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Abstract

Let F,, be the nth Fibonacci number. The order of appearance z(n) of a
natural number n is defined as the smallest natural number k£ such that n
divides Fj. For instance, z(F,, £ 1) > m = z(F,,), for all m > 5. In this
paper, among other things, we provide explicit forms for z(F,, +1) depending
on the class of m modulo 4. In particular, z(F,, £ 1) = %2 —2,form=0
(mod 4).
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1. Introduction

Let (Fy,)n>0 be the Fibonacci sequence given by F, o = F,41 + F,, for
n > 0, where Fy = 0 and F; = 1. These numbers are well-known for
possessing amazing properties (consult [6] together with its very extensive
annotated bibliography for additional references and history). In 1963, the
Fibonacci Association was created to provide enthusiasts an opportunity to
share ideas about these intriguing numbers and their applications.

The study of the divisibility properties of Fibonacci numbers has always
been a popular area of research. Let n be a positive integer number, the
order (or rank) of appearance of n in the Fibonacci sequence, denoted by
z(n), is defined as the smallest positive integer k, such that n|F) (some
authors also call it order of apparition, or Fibonacci entry point). There are
several results about z(n) in the literature. For instance, z(n) < oo for all
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n > 1. The proof of this fact is an immediate consequence of the Théoreme
Fondamental of Section XXVI in [12, p. 300]. Indeed, z(m) < m? — 1, for
all m > 2 (see [17, Theorem, p. 52]) and in the case of a prime number
p, one has the better upper bound z(p) < p + 1, which is a consequence
of the known congruence F, 5y = 0 (mod p), for p # 2,5, where (p/5)
denotes the Legendre symbol. Also, it is a simple matter to prove that
2(Fnx1) > m = z(F,), for m > 5. In fact, if 2(F,, +¢) = j, with € € {£1},
then F,, + € divides Fj,, and thus F; = u(F,, + €) with u > 2. Therefore,
the inequality Fj, > 2F,, + 2¢ > F,, gives z(F,, +€) = jo > m = z(F,,). In
a very recent paper, the author [7] proved that there exist infinitely many
natural numbers n that do not belong to the Fibonacci sequence and such
that z(n &+ 1) > z(n). After this brief background, several related problems
arise, such as:

- How large is z(F,, = 1) compared with m?

- Do the other patterns exist infinitely often, such as z(m — 1) < z(m) <
z(m + 1), or reverse both inequalities, or reverse just the second one?

The aim of this paper is to work on these problems. More precisely, our
main result is the following.

Theorem 1. We have
(i) 2(Fyn £ 1) =2(4m?* — 1), if m > 1.
(ii) 22(Famq1 — 1) = 2(Fymi1 + 1) =4m(2m + 1), if m > 1.
(1ti))  — z(Fgmia +1) =8m(2m+ 1), if m > 1;
— 2(Fgmia — 1) = 12m(2m + 1), if m > 1;
— 2(Fgmys — 1) =8(m+1)(2m + 1), if m > 0.
(iv) 22(Fymysz — 1) = 2(Fypys + 1) =4(m+1)2m+1), if m > 1

As a consequence of the previous theorem, we obtain the following corol-
lary

Corollary 1. We have
(i) z2(F%, —1)=2(36m? — 1), if m > 1.

(ii) 2(F%, .o — 1) = 4(3m + 2)(6m +5), if m > 0.
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(i) = 2(F3y410 — 1) € {12(3m 4 2)(6m + 5),24(3m + 2)(6m + 5)}, if
m > 0;

— z(FE4g+6 —1) € {12(3m + 1)(6m + 1),24(3m + 1)(6m + 1)}, if
(iv) 2(F2y,. 5 — 1) =4(3m+ 1)(6m + 1), if m >0
(v) If 3t m, then 2((F2, —1)/2) = 2(4m? — 1);
(vi) If 34 m+1, then 2((F2,., —1)/2) = 4m(2m + 1);
(vii) If 31 m + 1, then 2((FZ,., — 1)/2) € {12m(2m + 1),24m(2m + 1)};
(viii) If 31 m, then z((F,.s—1)/2) € {12(m+1)(2m+1),24(m+1)(2m+1)};
(ir) If 3tm, then z((F2,,5 —1)/2) = 4(m + 1)(2m + 1).

We remark that the problem of finding some solution for the Diophantine
equation z(n) = z(n+1) remains open, however Theorem 1 (i) and Corollary
1 (v) provides infinitely many solutions for z(n) = z2(n+2) = z(n(n+2)/2),
namely n = Fy,, — 1, for all m > 1, with 31 m.

