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The Fibonacci version of the Brocard-Ramanujan
Diophantine equation

Diego Marques*

Abstract. In this note, we prove that the Fibonacci version of the Brocard-Ramanujan
Diophantine equation n!+1 = m?, that is, F, --- F1 +1 = F2, has no solution in positive
integers n, m.
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1. Introduction

In 1876, Brocard [3] and independently Ramanujan [10],[11, p. 327], in 1913, posed
the problem of finding all integral solutions of the Diophantine equation

n!+1=m? (1)

which is then known as Brocard-Ramanujan Diophantine equation.

The only known solutions to (1) are (n,m) € {(4,5),(5,11),(7,71)}. In 1906,
Gérardin [6] claimed that, if m > 71, then m must have at least 20 digits. Gupta
[7] stated that calculations of n! up to n = 63 gave no further solutions. Recently,
Berndt and Galway [1] did not find further solutions up to n = 10°. We also point
out the existence of several variants for this equation, for instance, see [5] and the
very recent paper [8].

Let (Fy)n>0 be the Fibonacci sequence given by Fy =0, Fy =1 and Fj4o =
Foi1+ F,, for n > 0. The first few terms are 0,1,1,2,3,5,8,13,21, ....

In this note, we shall prove the unsolubility of the Fibonacci version of the
Brocard-Ramanujan equation, where in equation (1) we replace m,n with their
respective Fibonacci numbers and we use the usual notation ng! = F, --- F}.
Actually, our more general result is the following
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Theorem 1.1. The Diophantine equation
FyFni1- Fpip1+1=F2 (2)

has no solution in positive integers n,m, k.

We point out that Luca and Shorey [9] proved, in particular, that if ¢ is any
fixed rational number which is not a perfect power of a different rational number,
then the equation

FnFn+1"'F7L+k—1 +t:ym

has only finitely many integer solutions n, k, y, m > 2. However this does not
apply to (2) since ¢ = 1 is a perfect power.

2. The proof of Theorem

2.1. Auxiliary results. Before proceeding further, some results will be needed
in order to prove the Theorem.

A primitive divisor p of F, is a prime factor of F, which does not divide
H;L:_ll Fj;. It is known that a primitive divisor p of F;, exists whenever n > 13. The
above statement is usually referred to as the Primitive Divisor Theorem (see [2]
for the more general version).

The sequence of the Lucas numbers is defined by L,y1 = L, + L,—1, with
Ly =2 and Ly = 1. Let us state some interesting and helpful facts which will be
essential ingredients in the proof of Theorem 1.1.

For all n > 1, we have

(Ll) F2n - FnLn;
(L2) (Binet’s formulae) If a = (1 ++/5)/2 and 8 = (1 — v/5)/2, then

n n

Fn:M and L, =a™ + 3"
a—p

The proof of these properties are well-known and can be found in [12, Chapter

1].
The equation F,, + 1 = y? and more generally F,, +1 = 3’ with integer y

and ¢ > 2 have been solved in [13] and [4], respectively. The solution for the
last equation makes appeal to Fibonacci and Lucas numbers with negative indices
which are defined as follows: let F;, = Fj,40 — Fy,41 and Ly, = Ly, 49 — Lyp11. Thus,
for example, F_1 = 1,F_5 = —1, and so on. Bugeaud et al [4, Section 5] used
these numbers to give factorizations for Fj, & 1. Let us sketch their method for
the convenience of the reader.

Since that the Binet’s formulae remain valid for Fibonacci and Lucas numbers
with negative indices, one can deduce the following result.
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Lemma 2.1. For any integers a,b, we have
FaLb - FLL-H) + (_1)bEL—b~
Proof. The identity o = (—3)~! leads to

o — [ a® b _ aab
FaLb:T_g( b+5b)=Fa+b+%= atb + (=1 Fary.
O

Lemma 2.1 gives immediately the following factorizations for F,, £1, depending
on the class of n modulo 4:

Fyo +1=Fop1Llogy1r 5 Fauo—1=Fopyp1lop 1 (3)
Fypp1 +1=Foppalor 5 Faryr — 1= FopLlogq
Fypyo + 1= Foppolog 5 Fapyo — 1= FopLogyo

Fikys +1=Fopr1Logra 5 Fagys — 1= Fopralogi

Now, we are ready to deal with the proof of the theorem.

