SOME FIELD THEORETIC PROPERTIES AND AN
APPLICATION CONCERNING TRANSCENDENTAL NUMBERS

CHRISTIAN U. JENSEN AND DIEGO MARQUES

ABSTRACT. For a proper subfield K of Q we show the existence of an algebraic
number « such that no power o™, n > 1, lies in K. As an application it is
shown that these numbers (multiplied by convenient rational or Gaussian ra-
tional numbers) can be written in the form P(T)2(T) for some transcendental
numbers T where P and @ are arbitrarily prescribed non-constant rational
functions over Q.

1. INTRODUCTION

The origin of this paper was a result concerning the transcendency of some
numbers appearing in certain exponential equations. This lead to some purely field
theoretic questions, which may be of some independent interest. The first of the
results are easy consequences of the famous

Theorem 1. [Artin-Schreier] (Cf. [4]) Let M be an algebraically closed field. If
the characteristic of M is zero, any proper subfield F of M such that [M : F| is
finite, is real closed (i.e. F is not algebraically closed but F(\/—1) is algebraically
closed) and thus [M : F] = 2. If the characteristic of M is a prime number there
is no proper subfield F' of M for which [M : F] is finite.

Remark 1. Artin-Schreier’s theorem implies that the absolute Galois group of any
non real closed field contains no automorphisms of finite order (#1).

In Section 2 we give some field theoretic results to be used in the final Section
3. This section first brings a brief historical survey of classical famous theorems
concerning transcendental numbers and then - as an application of the results in
Section 2 - we show the existence of algebraic numbers that can be written as
powers of two transcendental numbers of a very special form.

2. SOME FIELD THEORETIC PROPERTIES

We start with some consequences of the Theorem 1. Although we later in the
applications shall only need fields of characteristic zero, for the sake of completeness
we also consider the characteristic p case in the first three propositions.

Proposition 1. Let M be an algebraically closed field and F a proper subfield
which is not real closed. Then there exist elements in M of arbitrarily large degree
with respect to F'.
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Proof. In the case where the characteristic of M (= the characteristic of F') is a
prime number p we may assume that F' is a perfect field. Indeed, if there were
an element a € F such that a were not the p-th power of an element in F' then
the polynomials #7° — a were irreducible in F[xz] for every natural number e. This
would give rise to elements in M of arbitrary high degrees with respect to F'.

By Theorem 1 M is an infinite algebraic extension of F. Hence there exists an
infinite strictly increasing sequence of finite extensions contained in M

FCM CMyC---CM; CMiy1G...

All these extensions are separable so if «; is a primitive element for M;/F the
degree of ; with respect to F' tends to infinity as ¢ tends to infinity. O

Since real closed fields necessarily have characteristic 0, Proposition 1 implies

Proposition 2. Let F' be an arbitrary field. If the characteristic of F is zero
and there exists an irreducible polynomial in F[x] of degree > 2, then there exist
irreducible polynomials in F[x] of arbitrarily large degrees.

If the characteristic of F' is a prime number and there exists an irreducible poly-
nomial in F|x] of degree > 1, then there exist irreducible polynomials in F[z]| of
arbitrarily large degrees.

Proposition 3. Let M be an algebraically closed field and F' a proper subfield which
is not real closed. Then M cannot be generated by adjoining to F' all elements having
degree (with respect to F') at most some fized number n.

Proof. We may obviously assume that M is an algebraic extension of F'. The Galois
closure of the field obtained by adjoining all elements of degree (w.r.t. F') at most
n has a Galoisgroup which is a subgroup of a direct product of symmetric groups of
degrees < n. This Galois closure cannot be M, since otherwise the absolute Galois
group of F' would contain an automorphism of finite order (s 1). This contradicts
Theorem 1 (cf. Remark 1.) O

If F is a family of polynomials with coefficients in the field Q of all algebraic
numbers, by Rz we mean the field obtained by adjoining to Q all the roots of the
polynomials in F.

Clearly Proposition 3 implies

Corollary 1. Let F be a family of polynomials in Q[x] for which there exists a
natural number t such the polynomials in F have degreee <t and all coefficients of
the polynomials in F have degree (with respect to Q) < t. Then Q(Rx) is a proper
subfield of the field Q of all algebraic numbers.

The next theorem will be proved in several steps.