The next result concerns the possible behavior of the order of appearance
in three consecutive integers.

Theorem 2. Fort >0, set Ny = Fop.7+ 1 and My = Fioy.3 — 1. Then
(1)) z(My — 1) > 2(My) > z(M; + 1), if 6]t.

Note that we did not prove that z(n—1) < z(n) < z(n+1) holds infinitely
often.

We organize this paper as follows. In Section 2, we will recall some useful
properties of Fibonacci and Lucas numbers. The Section 3 is devoted to the
proof of theorems. In the last section, we prove a result concerning the order
of appearance of the product of Fibonacci by Lucas numbers and we make
two related conjectures.
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2. Auxiliary results

Before proceeding further, some considerations will be needed for the
convenience of the reader.

We cannot go very far in the lore of Fibonacci numbers without encoun-
tering its companion Lucas sequence (L, ),>o which follows the same recursive
pattern as the Fibonacci numbers, but with initial values Ly = 2 and L; = 1.
First, we recall some classical and helpful facts which will be essential ingre-
dients to prove theorems 1 and 2.

Lemma 1. We have
(a) F,|F,, if and only if nlm.
(b) Lp|Fy, if and only if nlm and m/n is even.
(¢) Ly|Ly, if and only if n|m and m/n is odd.
(d) Fo, = FyLy,.
(e) If d = ged(m,n), then

Lg, if m/d is even and n/d is odd,

1 or 2, otherwise.

ged(F,, L) = {

(f) 2|F,, if and only if 3|m, and 3|F,, if and only if 4|m.
(9) 2| Ly, if and only if 3|m.

(h) Fyp = 5F3 + 3(—1)"F,.

(i) 3F 4| Fian.

(j) (d’Ocagne’s identity) (—1)"Fp_p = FnFrv1 — FuFom.

Most of the previous items can be proved by using the well-known Binet’s
formulas:
a — Bn

F, = and L, = a" + ", for n > 0,
a—p
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where o = (1 4+ +/5)/2 and 8 = (1 — /5)/2.

Note also that there are some implications among these items, such as (a)
= (f), (e) = (b), (¢) = (g) and (h) = (i). We refer the reader to [1, 5, 6, 13]
for more details and additional bibliography.

The second lemma is a consequence of the previous one.

Lemma 2. We have
(a) If F,|m, then n|z(m).
(b) If L,|m, then 2n|z(m).
(c) If n|F,,, then z(n)|m.

(d) Let a and b be positive integers. If az(m) = bz(n), then
max{z(m), z(n)}|z(lem(m,n))|az(m).
In particular, if z(n)|z(m), then z(lem(m,n)) = z(m).

Proof. For (a) and (b), since F,|m|F.(,, by Lemma 1 (a), we get n|z(m).
Also, L,|m|F.(») and by Lemma 1 (b), we have that z(m)/n is even. In
particular, 2n|z(m). In order to prove (c), we write m = z(n)q + r, where ¢
and r are integers, with 0 < r < z(n). So, by Lemma 1 (j), we obtain

(_1)Z(H)QFT — FmFZ(TL)+1 — Fz(n)Fm+1

Since n divides both F), and F}(,), then it also divides F, implying r = 0
(keep in mind the range of 7). Thus z(n)|m. For the last item, one has
n|FZ(n)|sz(n), SO n|Faz(m). On the other hand, m|FZ(m)|Faz(m) leading to
lem(m, n)|F,.om) and then z(lem(m,n))|az(m), by the previous item. Also,
we use that max{m,n}|lem(m, n)|F.(ecm(m,n)), together with (c), for yielding
max{z(m), z(n) }|z(lem(m, n)). O

The p-adic order, v,(r), of r is the exponent of the highest power of
a prime p which divides r. The p-adic order of a Fibonacci number was
completely characterized, see [4, 11, 15, 16]. For instance, from the main
theorem of Lengyel [11], we extract the following result.
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Lemma 3. Forn > 1, we have

0, ifn=1,2 (mod 3);
B 1, ifn=3 (mod6);
(F,) = 3, fn=6 (mod 12);
va(n) +2, ifn=0 (mod 12).

vs(F},) _{ vs(n)+1, ifn=0 (mod 4);

N 0, otherwise.

A proof of a general statement can be found in [11, p. 236-237].