2.2. The proof. The equation (2) can be rewritten as
Fyo o Fopp1 = (B — 1) (Fpp +1).

By the relations in (3), we have that F, - Foyp—1 = (Fpn — 1)(F +1) =
F,FyL.Lg, where a < b, ¢ < d are close to m/2. In fact, each of 2a,2b,2c,2d
isin {m—2,m—1,m+1,m+2}. By (L1), we have L; = Fy,;/F and our equation
becomes

Fn"'F7z+k—1Fch:FanFQCFZd (4)

A quick computation reveals that we can assume that n + k — 2 > 12. Indeed,
Fy---Fy +1is prime for / =1,...,8 and

Fy---Fi+1 = 5993719,
Fio---F1+1 = 1373-89237,
Fi---Fi1+1 = 181-60245821,
Fis---F1+1 = 6312488505671,

which clearly are not perfect squares. Now, if we assume that m > 14, then
2¢ > max{12,b,d}. Thus in the right hand side of (4), we have a product of
Fibonacci numbers with the largest two being of indices 2¢, 2d both larger than d.
By the Primitive Divisor Theorem, these two indices should be the largest ones
in the left hand side also, but these are the consecutive (hence, not both even),
indices n +k — 2, n+ k — 1. This is a contradiction. O



4

D. Marques

Acknowledgement

The author would like to thank the anonymous referees for carefully examining
this paper and providing it a number of important comments.

References

1]

B. C. Berndt, W. Galway, The Brocard—-Ramanujan diophantine equation n! + 1 =
m?, The Ramanujan J. 4 (2000), 41-42.

[2] Yu. Bilu, G. Hanrot and P. Voutier, Existence of primitive divisors of Lucas and
Lehmer numbers (with an appendix by M. Mignotte), J. reine angew. Math. 539
(2001), 75-122.

[3] H. Brocard, Question 166, Nouv. Corresp. Math. 2 (1876), 287.

[4] Y. Bugeaud, M. Mignotte, F. Luca, S. Siksek, Fibonacci numbers at most one away
from a perfect power, Elem. Math. 63 (2008), 65-75.

[5] A. Dabrowski, On the diophantine equation n! + A = y?, Nieuw Arch. Wisk. 14
(1996), 321-324.

[6] A. Gérardin, Contribution a I’étude de ’équation 1-2-3-4---2 4+ 1 = y*, Nouw.
Ann. Math. (4) 6 (1906), 222-226.

[7] H. Gupta, On a Brocard-Ramanujan Problem. Math. Student 3 (1935), 71.

[8] O. Kihel, F. Luca, A. Toghé, Variants of the Diophantine Equation n! + 1 = 32,
Port. Math. 67 (1) (2010), 1-11.

[9] F. Luca, T. N. Shorey, Diophantine equations with products of consecutive terms in
Lucas sequences 11, Acta Arith. 133 (2008), 53-71.

[10] S. Ramanujan, Question 469, J. Indian Math. Soc. 5 (1913), 59.

[11] S. Ramanujan, Collected Papers, Chelsea, New York, 1962.

[12] P. Ribenboim, My Numbers, My Friends: Popular Lectures on Number Theory,
Springer-Verlag, New York, 2000.

[13] N. Robbins, Fibonacci and Lucas numbers of the forms w? — 1,w® + 1, Fibonacci
Quart. 19 (1981), 369-373.

Received

Diego Marques, Departamento de Matematica, Universidade de Brasilia, 70910-900,
Brasilia, Brazil

E-mail: diegp@mat.unb.br



