54 + 8logm <
34.9logm holds for all m > 3. Hence, we have the following result.

Lemma 3.1. If (m,n,k,s) is a nontrivial solution in positive integers of Eq. (1.4) with
3 <k < min{m,log s}, then

s < 4.7 x 10™ x m®(logm)* . (3.7)
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3.2. The case of small m. Following our plan, we next consider the cases when m € [3,1394],
and after finding an upper bound for n, the next step is to reduce it and then let the computer
handle with the possible solutions. To do that, first observe that in this case

s < 4.7 x 10M x (1394)°(log 244)* = s < 6.75 x 103 .
Thus, we obtain the following upper bounds for k£ and n:

n<ms+2 = n<1394x6.75x10¥+2 = n <941 x 103,
k<logs = k<log(6.75 x 10%) = k< 77.

Also note that n < ms + 2, gives us s > (n — 2)/1394. Now, in order to use the reduction
method due to Dujella and Petho [12], take

1
I'y:=(n—1)loga — log <> — slog Féf_)ﬂ . (3.8)
g
Then A; = et — 1 > 0, since Ay > 0, and from (3.4) we have
2
I1<e'—1=A :
O0<I'i<e 1< 165°

Dividing both sides of the previous inequality by log FquJ)rp and using that s > (n — 2)/1394,

we obtain
0<n 710‘%8; - 71°g(0‘({€f) < 2.01 x (1.65) w0 .
log F} 14 log F}) 4 4
With,
1 1
Yo = L(ak) ) Pk = —%(g’) , A:=201 and B := (1.65)79 ,
log Fi log Foiq

the previous inequality yields
0 <Yk — 8 — ftmp < AB™" . (3.9)

P
Let us show that 7, j is an irrational number. Indeed, if 7, 1 € Q, we have o = (Féf_L) for

some p,q € Q, with ¢ > 0. Conjugating this relation (over K), taking the product and then

the absolute value, we get
q

- (Fﬂlf’) £1.
i=1

On the other hand, we already know that this module is equal to one, since a, ao, - - - , g, are the
roots of ¢y (x), which contradicts the relation above. Thus, v, 1 & Q. Take M :=9.41 x 1036,
Let g¢m, 1 be the denominator of the ¢-th convergent to 7, . To do the following calculation,
we have used the Mathematica 9 software on a OSX 10.8.4, 1.8 GHz Intel Core i5 with 4GB of
RAM. Calculating the smallest value of g700,m k, for 4 < m <1394 and 3 < k < min{m, 77},
we have that gro0m i > 2.1 X 10*?® > 6M, and for the same range, €700,m.k > 1.8 10189,
which means that €700, is always positive (this is not true for egopm, k). Hence, by Lemma
2.2, there are no integer solutions for (3.9) when

k

log(A
ax 08 (Aq700,m.k/ €700,m,k) < n <941 x 10%
3<k<T77 log B

3<m<1394
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log(2.01 - 2.1 x 10%2%/1.8 - 107189)
log((1.65)T391)
= 1515054 < n < 9.41 x 103 .

Therefore, we have n < 1515053 and consequently s < 757526, since s < (n — 2)/(m — 1).
Also, using that k < logs, we get k < 13. A computer search with Mathematica revealed no
solutions to the equation (1.1) in the range 3 < m < 1394, 3 < k < 13, 21 < s < 757526 and
(m—1)s+2 <n <ms+ 2. This finishes the case m € [3,1394].

<n <941 x 10%

3.3. Finding absolute upper bounds. From now on, we assume that m > 1395. Set

v - [Em(k)]s
= -
gam
Lemma 3.1 gives us
| B (k)|4.7 x 10 x m5(logm)* 1
X < o NI (3.10)
where we used that
11 4 7 5 m—1
4.7 x 10+ x m5(logm) < <4) <a z
holds for m > 1395. In particular, &, < a7 < (7/4)7%7 < 2.3 x 107°. Similarly,
v _ | Emn(R)ls _ (1/2)4.7 x 10M x m5(logm)* __ !
m+1 gam+1 (1/2)am+1 alm=1)/2 "

We now write

Fy = g (10 22 g ) = grame (1 200 )

If By, (k) > 0, then

1< (1 + E”;S’fi) = (1 + W) < esIEm®)l/ga™=") 12X,
go go

because ¥ < 1+ 2z, for 0 < x < 1.25, while if E,,(k) < 0, then

R R )

> 1-2X,,,

now because log(l — z) > —2x, for 0 < = < 0.79 . The same inequalities are true if we

replace m by m + 1. Combining these two facts with (3.11), we can see how (F,Sf))s is well
approrimated by gsa(m_l)s, as follows

