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PARABOLIC SUBMANIFOLDS OF RANK TWO

M. Dajczer P. Morais

An immersed submanifold f: M™ — RY, n > 3, into Euclidean space with
the induced metric is called of rank two if at any point the kernel of its vector
valued second fundamental form has codimension two. Equivalently, we have
that the image of the Gauss map in the Grassmannian of non-oriented n-planes
GY is a surface. These submanifolds have been the object of a great deal of
work in Riemannian Geometry since long time ago. For instance, see [2] and
references therein. This interest is in good part motivated by the fact that
their curvature tensor is “as flat as possible” without vanishing altogether.

The subspace spanned by the second fundamental form, usually called the
first normal space and denoted by Np, of a rank two submanifold satisfies
dim N7 < 3 at any point. It turns out that if in substantial codimension, any
rank two submanifold is a hypersurface if dim Ny = 1 at any point. Then
f is either a Euclidean surface or the cone over a spherical surface, up to a
Euclidean factor, if dim N; = 3 everywhere. Submanifolds in the remaining
and much more interesting case, namely, when dim N; = 2 everywhere, have
been divided in three classes: elliptic, hyperbolic and parabolic. A complete
parametric description of the elliptic submanifolds was given in [5].

For codimension N —n = 2, it was shown in [6] that elliptic and nonruled
parabolic submanifolds are genuinely rigid. This means that given any other
isometric immersion f: M™ — R™t2 there is an open dense subset of M" such
that restricted to any connected component f|y and f |y are either congruent
or there are an isometric embedding j: U «— N"*! into a Riemannian manifold
N1 and either flat or isometric noncongruent hypersurfaces F, F: N**t1 —
R"*+2 such that f|y = F o j and f|U = Foj. Recently, we proved [8] that
nonruled parabolic submanifolds in codimension two are not only genuinely

rigid but, in fact, isometrically rigid.



196 M. DAJCZER P. MORAIS

The goal of this paper is to classify parametrically parabolic submanifolds
in any codimension. First, we describe the ones that are ruled and show that
they are the only parabolic submanifolds that admit an isometric immersion
as a hypersurface. Then, we classify the nonruled ones by two different means.
In fact, we provide the polar and bipolar parametrizations, each of which is
associated to a parabolic surface and a function on the surface which satisfies
a parabolic differential equation. To conclude, we describe the structure of the

singular set of the nonruled parabolic submanifolds.

1 Parabolic submanifolds.

In this section, we introduce the concept of parabolic submanifold and study

in detail the structure of the normal bundle.

We denote by f: M™ — QN, e = 0,1, a connected n-dimensional submani-
fold of either Euclidean space RY (e = 0) or unit Euclidean sphere SV (e = 1)
with codimension N — n. The k*"-normal space N (x) of f at = € M™ is
defined as

N{(z) = span{a} ™ (X1, ..., Xp41) 1 X1, .., X1 € T M}

Here, afc TMx---xTM — TfLM, £ > 2, is the symmetric tensor known as

the £*"-fundamental form and given by
o (X1,..., X)) =71 (Vx, ... Vx,ap(X2, X1))

where 7 stands for the orthogonal projection 7*: TfLM — (le S...0 N;:l)L
and T fLM is endowed with the normal connection V+ induced by the metric
connection V in the ambient space. We agree that oz}: TM — TM is a} =1
and denote a} = ay (7' = I) as usual.

We always assume that f: M™ — QY is substantial and has rank 2. The
later condition is denoted as rank; = 2, and means that the relative nullity

subspaces A(z) C T, M defined as

Alx) ={X € T.M : af(X,Y)=0;Y € T, M},
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form a tangent subbundle of codimension two. It is a standard fact that the
relative nullity distribution is integrable and that the leaves are totally geodesic
submanifolds of the ambient space Q.

The cone Cf: M™ x R, — RN+ of a submanifold f: M™ — SV of rank
two has the same rank since the relative nullity leaves of C'f are the cones of
the relative nullity leaves of f. Moreover, one has that N, 1? =N l{ ,k>1,up
to parallel transport in RV*1. Thus, it suffices to consider the Euclidean case
since we had restricted ourselves to submanifolds of RY and SV.

The condition rank; = 2 and the symmetry of the second fundamental form
imply that the first normal spaces of f satisfy dim le < 3 at any point. By
Theorem 1 in [9] we have that f is a hypersurface in substantial codimension
if dim le =1 everywhere. On the other hand, it is not difficult to show that
a submanifold with dim le = 3 everywhere is either a Euclidean surface or
the cone over a spherical surface up to Euclidean factor. In the remaining case
when dim N 1f = 2 everywhere, either there exists a pair of linearly independent

“conjugate directions” X, Xy € At | ie.,
Olf(Xl,Xl):l:Ckf(XQ,Xg):O, (1)

or f admits an “asymptotic direction” 0 # Z € AL ie., ay(Z, Z) = 0. In cases
(1) the submanifold was called elliptic for the plus sign and hyperbolic for the

minus sign in [5].
Definition 1. A submanifold f: M"™ — QY is called parabolic if we have:
(i) rank; =2,
(i) dimN{ =2,
(iii) There is a nonsingular asymptotic vector field Z € A+ ie., ay(Z,Z) = 0.

Notice that cones of parabolic spherical submanifolds are also parabolic.

Let f: M™ — RY be a parabolic submanifold. We always denote by {X, Z}

an orthonormal frame in A+ where Z is an asymptotic vector field. Clearly,
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we can always take an orthonormal smooth frame {n1,7} in N{ such that the

shape operators take the form

a b c 0
A£1|AJ_ = |: b 0 :| and A£2|AL = |: 00 :| (2)

where the functions b, ¢ never vanish. In particular, we see that the asymptotic

field Z is unique up to sign.

An easy argument given in [5] proves the following fact.

Proposition 2. Assume that f: M™ — QN satisfies dim le = 2 at any point.
Then, we have that dim N,{ < 2 forallk>1.