The equation F), +1 = y? and more generally F,, £ 1 = y* with integer
y and ¢ > 2 have been solved in [14] and [3], respectively. The solution
for the last equation makes appeal to Fibonacci and Lucas numbers with
negative indices which are defined as follows: let F,, = F,,.o — F, 41 and
L, = L,io — Lyyq. Thus, for example, F'y = 1,F 5 = —1, and so on. In
general, F_,, = (—=1)""'F, and L_,, = (—1)"L,, for n > 0. Bugeaud et al |3,
Section 5] used these numbers to give factorizations for F,,,+1. More recently,
the author ([8, 9, 10]) used this method together with the Primitive Divisor
Theorem (see [2]) to work on the Diophantine equations Fy --- F,, + 1 = F,
and [’:]F = F,, + 1, where

m _Fmmel"'mekJrl
klp F,---F,

are the known Fibonomial coefficients. For the sake of completeness, let us
sketch the Bugeaud et al method.

Since that the Binet’s formulae remain valid for Fibonacci and Lucas
numbers with negative indices, one can deduce the following result.

Lemma 4. For any integers a,b, we have
FoLy = Fa+b + (_1)bFafb~
Proof. The identity a = (—3)! leads to

aa_ﬁa
a—pf

Oéaﬁb _ 50‘@6

a—pf

F,Ly, = (Ofb + Bb) = Foip + =Fop+ (_1)bFa—b-
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Lemma 4 gives immediately the following factorizations for F;, + 1, de-
pending on the class of m modulo 4: F,, + 1 = F,L,, where 2a,2b €
{m+1,m+2}.

Before proceeding further, we shall assume Theorem 1 in order to prove
its corollary.

Proof of Corollary 1. (i) By Theorem 1, z(n) = z(n + 2) = 2(36m? — 1),
where n = Fjg,, — 1. The result follows from Lemma 2 (c), because

2(F2, —1) = z(n(n+2)) = z(lem(n,n + 2)) = 2(n),

where we use the fact that lem(n,n + 2) = n(n + 2), since n is odd.
The other cases can be handled in much the same way by using Lemma
2 (c) together with relations

2(Fymis + 1) = 22(Fymys — 1), 32(Fgmaa + 1) = 22(Fgpmie — 1) and
2Z(F8m+6 + 1) = 3Z<F8m+6 — 1),

where § € {1, 3}.

Now, we are ready to deal with the proof of the theorems.

3. The proof of theorems

3.1. The proof of Theorem 1
(i) Taking a = 2m + ¢; and b = 2m + €3 in Lemma 4, where €, €6, € {£1}
are distinct, we get Fopmye Lomye, = Fam = 1. Note that Fhomye)@mte) =

F(2m+61)(2m+62)L(2m+61)(2m+62) (by Lemma 1 (d)) Since F2m+e1 |F(2m+61)(2m+62)
and Lopte, | L2m+e;)(2m+er)s Dy Lemma 1 (a) and (c), we have

F4m 1= FQm—I—el L2m+62|F2(4m2—1)

which yields z(Fy,, & 1) < 2(4m? — 1).

On the other hand, both Fj,,1., and Loyt divide Fjy,, =1 which, by
Lemma 2, ensures that both 2m + ¢ and 2(2m + €;) divide z(Fy, £ 1).
Since ged(2m + €1,2(2m + €)) = 1, then 2(4m? — 1)|2(Fy, + 1) and hence
2(Fym £1) > 2(4m? — 1). Thus, we have the desired equality.

(i1) and (iv) In Lemma 4, take a = 2m+¢€;, b = 2m+ €y, where €1, €5 € {£1}
are distinct, and 0 € {0,2}. Then
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Fimii4s +1 = Fop1Lopmys and Fypii45 — 1 = Fopys Loy

Observe that

Fumirvs +1 = Fomy1 Lomis| Foem41)@m+6) = Flom+1)@m+6) Lem+1)@m+6)»

because Lopm 5| L(2mt1)2m+s) (Lemma 1 (c)). Also, ged(2m+1,2(2m+6)) = 1
and so the proof of z(Fyni146 +1) = 2(2m + 1)(2m + 0) is very simi-
lar to the previous item. However, the (-) case is more interesting, since
Lomi1 1 Lm+1)2mts), because (2m + 1)(2m + 9)/(2m + 1) is even. De-
spite that, Lopi1|Flomt1)@m+s)y (Lemma 1 (d)). Also, by Lemma 1 (e),
ged(Fomys, Lomy1) = 1 and therefore

Fumir4s — 1 = FomysLomi1 | Flom+1)(2m+6)

yielding z(Fyni1+s — 1) < (2m + 1)(2m + 6). On the other hand, by the
factorization of Fl, 1.5 — 1, we get by Lemma 2 that both 2m + 1 and
2m + 6 divide z(Fymi145 — 1). Since ged(2m + 1,2m + §) = 1, we have that
(2m+1)(2m+9)|z(Fans1+6—1) and then z(Fy,i146—1) > (2m+1)(2m—+4).
Summarizing,

- Case 0 =0: z(Fypi1 — 1) =2m2m + 1) = 2(Fypy1 + 1)/2;
- Case § =2t z(Fymis— 1) =2(m+1)2m+ 1) = 2(Fymys + 1)/2.