(ER))s = gsg(m=1)s (1 4 Em(k) ) < g® ™31 + 24,

m gam—l

= (EFys —gralmDs < ox, gtalmDs (3.12)

(FU)ys = gsg(m=Ds (1 . Em(k)>8 > g™ Ds(1 - 24,,)

gamfl

= (B —gsam=Ds 5 _ox, goamDs (3.13)
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thus
(FF)* — g°am %] < 2X,6°a™ D¢ and  [(FF)))* — g%a™| < 2X,119%™ . (3.14)
We now go back to (1.4) and rewrite it as

ga" ¢ E.(k) = Fk) — (F(k))S + (F(k)

n m

+
NI
oy
SS
N
w
|
N}
w
QA
3
L
%
N—

_l’_

which gives us
ga" Tt — a1 4 0%)| < [(FF)* — gPalm=19)|
k S S ms
H(E® ) = g°a™)| + [Bn (k)|

1
< 2Xmgsa(m71)s + 2X119°a™ + 3
Dividing both sides by ¢*a™*,
’gl—san—(ms—l—l) — (1 + ()4—5)‘ < 2950 + 0.38X,, + 2X 41 (315)
where (3.15) holds since a® > (7/4)3 > 5.35, and then 2/a® < 2/5.35 < 0.38. Now, we need a

m—1
lower bound to 2¢°a™® in terms of a2 :

o ma 1\° 7 25 7 (m72)sfm271
29°« 2 > 2<2> X (4) X <4>

4 3 607
2<9> ><<7> >3x10M > 10°

32 4
therefore (2g°a*)~! < 0.001/a(™~1/2, Using it in (3.15) jointly with (3.10), we obtain
0.001  0.38 2 2.39

‘gl—san—(ms-‘rl) _ (1 + a—5>‘ < (3.16)

m—1 Tm-1 m m—1
a2 o 2 Q2 o 2
Hence, we conclude that
1 2.39 3.39
’gl—san—(ms—i-l) 1< —+—=5< — (3.17)
a’ = o

o 2

where we put [ := min{s, mT_l} Having in mind to use Matveev’s result once more, we now
set

Ag = g'faqn=(mstD) 1 (3.18)

but before this, we must show that As # 0. Indeed, if Ay = 0, then conjugating over Q(«)
and taking the product of all conjugates, we have

k s—1 k
(H |gi|> = H (67}
i=1 i=1

but on the other hand, we saw that |g;| < 1 for all 1 < ¢ < k which contradicts the above
identity. Thus, Ag # 0.

n—(ms+1)
=1,

k

H(Qz‘)s_l

=1
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So, we taket =2, A\ :=¢g, Ao ;= aand ¢; :=1—3, co :=n—(ms+1). Again, K := Q(«) and
D :=[K: Q] = k. Now, to choose the value of B > max{|c1], |c2|} = max{s—1,|n—(ms+1)|},
observe that

n>m—-1)s+2 = n—(ms+1)>—(s—1)
n<ms+2 = mn—(ms+1)<s—1.

Hence |n — (ms+1)| < s — 1, and we can take B := s — 1. As in the previous application of
Theorem 2.1, we can take A; := 3klogk and As :=log2. We thus get that

|As| > exp(—1.4 x 30° x 2% x k2(1 + log k)(1 + log(s — 1))
X (3klog k)(log 2))
> exp(—7.74 x 10% x k3 log k(1 + log(s — 1))) .
Combining the last inequality with (3.17) we obtain

3.39
R exp(—7.74 x 10% x k3 log k(1 + log(s — 1)))

log 3. 7.74
= 1 08339 TT4 108 « K3 log k(1 + log(s — 1))
log log
= | < 14x10° x k3 logk(1+log(s — 1)) . (3.19)

If I = s, then (3.19) becomes
s < 1.4 x 10° x E*log k(1 + log(s — 1)) ,
and using that k& < log s,
s < 1.4 x 10% x (log s)>loglog s(1 + log(s — 1)) ,

which is valid only for s < 9.55 x 10%°.
If I = (m —1)/2, we use Lemma 3.1 and (3.19) to get

-1
mT < 1.4 x10% x k3 log k(1 + log(4.7 x 10 x m5(logm)?))