We always admit that the fibers of any N ,{ have constant dimension and
thus form subbundles of the normal bundle. If 7 = 7/ denotes the index of the
“last” of the normal subbundles of f, then TfLM = le @ -+ @ N since, by

assumption, f is substantial.
We denote
g=afN(X,...,X) and & =aTN(Z X,... X).
Since a’;“(z, Z,Y1,..., Y1) =0, it is clear that
N,{ = span{&F 5} for 1<k <7/

Proposition 3. For 1 <k <7/ —1 the following holds:

() (Vo &)y, = (Tx &)y =€

(i) (Vx &)y =€,

(iii) (Vz &ns,, =0
Proof: From the definition of the k-normal spaces, given n € N, lf we have

Vyn € le—l & le & Nl]:rl (3)
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where N/ =0 = fo+1' Then,
= (V5T Thag (X, X)) = (V2 &l)ys
5 = (VE(VS - Thas (6 X)) y)ns = (Vx &)ys

and (i) has been proved. The proof of (i%) is similar. For (i), we have
(Vz&)ys, = (VZ(Vx - Vrap(X, D))y = o 2(X,.... 2,2) = 0.

O

The following fact was proved in [5].

Proposition 4. If f: M™ — RY is a parabolic submanifold, then the normal

subbundles N,{, 1<k< Tf, are parallel in RY along A.

Let Vg, C N,{ X N,{, 0 < k < 7f, be the subspace defined as

Vi ={(1,12) € N;f X N;f t(u2,&5) =0 and (o, &F) = (11, €5)}

It is easy to see that Uy is independent of the base {X, Z} with Z asymptotic.
Clearly, ¢¥ = 0 implies that /3, = 0. We also have the following facts.

Lemma 5. For 1<k <7/ the following holds:

(i) dim Vy = 2 if and only if dimN,f =2,

(i) dim Vg = 1 if and only if dimN,ic =1 and €¥ =0,
(i) dim Vi = 0 if and only if dimN,{ =1 and & #0.

Proof: If dim I/, = 2, we either may choose (u1, p2) € Vj, such that py # 0 #
12 or we are done. It is easy to see that p1 and po must be linearly independent,
and thus dim N/ = 2. Then, take 0 # v € N/ such that (v,£5) = 0, and set
u=((v,&F)/||€5|1?)€5. Hence, u,v are a base of N} and (u,v), (u+v,v) € U},
are linearly independent. This proves (i). The proofs of (ii) and (iii) follow

easily form the definition of 1/y.

O
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Definition 6. Given a parabolic submanifold f: M"™ — QN C R¥N*¢ we call
an element 3 € C®°(M™,RNT) a k-cross section to f, 1 < k < 7/, if at any
point

B (TM)C Nl @--- & N/,

up to parallel transport in RV e
Lemma 7. Let P: C®°(M"™,RN*¢) — N,{ X Nkf, 1<k <7!, be the tensor
Pr(B) = ((B:X) 51, (B2 Z) 1 )-
Then P (B) € Vi, for any k—cross section 3 to f. Moreover, the tensor
Pk|N}{+1: N -V 1<k<ti—1,
18 1njective.
Proof: We have,

(B.X,85) = (VxB,Vz(Vx...Vxas(X, X))

Z(VxB,Vx ... Vxas(X, X)) = (VzVxf, Vx ... Vxas (X, X))
= (V28,Vx(Vx ... Vxas(X, X))

= (B.2,€F).

A similarly argument gives
(B.2,65) = (B.X,0§7(2,2,X,...,X)) = 0.
To conclude, observe that if n € Nl{—&-l satisfies Py (n) = 0, then
0=(nX,&) = (Vxn, &) =—(n,Vx&) = —(n, &), j=1.2

Hence, n = 0.
O

Proposition 8. Let f: M™ — RY be a parabolic submanifold. Then, we have:
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(i) & #0 for any 1 <k <7/ -1,
(ii) €5 =0 if and only if dim N =1,
(iii) If €5 =0, then & =0 for j > k.

Proof: To prove (i) suppose that ¥ = 0. Thus, I/}, = 0. Then Lemma 7 gives

Nl{—&-l = 0, which is not possible. For (i¢) suppose that dim N,f =1and &l #0.

We have that V; = 0 from Lemma 5, and by Lemma 7 this is a contradiction.

Finally, to prove (iii) assume £§ = 0. Using (3) we have

ML = MV EVEVE ... Vas(X, X))
= "V (n"(VZ V% ... Vxar(X, X)))

= (VRE) = 0.
U

Definition 9. We say that a parabolic submanifold f: M™ — QX has critical
o
index 7 € {1,...,77 —1}if € # 0 and &€& = 0 for any k > 7J + 1.

Corollary 10. Assume that f possesses critical index. Then:

(i) dmN{ =2, 1<k <+,

(ii) dim N} =1, 7f + 1<k <1/,

(iii) The tensor, Pk|N,{+11 Ngﬂ — Uy is an isomorphism for k < Tof —1.
2 Intrinsic proprieties
In this section we analyze the metric structure of the parabolic submanifolds.
Proposition 11. Let f: M™ — RY be a parabolic submanifold. Then,

F =span{Z} & A

is an integrable distribution and the leaves are flat hypersurfaces.
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Proof: We first show that the line bundle L = span{¢}} is parallel along the
leaves of relative nullity. The unit vector field n € le orthogonal to &3 is the
only one, up to sign, such that Af]Z = 0. Thus Af] has rank 1. In view of
Proposition 4 it is sufficient to show that 7 is parallel along A.
Recall that the splitting tensor C' associates to T' € A the endomorphism
Cr of AL defined as
CrX =—(VxT)pL -

It is well-known [7] that the differential equation
VrAl = AloCr (4)

is satisfied along AL if ¢ € TJ?-M is parallel along A.
Let z € M™ and +y a geodesic with v(0) = x contained in the corresponding

leaf of A. If §; is the parallel transport of 7, along -, we have
VAl = Af oC,.