(111) The cases Fgyio + 1 and Fgpig — 1. Set § € {0,4}, by Lemma 4, we
have

Fsmiats + (—1)6/4 = Fyni2Lamys-
Note that both Fiy, o and Lyy,ys divide Faom41)4m+s)- Since d = ged(4m +
2,4m—+46) =2, (4m+2)/d = 2m~+1 and (4m+0)/d = 2m+9/2 (even), Lemma
1 (e) implies ged(Fymi2, Lamss) = 1 or 2. However, if Fy,, o are Ly, 5 are
even numbers, then 3 divides both 4m+2 and 4m +¢ (Lemma 1 (f) and (g))
leading an absurdity as 3|(6 — 2) € {£2}. Hence ged(Fym2, Lamss) = 1 and
SO

Fymi24s + (=1 Fam1)(am-s)-
Thus 2(Fgpmioys +(—1)%4) < 2(2m+1)(4m+46). For the opposite inequality,
we use that Fop 1| Fimia| Fsmaars +(—1)%74, leading to (2m +1)|2(Famioss +
(=1)%/%).  Also, Lumys|Fsmiors + (—1)%* and so 2(4m + 6)|2(Fsmioss +
(—1)%/%). Again, we use the fact that ged(2m+1,2(4m+6)) = 1 for yielding

2(Fsmaays + (=14 > 2(2m + 1)(4m + 6).
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- Case § = 0: z(Fgmio + 1) =8m(2m + 1);

- Case 0 =4: z(Fypmie — 1) =8(m+1)(2m + 1).
The cases Fgpmia — 1 € Fgmig+ 1. We have

Fymyors + (=)0 = By s Lo,
Note that, both Fy,, s and Ly, divide Flgp,15)2m+1) and since
ng(F4m+§; L4m+2) = Lgcd(4m+5,4m+2) =Ly =3,
then
Famts Lam+2|3Fam-+6)@m+1) | Fa(am+-5) (2m+1)

where we used the fact that (4m+§)(2m+ 1) is a multiple of 4 together with
Lemma 1 (i). Hence, by Lemma 2 (d),

2(Fsmyays + (=10 3(4m 4 6)(2m + 1).

As before, the factorization of Fy, o454 (—1)0~9/4 gives (4m +§)(2m +
D)|2(Fsmiass+(—1)0=9/%) Hence, we conclude that z(Fyppoqs+(—1)0=9/4)
belongs to

{(4m+9)(2m+1),3(4m +6)(2m + 1)}, for all m > 1.

Now, it suffices to prove that Fg,, o454+ (—1)08/44 Flam+s)(2m+1)- Towards
a contradiction, suppose that, on the contrary, there is an integer ¢ such that

Fumisy@mi1) = E(Fsmiars + (—=1)C7D/),
By factoring the right-hand side above, together with Lemma 1 (d), we get
Flam+syem+1) Fiamse = Py s Fymya,
which yields v3(Flamtsy@m+1)) = V3(Fim+sFsm+4). However, Lemma 3 gives
v3(Flum+s)@em+1)) = v3((dm +6)(2m + 1)) + 1,
while
V3(FamisFsmsa) = v3(Fumas) + V3(Fsmaa) = v3((dm +0)(2m + 1)) + 2,

which is a contradiction. This finishes the proof.

- Case § = 0: z(Fgmeo — 1) = 12m(2m + 1);

- Case 6 =4t z(Fymie+ 1) =12(m+1)(2m +1).



The order of appearance of F,, + 1 10

3.2. The proof of Theorem 2
(i) Take a = 2m + 3 and b = 2m in Lemma 4, so we get

Fomy3Lom = Fymys + 2.

We apply the same method as in the proof of Theorem 1 to get the estimate
2(Fymis+2) < 4m(2m+3). Moreover, both Fy,, 13 and Ly, divides Fj,13+2
which implies, by Lemma 2 (a) and (b), that both 2m + 3 and 4m divide
2(Fiam+3+2). Now, if 3 1 m, then ged(2m+3, 4m) = 1 and thus z(Fyn,+3+2) >
4m(2m + 3). Hence z(Fypy3 +2) = 4m(2m + 3) if 3 { m. In particular, if
m =3t + 1, then z(N; + 1) = 4(3t + 1)(6t + 5).