Theorem 2. For any proper subfield K of Q there exists an algebraic number o
such that o™ does not lie in K for any natural number n.

Theorem 2 is an immediate consequence of the following Theorem 4, whose proof
depends on

Lemma 1. Let Q((,) be the n-th cyclotomic field. There exists a number o # 0
in Q(Cn) such that for every automorphism o € Gal(Q((,)/Q), o not the identity,
the quotient o(a)/a is not a root of unity.
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Proof. (The following results from algebraic number theory can e.g. be found in
[7].) There exist (infinitely many) prime numbers p = 1 modulo n. In the ring
of algebraic integers in Q((,) any such prime p splits into ¢(n)(= [Q((.) : Q))
distinct prime ideals of degree one. If p is such a prime ideal, then o(p) # p for
every o € Gal(Q(¢,)/Q), o not the identity. Let h be the class number of Q((,),
then p” is a principal ideal. If « is a generator of this ideal the conjugates of a,
ie. o(a), o running through Gal(Q({,)/Q), generate distinct ideals. Hence for
every o € Gal(Q((,)/Q), o not the identity, the quotient o(a)/c is not a unit (i.e.
an invertible element in the ring of algebraic integers), in particular not a root of
unity. U

Theorem 3. Let K be a field of characteristic 0 and L/K any extension where
K C L. Then there ezists an element o in L such that no power o™,n > 1, lies in
K.

Proof. The assertion is trivial if L is not algebraic over K. So it suffices to consider
the case where L/K is a finite algebraic extension. We may obviously assume that
K is maximal subfield of L, i.e. there is no field lying strictly between K and L.
Furthermore we may assume that there exists an element § € L\ K for which 5"
lies in K for some integer n > 1.

We now distinguish between two cases:

i) L = K(¢) for some root of unity (.

i) L # K(¢) for every root of unity .

ad i) By Lemma 1 there exists an element « in Q(¢) such that for every o in
Gal(Q(¢)/Q), o not the identity, the quotient o(a)/a is not a root of unity. This
implies that o(a™) # o™ for every n > 1. Therefore no power o™, n > 1, lies in any
proper subfield of Q(¢). Clearly Q(«) = Q(¢) and hence L = K («).

Since K NQ(() is a proper subfield of Q(¢) the element « constructed above has
the property that no power o™, n > 1, lies in K.

ad ii) By assumption there exists an element 5 in L\ K such that 5" lies in K for
some n > 1. We may assume that n is the smallest such number. The polynomial
f(z) := 2™ —pF™ is an irreducible polynomial in K[z]. Indeed, f(z) = H;L:_Ol [z—B¢7],
where (,, is a primitive n-th root of unity. If f(z) were reducible in K|z], there
would be an integer ¢, 1 < ¢t < n — 1, such that for some n-th root of unity ¢ the
product 3t - ¢ would belong to K. Hence K(8¢) = K(¢). Since K is a maximal
subfield of L and ¢ is not in K, we would get L = K(5%) = K(¢). But this
contradicts our assumption ii). Hence f(x) is irreducible in K[z] and thus the
degree [L : K] is n.

The above, in particular, shows that if some non-trivial power of an element
v € L\ K lies in K, then 4" lies in K and n is the smallest natural number with
this property.

We apply this to v := 1+ 8. No non-trivial power of y lies in K. Otherwise, the
above remark shows that v would lie in K. But since 8" lies in K the equation

v"=(1+6)"=1+(?)ﬂ+-~+< " )ﬂ”1+6"

n—1
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shows that 8 would be root of a non-zero polynomial in Kz] of degree n — 1,
contradicting the fact that the degree of 8 with respect to K is n. Thus no power
of v lies in K.

The proof of Theorem 4 is now complete. U

From the above we deduce

Corollary 2. If we view Q as a subfield of the complex number field C, the algebraic
numbers a such that no power o™, n > 1, lies in a prescribed fized proper subfield
K of Q form a dense subset of C (equipped with the usual topology).

Proof. We distinguish between two cases: Either K C R or K ¢ R.

If K C R then we notice that no power o™, n > 1, of an integer « = a + b+ in
the Gaussian field Q(¢) lies in K if for instance a is an odd rational integer and b
is an even rational integer. (Just consider the prime factorization of o and notice
that K NQ(¢) = Q.) Multiplying all these numbers by rational numbers we get the
desired subset of C.