Hence, A{; = Ag;mefot €547 Thus Af;t has rank 1 and, therefore n = &, is
parallel.
Since the left hand side of

VrA] = Al oCr
is symmetric, we obtain that
AlCrZ = CLALZ = 0.

Thus CrZ € span{Z}, that is, (VzT,X) = 0. Then the Codazzi equation
yields

Viap(Z,X) = (VrZ, X)ap(X,X) + (VT, Z)as(Z,X) = 0.

Using that L is parallel along A, we obtain that (VrZ, X) = 0. Hence F is

integrable. Moreover, the second fundamental form of a leaf U is

A0
sl 0]
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where A = (VzZ, X). Thus the leaves of F are flat.
(]
Recall that a submanifold f: M™ — QY is called ruled when M™ admits a

hypersurface foliation of totally geodesic submanifolds of Q.

Example 12. Ruled Euclidean submanifolds of rank 2 without flat points and
substantial codimension at least 2 are basic examples of parabolic submanifolds.

In fact, it follows from Corollary 4.7 in [3] that dim Ni = 2.
From the proof of Proposition 11 we have the following fact.

Corollary 13. Let f: M™ — RYN be a ruled parabolic submanifold. Then the
leaves of F are totally geodesic in M™.

3 Regularity

A key ingredient in the parametric description of the elliptic submanifolds given
in [5] was the regularity of the k-normal spaces. In fact, any elliptic subma-
nifold f satisfies dim N,f =2,1<k <7/ —1, whereas the dimension of fo is
determined by the codimension. In this paper, that a parabolic submanifold is
regular roughly means that the V. ,f ’s behave as in the elliptic case. The main
result in this section is that nonregular parabolic submanifolds are necessarily

ruled.

Definition 14. We say that a parabolic submanifold f: M™ — R¥ is reqular
ifdimN,{fooranylgkng—l.

By Corollary 10, the following holds:

dimNTff:2 = §2Tf7é0, if N—n iseven

dmNY, =2 &'V £0,if N—n is odd.

Tf—1

f is regular if and only if {

Observe that ruled surfaces with dim N; = 2 are parabolic. We give next an

example of such a surface that is nonregular.
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Example 15. Let c: I ¢ R — R® be a smooth curve parametrized by arc
length with Frenet frame E1, . .., Es and constant Frenet curvatures k; # 0,1 <

j < 5. The map X: R? — RS given by
X(s,t) = c(s) + tEa(s)

parametrizes a substantial complete surface that is parabolic for ¢ # 0. An easy
calculation gives £2 = 0, that is, 7* = 1. Hence, dim N5* = 1 and therefore X

is nonregular.

By a parabolic submanifold being nonruled we understand that none of the

leaves of F is totally geodesic in M™ or, equivalently, in RV,
Theorem 16. Nonruled parabolic submanifolds f: M™ — RN are regular.

The proof of Theorem 16 will follow from two results. First, we give a

sufficient condition for a parabolic submanifold in odd codimension to be ruled.

Proposition 17. Let f: M™ — RY be a reqular parabolic submanifold satis-

fying that §§f =0 at any point. Then f is ruled.

Proof: We claim that f is ruled if and only if L = span{¢1} is parallel along F.
From the proof of Proposition 11, we know that L is parallel along A. Clearly,
that f is ruled is equivalent to VzZ = 0. Take an orthonormal frame {n;, 72}
in N/ as in (2). Since 11 € L, we have to show that

VzZ =0 if and only if (Vzi)ys =0. (5)
From the Codazzi equation
(VxA})Z — (V2A],)X, Z) =0,

we get

C<VZZ7 X> = b<v§7717 7]2>

Being f parabolic we obtain b # 0 # ¢, and the claim follows.



PARABOLIC SUBMANIFOLDS OF RANK TWO 205

We first consider the case N —n = 3. We have, dim N{ = 2, dim NJ =1
and €2 = 0. It suffices to show that 7, is parallel along Z. By Proposition 3,
the subbundles NV 1f , N2f are parallel along Z. Thus, the Codazzi equation gives

7 = AL

f
A V5§

vis X=0

where § € NJ has unit length. Using (2) we obtain
(Vx9) N/ € span{ns}. (6)
From X (m,0) = 0 and (6) we have
L _
(van)sz =0. (7)
The Ricci equation, using (6), (7) and the parallelism of le along Z gives

0= (R"(X,Z)n,0) = (VxVzm —VzVxm = Vix zm,0)
= <VXVZ771a6> <VZ771,V)L(5>
= <V§771,772><VJX77%5>-
But (V%72,6) # 0 since le is not parallel. Thus, (V%m)le =0.

We now consider the general case N —n > 5. Take an orthonormal basis

{n¥,n5} of N/ for any 1 < k <7/ — 1 such that
& = apnf +cxns and €5 = byt

Proposition 3 gives

(Vani)ys =0 and o (Vgns)yr =0k (Vxm)ys - (8)

L L L
Since dim N,f =2,1<k<7f—1,it follows from (8) that
N{ = span { (V™) s (VERE™) s } - 9)

From (8) and ggf =0, we have

(VEnr' e, = (VR s = (VEm s =00 (10)

T~
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Thus N{ @...® N/, | and N/, are both parallel along Z. The Ricci equation
for § € Nq{f and (10) give

0= (RE(X, 27" =1.6) = (V&L =1 6) = —(VEnT — vL0)

- -
(Vzi 1,772 NV xn3 15>

But (V)l(ngf_l, §) # 0 since f is substantial. Therefore,

(VZ771 )Nf =0.