On the other hand, taking m = 3t + 1 in Theorem 1 (iv), we obtain

2(Ny) = 4(3t + 2)(6t + 3)
Now, a straight calculation gives the desired result. In fact,
2(Ny) — 2(Ny + 1) =4, for all t > 0.
(i1) Taking a = 6t and b = 6t + 3 in Lemma 4, we obtain
M; — 1= Fiat3 — 2 = FsLets-

By Lemma 2 (c), it follows that both 6t and 6t + 3 divide z(M; — 1). Since
ged(6t, 6t 4 3) = 3, then 2¢(6t + 3)|z(M; — 1). Thus,

2(M; — 1) € {2t(6t + 3), 4¢(6t + 3), 6¢(61 + 3), 8¢(6t + 3), ...}

We claim that (M; — 1) { Feyet43)- To derive a contradiction, we suppose
that Fiye3) = ((M; — 1), for some integer ¢. This equality becomes

Fi(6143) Foi43 = (F6i Fiaiy6
So, Va(Fou(st+3)Fot43) = va(FetFraers). Now, since t is even, Lemma 3 gives
VQ(FGt(6t+3)F6t+3> = 1/2(6t) + 1/2(6t + 3) + 3= l/g(t) + 4,

while
VQ(F6tF12t+6) = V2(6t) + 5= Vg(t) + 6.

Therefore, (M — 1) t Fu6143) yielding
2(M, — 1) € {4t(6t + 3),8¢(6t + 3), 10£(6¢ + 3), 12¢(6t + 3), ...}.
The fact that (M; — 1) { Fuyt+3) is proved similarly. Indeed
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I/g(Mt — 1) = VQ(F6t(6t+3)) + 1, if 3|t
We then conclude that
Z(My — 1) > 8t(6t+3) > 2(3t + 1)(6t + 1) = 2(My) > z2(My + 1) = 12t + 3,

where we used the Theorem 1 (iv) for m = 3t. O

4. Further comments and some conjectures

It is a simple matter to deduce from Primitive Divisor Theorem that 1,2
and 3 are the only integers which are both Fibonacci and Lucas numbers.
Thus, what is about the order of appearance of terms of Lucas sequence?
The answer is a consequence of the next result.

Proposition 1. If m and n are positive integers, with m odd and n > 1,
then z(F,,L,) = 2mn. In particular, z(L,) = 2n, for all n > 1.

Proof. Since m is odd, then Lemma 1 (c) implies that L,|L,,,. Thus
Fo Ly Fon L, = Fomy yielding z(F, Ly, )|2mn. However, Lemma 2 gives im-
mediately that m|z(F,,L,) and 2n|z(F,,L,). We use that gcd(m,2n) =1, to
get 2mn|z(F,, Ly,)|2mn which gives the desired equality. O

A natural problem is to find closed forms for z(L,, & 1). For that we can
use a “Lucas” version of Lemma 4: For all integers a and b,

LoLy = Layy + (—=1)Ly_y.

Thus, we get factorizations for L,, £ 1. But, unlike the Fibonacci case,
we can not factor, for instance, Ly, £ 1, Lyni1 — 1 and Lyy,3 + 1. The
useful for factoring Fj,, £ 1 is that F5 = 1 which does not happens in the
Lucas sequence. In fact, F,, = 1, for n = —1,1,2, while L, = 1 only for
n = 1. However, when the factorization is possible we can deduce, similarly
to Theorem 1, that

2(Lgmyr +1) =4m(2m + 1) and z(Lypssz — 1) =4(m+ 1)(2m + 1).

We finish by stating two conjecture which will be left for the reader. The
first one, concerns the order of appearance of L,, + 7, for j = —1,0,1, 2.

Conjecture 1. We have
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(Z) Z(L2m+1 — 1) > Z(L2m+1) < Z(Lgm_H + ]_)7 zfm > 2,‘
(11) z(Lam) > 2(Lam + 1) > 2(Lgp + 2), if m > 1;

We point out that we were not able to prove the existence of infinitely
many three consecutive integers with increasing order of appearance. The
below conjecture is related to this case.

Conjecture 2. We have
(i) 2(Lymi2) < 2(Lami2 + 1) < 2(Lams2 +2), if m > 0;

(ZZ) Z(F8m+2) < Z(F8m+2 + 1) < Z(F8m+2 + 2), me > 1.
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