If K ¢ R the numbers in K lie dense in C. So if « is some algebraic number
such that o™ ¢ K, n > 1, then the numbers « - k, k running through K, yield the
desired subset of C. O

An immediate consequence of the previous results is

Theorem 4. Let n be a fized natural number and F the family of all polynomials
in Q[z] of degree < n. Then the algebraic numbers o such that no power o™, n > 1,
lies in Q(Rx) form a dense subset of C.

Although not necessary for the following we point out another aspect of Theorem
2. Let Q be the multiplicative group of the non-zero elements of Q and for a
proper subfield K of Q let K* be the multiplicative group of the non-zero elements
in K. Clearly the quotient group @* /K* is a divisible abelian group. An additively
written divisible abelian group is the direct sum of copies of Q and copies of Z(p),
p being a prime and Z(p>°) the divisible (= injective) hull of the cyclic group C), of
order p. (See e.g. [1])

Theorem 1 states that for a proper subfield K of Q the quotient @* /K* is not a
torsion group, in particular the corresponding (additively written) divisible group
contains at least one copy of Q. A sharper result is the following

Theorem 5. Let K be a proper subfield of Q. Then the torsion-free part of the
divisible quotient group @*/K is isomorphic to the direct sum of countable many
copies of Q. The torsion part of @*/K 18 non-trivial, i.e. contains at least one
copy of Z(p>) for some prime number p.

Proof. We first prove the assertion concerning the torsion-free part of Q" /K.

We start by considering the case where K is real closed. For each prime number
p; =1 (mod 4) let ; be an irreducible factor of p; in the Gaussian ring Z[1, i]. Then
no product of powers (# 1) of ;s lies in Q and hence not in K since K NQ(¢) = Q.

Next assume K is not real closed. Then [Q : K] is infinite; hence there exists an
infinite tower of fields K C K1 C Ko € --- C K; C K41 € ---, where each field is
a finite Galois extension of the previous. By theorem 2 for each i there exists an
element «; in K11\ K; such that no power (# 1) of a; lies in K;. Then no product

of powers (# 1) of the elements «;,i € N, lies in K. Therefore the corresponding
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residue classes of the a’s in @* /K gives rise to a direct sum of countably many of
copies of Q.

Concerning the torsion part of Q /K the assertion is obvious if some root of
unity does not lie in K. Hence we may assume that all roots of unity belong to K.
Since, in particular, K is not real closed, Q/K is a proper infinite Galois extension.
This implies that there is an automorphism o € Gal (@/ K) of order p™, for some
prime number p. Hence there is a Galois extension of K whose Galois group is the
additive group of Z, of p-adic integers (cf. [3]). In particular, there will be a cyclic
extension L/K of degree p. This extension must be a Kummer extension K (#/«)
for some « € K. Thus @* /K contains an element of order p and therefore a copy
of Z(p>°). O

3. APPLICATION TO TRANSCENDENTAL NUMBER THEORY

Before giving an application of the previous results to transcendental numbers
we briefly recall some - by now classic - facts concerning transcendental number
theory.

At the 1900 International Congress of Mathematicians in Paris, Hilbert proposed
his famous list of 23 problems and the seventh of them asked about the arithmetic
nature of the powers x¥, where both these numbers are algebraic. In 1934, Gelfond
[2] and Schneider [9], independently, completely solved the problem

Theorem 6 (Gelfond-Schneider). Assume o and ( are algebraic numbers, with
a # 0 or 1, and 8 irrational. Then o is transcendental.

It follows that 2\/57 \/5\/5 and ' are transcendental numbers. As well as e”,
because e™ = (—1)7".

This theorem also classifies the arithmetic nature of powers of two algebraic
numbers. However, there is no a similar result for powers z¥ when at least one of
2 and y is transcendental (see Table 1). In light of Theorem 6 we might think that
the power of two transcendental numbers is still transcendental, but this is not the
case (€l°82 = 2).

| x | y | ¥ || Arithmetic nature |
2 | log3/log2 | 3 | Algebraic
2 |ilog3/log2 | 3' || Transcendental
e’ T -1 || Algebraic
e T e™ || Transcendental
V2 V2 4 || Algebraic
9V2 iv2 4% || Transcendental

TABLE 1. Possibilities

The case © = y seems to be more interesting: can the number T7 be algebraic
for some transcendental 7?7 Sondow and the second author [10] showed that the
answer for this question is yes, actually they proved that
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Proposition 4 (Cf Proposition 1 in [10]). Given A € [e7/¢ c0), let T € RT
satisfy TT = A. If either

(i). A € Q\Q for alln €N, or

(ii). Ae Q\{n":neN},
then T is transcendental. In particular, T ¢ Q if TT € QN (e=1/¢,1).