+f-1

To conclude again that (VZni, 7ni) = 0, it suffices to show that if

(Vg™ yr =0, 1<e<r 2 (11)

41
then

(Vini)ys = 0. (12)
Being n{ collinear with &§ and n{™" with &', then ' and (VJX”{)NJH are

also collinear. From (11), we have

(VZ(Vxu)yg, m ) =0. (13)
The Ricci equation using (8) and (13) yields
0 = <RL<X Z)771a Z+1> <V vZ771 V§V)L<77§ v[X Z] 771’772 >

(Vx(Vznimans, ) — (VZ(Vxnd) yrom) = (Vx Z, X) (V™)
Vi, m5)Vxns — (Vxning) Vans, —(Vx Z, X)Vxni, nsth).

Thus,

(Vzni, m5)Vxns — (Vxni, ) Vzns — (Vx Z, X)Vxni) 5 ng,, € span{n] S

and we obtain (12) from (8) and (9).
O
To conclude that f is ruled, from (11) and (12) in the proof of the preceding
result it is sufficient to show that there exists an index 1 < £ < 7/ — 2 such

that (V%nf“)w«ﬂ = 0. Thus, this gives the following fact.
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Corollary 18. Let f: M™ — RY be a reqular parabolic submanifold. If there
is an index 1 < s < 7/ —1 such that n; = & /||&5|| € N{ satisfies (Vni) =0,
then f is ruled.

Our next result deals with nonregular parabolic submanifolds.

Proposition 19. Let f: M™ — RN be a simply connected parabolic sub-
manifold. Assume that dimN,flr1 = 2 and diInN,{0 = 1 for some index
2 < ko < 77 — 1. Then, there exists a parabolic regular isometric immer-
sion f: M™ — R*2k0—1 gych that the subbundles Nf and Nf, 1 < s < ko,

endowed with the induced connection, correspond by a parallel isometry.

Proof: Consider the normal subbundle 7 = le D...0 N,fo with the induced
connection @#n = (Vyn)7. We have to show that ay still satisfies the Gauss,
Codazzi and Ricci equations. In fact, the Gauss and Codazzi equations are
trivially satisfied. By Propositions 3 and 8, the subbundles 7 and 7+ are
parallel in the normal connection along Z. Given 5 € 7, a simple calculation
yields

RE(X, 20— RH(X, Z)n = = (VEVED) 10+ V5 (V) o+ (Vizm) -
Since R (X, Z)n € T by the Ricci equation, the left hand side vanishes and
thus

RY(X,Z)n = RY(X, Z)n.

Now using Proposition 4 we conclude that the Ricci equation is satisfied. Since
M™ is simply connected, the result follows from the Fundamental theorem of
submanifolds.

O

Finally, we are in condition to prove Theorem 16.

Proof: Assume that f is nonregular. By Proposition 8 there exists kg < 7/ —1

such that §§° = 0. By Proposition 19, there is a regular parabolic submanifold
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fr M™ — RH2Ro—1 with g;‘f = 0. It follows from Proposition 17 that f is
ruled.

O

4 Ruled parabolic

The simple structure of ruled parabolic submanifolds allows us to give a para-
metric description of these submanifolds. Using this description, we conclude
that this submanifolds are generically regular. Then, we show that ruled
parabolic submanifolds are the only parabolic submanifolds that admit iso-

metric immersions as hypersurfaces.

Let v: I C R — RY be a smooth curve parametrized by arc length in some
interval. Set e; = dv/ds and let es,...,e,—1 be orthonormal normal vector

fields along v = v(s) parallel in the normal connection of v in RY. Thus,

de; )
d—;:bjel, 2<j<n—1, (14)

where b; € C*°(I). Set A = span{es,...,e,_1} and let AL be the orthogonal

complement in the normal bundle. Take ey € AL along v such that
P = {eg, (de1/ds)ar} C AT

satisfy that
dim P =2 (15)

and that P is nowhere parallel in A along v, that is,
span{(deo/ds)as, (d*ey/ds*)ar} ¢ P. (16)

We parametrize a ruled submanifold M™ by

f(syt1, . ytno1) =c(s) + i tie;(s) (17)
j=1
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where (t1,...,t,_1) € R"™1 and c(s) satisfies dc/ds = eg. To see that f is

parabolic, first observe that
TM = span{f,} @ span{e;} & A

where fs = eq +t1del/ds+zj>2 tjbjei. Consider the orthogonal decomposition

dey
= + 7. 18
( dS >AJ‘ 1o n ( )

Thus 7n(s) # 0 for all s € I from (15). Hence,
TM = span{eg + t1(a1eq + 1)} @ span{e; } & A. (19)

Since fs; = bje; € TM, 2 < j <n—1, we have that A C Ay. It follows easily
from (18), (19) and 7(s) # 0 that

for = SV g T,
S

It is easy to see that fqs & span{fs, } @ TM, i.e., dim le = 2, is equivalent to

2
(@), 00 ()2
It follows that A = Ay. Therefore f is parabolic in, at least, an open dense
subset of M™.
Let f: M™ — R¥ be a ruled parabolic submanifold and {es,...,e,_1} an
orthonormal frame for A; along an integral curve ¢ = ¢(s), s € I, of the unit

vector field X orthogonal to the rulings. Without loss of generality (see Lemma

2.2 in [1]) we may assume that

d@j
— LAy, 2<ji<n—1.
ds fs SN
Now parametrize f by (17), where e¢g = X and e; = Z. That fy, € TM
implies
d€j .
. € span{ey, fs}, 2<j<n-—1. (20)

Taking t; = 0, we obtain that

d .
%:ajeoerj@h 2<j<n-1, (21)
s
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where a;,b; € C*°(I). Since dim N{ =2, we have

de
disl =ajeg + (der/ds)a + 1 (22)

where 7 L span{eg, e1} ® A satisfies n(s) # 0. Thus (20) reduces to
ajeo € span{(l +tia1 +... +tp_1an_1)eo+tin}, 2<j<n-—1

Therefore a; = 0. From (21) we have de;/ds = bje; for 2 < j <n—1.

We have proved the following result.