< 1.4 x 10° x k*log k(34.79 4+ 5logm + 4loglogm) ,
thus,

<3.7x 10 x k3 logk | (3.20)
logm

where we used that, for m < 1395, the inequality loglogm < 0.31logm holds, giving 34.79 +
5logm + 4loglogm < 34.79 + 6.241og m < 13logm, and that m — 1 > m/1.004. Now, using
again (3.6), we gain an upper bound for m in terms of k:
m < 2(3.7 x 101 x k3 log k) log(3.7 x 10 x k*log k)
< 1.93 x 10"2k3(log k)? . (3.21)

Again, by Lemma 3.1, now combined with (3.21), we have an upper bound for s in terms of
k, which will give us, as in the previous case, an absolute upper bound for s:

s < 4.7 x 10" x (1.93 x 10"2k3(log k)%)5 x (log(1.93 x 1012k (log k)?))*
< 1.26 x 107 x k5(log k)1°(28.29 + 3log k + 2log log k)*
= 5 < 5.33x10" x kS(logk)1 ,
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and since k < log s, we have
5 < 5.33 x 107 x (log s)°(loglog s)** |,

which is true only for s < 7.31 x 1019, so k < log(7.31 x 10'%0) < 232.

In both cases, we have s < 7.31 x 109 and k < 232, which are still very high to let
the computer do the calculation. In order to reduce these bounds, we use a criterion due to
Legendre (Theorem 2.3) about the convergents in a continued fraction. To use it, we go back
to (3.17) to get, using that s > 20 and m > 1394, the following upper bound:

1 2.39 1 2.39 _5
‘A2‘<E+W<@+W<L38X1O . (322)

Set,
Iy :=(s—1)log(g™!) — (ms+1—n)loga .
Note that Ay = e'2 — 1, then by the previous inequality, we have
138 x107° > [Ag] = e — 1] > €2 =1 = el <138 x107° 4 1. (3.23)

Now, since

1 2.39
[Cafj ol _ 5 - —+ o
Co| <ef?len? —1] < (1.38 x 1077 4 1)[Ag| < (1.38 x 1077 + 1) <as + a(ml)/2> ’

we have

1 2.39
|(s — 1) log(g~") — (ms +1 —n)logal < (1.38 x 107° 4 1) —+ 5
(e a(m )/

then dividing it by (s — 1) log «,

log(g7') ms+1-n
log s—1

(1.38x107°+1) [/ 1 2.39
(s —1)loga s amD2) (8:24)

Assume next that s > 292. Then o > (7/4)?92 > 2.58 x 10%8s and, since m > 1395, we have
am=D/2 5 (7/4)897 > 258 x 1085, which in (3.24) gives us

1

log(g7!) ms+1-n -
42x1057(s — 1)2

log s—1

(3.25)

By Theorem 2.3, inequality (3.25) implies that the rational number (ms+1—n)/(s—1) is a

convergent to B = (log(g~!))/(log ). Let [a(()k), agk), aék), ...] be the continued fraction of S

and pgk)/qék) its t-th convergent. Assume that (ms+1—n)/(s—1) = pgf)/qg:) for some t.

Then s — 1 = qug:), for some positive integer di, so s — 1 > qgj). On the other hand, using

again the Mathematica software, we get that
min _g3e) > 4.87 x 1018 > 7.31 x 101 — 1> 5 — 1,
k€{3,232}
therefore 1 < ¢ < 250, for all 3 < k < 232. Also using Mathematica, we observe that
At 41 < max{agk)} < 4.15 x 107 | for k € {3,232} and t € {1,251}. From the properties of
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continued fractions, we have

ms+1—n pg:) 1
B = s—1 =T | 7 (k)2
e (at+1+2)(gq,")
> i
— 415 x1067(s — 1)2
1

>
= 115 x 1057(s — 1)2
which contradicts (3.25). So, s < 291, and k <€ {3,4,5}.

3.4. The final step. Let’s go back to (3.16). Divide it across by (1 + a~*) to obtain,
2.39
a(m=1)/2 "
Now, set t := ms + 1 —n. Using inequality (3.22), we get the following relations
¢ ot -1 < 1.38x107°
(s—1)logg™t log(l+1.38 x 107°)

log v log v
0.68s — 0.69 ,

|an—(ms+1)gl—s(1 + a—S)—l _ 1| < (3.26)

=1t >

and,
g7t -1 > —1.38x107°
(s—1)logg™t log(l —1.38 x 107°)

log v log v
< 1.27s—1.26 .

Therefore, t € [|0.68s+ 0.31],[1.27s — 1.26|]. A computational search for the range 20 < s <
291, 3 < k <5 and ¢ in the previous interval, returned
2.
} > 0.0003 = _ 239 > (0.0003 = m < 33,

T
(14+a™) am=1)/2

which contradicts the fact that m > 1394. Hence, the theorem is proved.

=1t <
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