However, for instance, they were not able to work on the existence of algebraic
numbers which can be written if the form TT2009+T+1, with T transcendental. Now
using some results from the previous section we were able to solve completely this
kind of problem

Theorem 7. For arbitrary non-constant rational functions P(x),Q(z) € Q(z) the
set of algebraic numbers of the form P(T)®T) with T transcendental, is dense in
some open subset of the complex plane.

Proof. The set of complex numbers for which P(x) or Q(z) has a pole or zero or
P(x) takes the value 1 is finite. The complement of this set inside C is an open
subset of the complex plane. Let €2 be an open simply connected subset of the
above open set. Choosing, for instance, the principal branch of the multi-valued
logarithm function, the function f(z) := P(z)?® is well defined and analytical
in . This function is a non-constant function. Indeed, since P(x) and Q(x) are
non-constant and the algebraic numbers form a dense subset of C there exists an
algebraic number 3 in Q for which Q'(8)P(3) # 0. If f(x) were constant then log
P(z) = —Q(z)P'(z)/Q'(z)P(x). Setting x = 8 we get that log P(8) would be an
algebraic number. But this would contradict the famous theorem by Lindemann
(cf [6]) that log 3 ¢ Q for all 3 € Q\ {0,1}. Since a non-constant analytic function
maps an open connected set of C onto an open connected set of C we see that f(£2)
is an open connected subset of C.

Write Q(z) as Q1(x)/Q2(x), where Q1(z) and Q2(x) are polynomials in Q[z].
Let F be the family of polynomials of the form Q1 (z) — dQ2(x), d running through
Q. Clearly there exists an integer ¢ such that every polynomial in F has degree <t
and all coefficients of these polynomials have a degree (with respect to Q) < ¢.

Hence Corollary 1 implies that Q(Rx) # Q. By Corollary 2 the algebraic num-
bers a such that no power o”, n > 1 lies in Q(Rx) form a dense subset of C.
Since f() is open, it contains dense subset of numbers « with the above property.
Every « in this dense set has the form o = f(T) = P(T)?(T). This number T must
be transcendental. In fact, assume T were algebraic. Since P(T) ¢ {0,1} by the
Gelfond-Schneider theorem we conclude that Q(7') would be a rational number say
d = %, r and s integers and s > 0. Hence T" would belong to RQi(2)-2Qa(2x) € R
But then o® = P(T)" and thus o® € Q(Rs) contradicting the choice of a. O

Remark 2. Note that for any transcendental number T and any non-constant
rational function P € Q(x), the number P(T) is transcendental. On the contrary,
the number T would be a root of the algebraic polynomial Py(x) — APy (z) (setting
P = P/ P,), however all the roots of a such polynomial are algebraic by the algebraic
closeness of Q.

Example 1. If P(x) = 2 and Q(x) = 22, then easy calculations show that the set

of the algebraic numbers in the form TT2, with T transcendental, is dense in the
interval [1/+/€,4+00).
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In light of what we just proved, the following problem arises: is there algebraic
number in the form TTT, for some transcendental 7’7 And in the form TTTT ? And
so on?

This question is still open. We recall the main open problem in transcendental
theory which is the well-known Schanuel’s conjecture (see [5] for its statement). In
his Ph.D thesis [8, p. 32], the second author proved that

Proposition 5. Suppose that Schanuel’s conjecture is true. For any m > 3 and
any algebraic number 1 < A ¢ N, there exists a transcendental number T' such that
T

A=TT"
——

We finish by a related question which may be considered as an inverse problem
of Theorem 7.

Question 1. Give example, if any, of a well-known transcendental number T (like
e,m log2, etc) such that there exist non-constant rational functions P(T),Q(T) €
Q(z), such that P(T)2™) is algebraic.

In thus connection, the second author has proved, in a paper in preparation, that
if Schanuel’s conjecture is true then P(e)@(®) is transcendental, for any non-constant
rational functions P(T), Q(T) € Q(z).
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