Proposition 20. Let c: I C R — RY, N —n > 2, be a smooth curve. Let
{eo = dc/ds,e1(s),...,en—1(s)} be orthonormal fields satisfying (14), (15) and
(16) at any point. Then, the submanifold parametrized by

f(S,tl,...,tn_l) :C(S) +thej(s) (23)

j>1
where (t1,...,tn_1) € R"1 defines a ruled submanifold, that is parabolic in
an open dense subset of M™. Conversely, any ruled parabolic submanifold can

be parametrized as in (23).

Let f be a ruled parabolic submanifold parametrized by (23). Assume that

f has critical index k — 1 = 7'({ . The condition dim N, ,f =1 is equivalent to

dz_lel dé_leo deel

de, Tt
ds’—1 7 dst—1 Vst

dSkETMGBSpan{

2§€§k} (24)

where TM was given by (19). In particular, for ¢ = 0 and using (22) we have

672(a160+1’]) de*IeO

dst—2 7 dst—1"

d"areq +n)
dsk—1

ETM@span{ 2§€§k} (25)

where now T'M = span{eg,e1} ® A.
It is easy to see that (24) and (25) are equivalent. In fact, in (25) taking
¢ = 2 we obtain that n belongs to the subspace. If (25) is satisfied, it follows

that the subspace in (24) is independent of the parameter ¢;. In particular,
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this shows again that dim Ny = 1 is equivalent to ¢&& = 0. Finally, we have
that (25) is equivalent to

d"=1n deg d* ey d"2y

W Espan{eo,ds,...,cwl,n,...,cw}@A.
It is now clear that (24) will not be satisfied in general. In that sense and re-
calling Theorem 16, we can say that the parabolic submanifolds are generically

regular.

Remark 21. A condition for a ruled regular parabolic submanifold in odd

codimension to satisfies &3 "= 0is the following:

f f f
d~ ~In deg d™ ~2eq d— ~2p
ds"’flespan{e()7d57...7d87'f2,n7”'7d57f2 @A

Next we extend the characterization of ruled parabolic submanifolds in codi-

mension two given in [6] to arbitrary codimension.

Definition 22. We say that a submanifold f: M™ — RY is of surface type if
either f(M) C L? x R"~? where L? C RN="*2 or f(M) C CL* x R"~3 where

CL? c RVN—"13 i5 a cone over a spherical surface L? ¢ SN—"+2,

Theorem 23. Let f: M™ — RY be a ruled parabolic submanifold. If M™ is
stmply connected then it admits an isometric immersion as a ruled hypersur-
face in R with the same rulings. Conversely, if M™ admits an isometric
immersion as a hypersurface in R™"! and f is not of surface type in any open

subset, then f is ruled.

Proof: To prove the converse, assume that there exists an isometric immersion

g: M™ — R" ! with Gauss map N. We first show that
A, = Ay (26)
Let 8: T,M x T, M — R(m;) ® R(N) = R? be the symmetric bilinear form

BY,V) = (A}, Y. V), (AL Y. V)
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where {11,172} is as in (2). By the Gauss equation, ( is flat with respect to the
Lorentzian metric in R? defined as ||n;1]|> = 1 = —||N||? and (1, N) = 0, that
is,

(BX,Y), B(V,W)) = (B(X,W),B(V,Y)) = 0.

If (26) is not satisfied, and since dim A, < n — 2, it follows easily that
S(B) =span{S(Y,V): Y,V € T, M}
satisfies S(3) = R%. From Corollary 1 in [11] we have dim N(3) = n — 2 where
N(B) ={Y € T,M : 3(Y,V) =0, V € T,M}.

But since N(8) = Ay N Ay, it follows that (26) holds.

Let -
a b
A?V|Ai = [ b ¢ }
From (4) we have
m 0
=% ml

for any T' € A. On the other hand,

A%OCT:{C_Lm—an bm]

bm+¢én ¢ém

The symmetry of A% o Cp allows to conclude that én = 0. Since f is nowhere
of surface type, it follows from Lemma 6 in [4] that n # 0 for some T € A in
an open dense subset of M™. Thus ¢ = 0 and therefore, by the Gauss equation,
we may assume that b= b.

The Codazzi equation for Af gives
VxbX —(VxZ, X)(aX+bZ) =V z(aX +bZ)+(Vz X, Z)bX +(V L1, m2)cX = 0.
Taking the Z-component yields

W(VxX,Z) —alVzX,Z)— Z(b) = 0. (27)
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The Codazzi equation for A%, that ¢ =0 and b = b give
VxbX —(VxZ,X)(@X +bZ) —Vz(@X +bZ) +(VzX,Z)bX = 0.
Taking the Z-component yields
20(VxX,Z)—a(VzX,Z)— Z(b) =0. (28)

Subtracting (27) from (28), gives (a —a)(VzZ,X) =0.If (VzZ,X) =0, then
f is ruled. Thus, we may assume that a = a. Now taking the X-component in

both Codazzi equations yields
X(b) —a(VxZ,X) - Z(a) + 26(V 2 X, Z) + c(Nzn1,1m2) = 0
and
X(b) — a(VxZ,X) — Z(a) + 2b(V 2 X, Z) = 0.
It follows from the last two equations that
(V1) =0, (29)
and we conclude from (5) that f is ruled.

We now prove the direct statement. In view of (2), we consider the tensor

A:TM — TM where Ker A = A and

a b

Since (29) holds by assumption, it is easy to see that the tensor A satisfies the
Gauss and Codazzi equations as a hypersurface, and this concludes the proof.

O

Corollary 24. Let f: M™ — RN be a simply connected parabolic submanifold.
Assume that there is 2 < ko < 7/ — 1 such that dim N,fo = 1. Then f is ruled

and M™ admits an isometric immersion as a ruled hypersurface.

Proof: We know from Proposition 19 that there exists a regular parabolic
isometric immersion f: M™ — R™2ko—1 guch that 550 = 0. It follows from
Theorem 17 that f is ruled. The result follows from Theorem 23.

O
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5 Nonruled parabolic submanifolds

In this section we study parabolic surfaces. First we show that they are asso-
ciated to parabolic differential equations. Then we give a complete characteri-

zation of their s-cross sections.

Let L? be a Riemannian manifold endowed with a global system of coordi-
nates. Then, let f: L? — QN C RV¥*¢ where ¢ = 0,1 and N > 4, be a surface
of the sphere or the Euclidean space whose coordinate functions are linearly

independent solutions (of length 1 if e = 1) of the parabolic equation

62
a—;; + W (w) + edu =0 (30)

where W € TL and A € C*®(L?). If € = 0, then (30) is equivalent to
VzfZ + W =0
where Z = 0/0z. Thus ay(Z,Z) = 0. If e = 1, we have
VzfZ + fW +Af =0

and again af(Z,Z) = 0. In both situations f is parabolic with Z asymptotic.
Conversely, let f: L? — QN be parabolic endowed with the induced metric
and coordinates (z,z) such that 9/0z = Z is asymptotic. The latter means

that the coordinate functions of f satisfy (30) with W = —VzZ and X = || Z|2.

Let g: L? — QY be a parabolic surface and ¥ the vector space of classes
of functions v € C°°(L) that satisfy (30), where for ¢ = 0 we identify two
functions when they differ by a constant. Consider L? with the induced metric

by g. Then (30) takes the form
Hess,(Z,Z) + eu=0 (31)

where Z € T'L is an unit asymptotic field.
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Given a parabolic submanifold f : M™ — QX we denote

5 =

*

T if N—n iseven
{ 7—1 if N—n isodd.

Let T, 1 < r < 77, be the vector space of classes of r—cross sections of L?
where we identify two sections when, up to a constant, they differ by a section
of N2, @...® N/,. Take [h] € I, with r <7/ and 1 <r < s < 7. Then,
set P.(h) = (p1,p2) € V,. By Corollary 10, there exists an unique section
Yr41 € N2, | such that
Pr(h) = Pr(=vr41)-

Thus /_”Lr+1 = h + 7,41 satisfies that /_”Lr+1 = h+ Y41 € I'hy1. Using the
above argument, it follows easily that there exist unique sections v; € Njg ,

r+1 <5 < s, such that
BZh+’7r+1+~-~+73 (32)

satisfies [h] € Is.
We show next that all the I',.’s are isomorphic to X. Given [h] € T, set

h=epg+W +9
where W € TL, § € T+L and ¢ € C*(L) if e = 1. Given Y € TL, we have
ha(Y) = e((Y(9) = (Y. W))g +9Y) + Vy W +ay (Y, W) = AY(Y) + V6.
Since the T'L-component of h.(Y") vanishes, we obtain
epY + VyW = AJY. (33)

In particular, the map (Y,U) — (VyW,U) is symmetric. Thus, if ¢ = 0
and setting O(U) = (W,U), we have dO(Y,U) = 0. Thus W = Vy, for ¢ €
C>(L?). If € = 1, that the span{g}-component of h.(Y’) vanishes gives Y () =
(Y, W), and again W = V. In both cases, we obtain from (33) we that

Hess,, + epl = AJ. (34)
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Consider the linear map Y: I', — X defined by Y([h]) = [¢]. Assume that
Y([h]) = 0. Then (h)r,. = Ve = 0. From (34) we obtain A = 0, which
means (h)ys = 0. Using (iii) in Corollary 10 we obtain h € N/, @ ... ® N7,.
We conclude from the definition of I',. that T is injective.

Take ¢ € ¥ and set
S={v € Lym(TL,TL) : (¢Z,Z) = 0}.

Let ®: N{ — S be the injective linear map defined by ®(v) = A?. From (31)
and dim NY = 2, we have that ® is an isomorphism. It follows that there exists

a unique y; € N{ such that
A7 = Hess, + epl.
We define h = epg + Vo + 1. Then,

hX = eX(p)g + epX + Vx Ve + Vxm = ag(X, Vo) + Vi,

and thus [h] € T'y. We conclude from (32) that Y is an isomorphism. In this
way, we obtain the following recursive procedure for the construction of the

r—cross sections for the parabolic surfaces.

Proposition 25. Let g: L?> — QY be a regular parabolic surface. Then, any

r—cross section, 1 < r < 17 can be written as
he =€pg+ gVo+v0+71 + -+ Y, (35)

where ¢ satisfies (30) and is unique (up to a constant if e = 0), g is any section
of N,y ©...® Ny, v1 € NY is the unique solution of A9 = Hess, + epl and
v, 2 < j <r, are the unique sections given by (32). Conversely, any function

hy with the form (35) is a r—cross section to g.

6 The parametrizations

In this section, we provide a parametrically description of all regular parabolic

Euclidean submanifolds. There are two alternative representation, the polar
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and bipolar parametrizations, each of which is determined by a parabolic sur-

face and a solution of a differential equation.

Our starting point, is to show how to construct parabolic submanifolds
using parabolic surface with non vanishing normal vector £7, in particular, any

nonruled parabolic surface.

Let g: L? — QN a parabolic surface with Z € T'L asymptotic and whose
normal vector field &J ’ does not vanish at any point. Let h be a s—cross section

togand Ay = N7 ®... &N/, for 1 <s < 7. Let ¥: A — RV*€ be the map

S

where 6 € Ay(z).

Proposition 26. At regular points, M™ = W(Ay) is a regular parabolic sub-

manifold. Moreover, M™ is nonruled if g is nonruled.
For the proof we use the following general results.

Lemma 27. Let f: M™ — RY be a parabolic submanifold. Then, we have:

(i) If dim NI{—H = 2, then there exists n € Nl{—&-l such that the components of
Pr(n) form a base of N,{.

(i) Suppose that N — n is odd, dim NTff_1 = 2 and that ,ggf never vanishes.
Then PTf,l(ggf) is a base ofof_l.

Proof: We prove (i). From Corollary 10 we have that Py| N is an isomor-
phism and from Lemma 5 that dim N ,{ = 2. Since N,f has dimension 2, there
exists at least one vector (1, p2) € Vy, with pg # 0. Thus py and ps are linearly
independent and form a base of NV ,{ .

For the proof of (ii) it is sufficient to show that (v%ggf)fo # 0. If the
-1

vector field vanishes, from the definition of /.y _; we have (Vﬂg{%f , g;f—1> =0.
Thus §§f = 0 from Proposition 3, and this is a contradiction.

O
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Lemma 28. Let 3: M™ — RNT¢ o s—cross section to f, 1 < s < 1/. Then,

(VzB(Z))ys = 0.

s—1

Proof: For s > 2, we have that (8,(Z),£57 ) = 0. Then,

0 = Z<ﬂ*(Z)a ;_1>:<@Zﬁ*(z)v §_1>—|—<ﬁ*(Z),O¢S+1(Z,Z,X,...,X)>
<@Zﬁ*(z)> ;71>'

Using Lemma 7, is easy to prove by a similar argument that
<€Zﬁ*<z)> f71> =0.

For s = 1, since NJ = A+, €9 = X and £) = Z, the proof follows easily.

We now prove Proposition 26.

Proof: Take a coordinate system (z, z) of L? such that Z = §/0z is asymptotic

and let {n1,...,n} be an orthonormal frame of A;. We parametrize M" by

k
U(x,z,t1,...,t,) = h(z,2) + thnj(x,z)
j=1

where k = N —2s and (ty,...,t) € R¥. From Lemma 27, we have TM = A,_;
and As = A,. We claim that ¥, (Z) is asymptotic, that is, V;V¥,(Z) € TM.
In view of (3) it is sufficient to show for v € N?_| that (V. (Z),v) = 0. Let
X =0/0x € TL. We have that

k
<6Z\I’*<Z)7 f71> = <€Zh*(Z)7 f71>+th<6Z@an7afll(X7""X)>

<
=

k
= (Vzhi(2),67") =Y t;(n;,Vza5™(2,X,..., X))

<.
[

= (Vzh(2),67).
By a similar argument, we obtain

(VzU.(2),&7") = (Vzhi(2),67Y).
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Now Lemma 28 and N?_, = span{¢;~* &5 give the claim. Observe that it
follows from Lemma 27 that Nk'l’ = N?_,. This concludes the first part of the
proof.

Assume that ¢ is nonruled. From Lemma 7 we have that &5 and U, (2)
are orthogonal. Being 7, € A¢ = N¢ a unit asymptotic vector field to ¥, we
obtain that W is ruled if and only if (V z7;) n¢ = 0. Now the proof follows from
Corollary 18.

O

Our goal now is to show that any parabolic submanifolds with non vanishing
normal vector field £, in particular, all nonruled regular parabolic submani-

folds, can be locally parametrized by a parabolic surface using Proposition 26.

Given a parabolic submanifold f: M™ — Q¥ due to the local nature of our
work, we may assume that f is the saturation of a fixed cross section L2 C M™
to the relative nullity foliation. From Proposition 4, each IV, ,{ can be viewed as

a plane bundle along L2.

Definition 29. Let f: M™ — QN~¢ be a regular parabolic submanifold. A
polar surface to f is an immersion of a cross section L? as above, defined as

follows:
(i) If N —n — € is odd, then g: L? — SV~ is defined by
spanf{g(z)} = N/, (x).
(ii) If N —n — € is even, then g: L? — RY is any surface such that
Ty L = N/, (2),
up to parallel identification in R™.

Proposition 30. Any regular parabolic submanifold f: M™ — QN with non
vanishing normal vector field §§f admits a polar surface g locally. Moreover, g

is parabolic and nonruled if f is nonruled and has no Euclidean factor.
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We will use the following fact.

Lemma 31. Assume that f has even codimension. Let n € fo and

mo=(Vxn)ys, o 2= (Vzn)ys,

fo1 f—1

be such that py # 0. Then,
V.s_1 ={(ap1 + buz,aps) : a,b e C®(M)}.

Proof: Since <(@Z77)fo ,g;f*) = (n, @ngf*} = 0, the definition of /. _;
-1
and Lemma 3 yield (p2,0) € V,s_;. Since dim NLi1 = 2, we easily conclude
that thl = span{(p1, u2), (p2,0)}, and the proof follows.

O

Remark 32. Notice that n = §§f/||§§f|\ € fo satisfies (@Zn)fo # 0. In

TJ -1

fact, from Proposition 3 it is easy to see that (@Zn, flefl) #0.

We now prove Proposition 30.

Proof: In the case of odd codimension, the existence of a polar surface follows
from (i) of Lemma 27. Assume that dim fo = 2. Let {n1,n2} be a base of
N f ; constant along A. We show that there exist linearly independent 1—forms,

01,05 so that the differential equation
dg = 01m + O2mp2 (36)

has solution.

Take a non vanishing asymptotic vector field Z € T'M and consider the iso-
morphism P: A+ — TL. Let U = P(Z) € TL and (u,w) a coordinate system
on L? such that U = 9/0u. Set W = §/0w € TL and X = P~}(W) € AL
Endow L? with the metric which makes the base {U, W} orthonormal and posi-
tively oriented. Let 11,712 € N,s be linearly independents vector fields constant
along A. Without loss of generality, we my assume po = (Vz1;) N, £ 0.

According to Lemma 31, there are a,b € C°°(M) with b # 0 such that

Prr_i(m) = (u1,p2) and  Prr_y(n2) = (ap1 + buz, apz). (37)
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Consider 1-forms

01 = a*du + a’*dw e 0y = b du+ b’dw, (38)
where al, a?,bt,b% € C°°(L?). We show that we can choose a', a?,b*,b% € C*°(L)
such that (36) has solution . The integrability condition for (36) is

0

d01771 —+ d02772 + 91 A d771 —+ 92 A dﬂg

— by + dbogs + (a2 22

6?72 8172
e 3 du)dV + (b b

ov ou

)dV
A0y + 2 + (Varw _a2o M+ Virw _p2p n2)dV

where dV stands for the volume element of L2. Then, we must have

(Valw,azU 1 + @b1W—b2U 772)N,.f_1 =0.

From (37) we may rewrite the above equation as

al+abl =0
a?® — bb! + ab? = 0. (39)

Then, let e,£ € C*°(L) be such that

Vaiw—a2v M + Virw_p20 2 = e + 2.

We claim that there exist al, a2, b!, b € C°°(L) such that 6y, 0 satisfy(39) and

do, edV
dfy, = £dV,
or equivalently,
az—al = e (40)
b bl = ¢
From (39) and (40) we have
at = —ab?
a? = bb' — ab?

bubt +bbL — a,b? —a(b? —bl) + aubt =e
b2 —bl =1
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The two last equations give

(41)

bubt + bb}l —a b +aybt =e+al
2 bl —

We assume a,, # 0 without loss of generality. The first equation of (41) yields
1
b = ——(e+al — (by + a,)b* +bbl).
ay
We take b to be a solutions of the above linear parabolic equation (see p. 367
of [10]), and now the claim follows easily.

If f has a Euclidean factor, take T" a parallel subbundle of the relative nullity
subbundle of f. It is easy to see that under these conditions the subbundle
T ® V4 @ N{ is a normal parallel subbundle of g. Thus, the codimension of g
can be reduced. The converse is similar.

We claim that g has an asymptotic vector. First observe that NY = N f iy

Thus, in odd codimension, we have from (36) and (39) that
9.0/0u = a'ny + by = —ab'n + bln,. (42)
Therefore, in view of (37) we obtain

(Vzg*a/au)Nf = —ab* g + ab iz = 0.
For even codimension, the claim follow from Lemma 28. Hence g is parabolic.
To complete the proof suppose that f is nonruled. We show that ¢ is also
nonruled. If the codimension of f is odd, since &3 ! # 0, then T'L is spanned by
{(VX§2 )Nf ,(VZ§2 )Nf }, being (VZ§2 )Nf an asymptotic field.
The deﬁmtlon of V. s allows us to conclude that the unit asymptotic field
~ is normal to 52 Then, g is ruled if and only if (VZ’Y)Nf = 0. Thus g is

nonruled by Corollary 18. In the even codimension case, we have

Ny —span{(Vznl)Nf (me)Nf }.

+f-1 rf-1

From (37) and (42) it is easy to conclude that

2! =bp2 =b(Vzm)n . (43)
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Let A = ||b(@z771)NTL1 | =t. It follows from (5) that g is ruled if and only if

(@U)\(@ZUI)NTfil)Nf =0.

+f -1

From our assumption that n; is constant along Ay, it follows that

0:(?(]/\(@27;1)% InT =U(/\)(@Z771)fo +/\(@z(ﬁzn1)fo )N

-1 +f-1 rf— -1 f-1
Thus,

(@Z(ﬁzm){wil)m} € (Vam)ys,

-1 rf-1

~ F_ .
Since (Vzm)NTf_l is normal to & 1 f, we obtain
~ f_q f_q
(¥2 & NG s, =0,

and conclude from Corollary 18 that f is ruled. This is a contradiction.

The following is the polar parametrization.

Theorem 33. Given a parabolic surface g: L* — QY with non vanishing
normal vector 559 and 1 < s < 79, consider the smooth map U: A, — RN
defined by

V() =h(z)+0 (44)

where 6 € Ay = NJ | @ ... ® N7, and h is any s—cross section to g. Then,
at regular points, M™ = W(A;) is a regular parabolic submanifold with polar
surface g. Moreover, if g is nonruled, then M™ = ¥(Ay) is nonruled.
Conwersely, any parabolic submanifold f: M™ — RN without local Euclidean
factor and with non vanishing normal vector ng admits a local parametrization

(44), where g is a polar surface to f.

Proof: The direct statement follows from Proposition 26. For the converse,
take a polar surface g: L? — QY to f. It is easy to see that under these
conditions that Ay = A_y and TM = A_; , along L?. Thus, the section

h = f\Lz is a 74 —cross section to g. (]
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Observe that picking a different 7 in (35) only results in a reparametrization
of U(A;). Hence, it is convenient to take 79 = 0 when using the recursive
procedure to generate s—cross sections.

The polar parametrization is very effective for submanifolds in low codi-
mension since the recursive procedure has few iterations. For instance, in
codimension two it suffices to take a 1—cross section of the form h, = Vi + 1,

where v; € V. 1f is unique satisfying A,, = Hess,, for a given solution ¢ of (30).

Definition 34. We define the bipolar surface to a parabolic submanifold f to

be any polar surface to a polar surface to f.

Proposition 35. Any nonruled parabolic submanifolds admits locally a bipolar

surface.

Proof: From Proposition 30, f admits locally a nonruled polar surface g.
Then, Proposition 17 gives £ # 0. The proof now follows from Proposition
30

O

Definition 36. Let g: L2 — QY be a parabolic surface and 0 < s < 77 — 1.

We call dual s—cross section to g any element h € C*°(L?, RN *¢) satisfying
h.(TL) C espan{g} ® N & ... ® N
at any point.

Notice that a dual 0-section to a parabolic surface in Euclidean space is just

a bipolar surface.

Proposition 37. Let g: L?> — QN be a regular parabolic surface with polar

surface §g. Any dual s-section to g is a ([N/2] — s — 1)-section to §.



PARABOLIC SUBMANIFOLDS OF RANK TWO 225

Proof: We have 7¢ = 77 = [N/2] — 1 and N¢ = NfLs' The proof follows
easily.
O

The following is the bipolar parametrization.

Theorem 38. Given a parabolic surface g: L? — QN with non vanishing
normal vector §§g and 0 < s < 7 — 1, consider the smooth map U JNXS — RN

defined by

U(6) = h(z) +6 (45)
where § € Ay = e span{g} ® N{ © ... @& N?_, and h is any dual s—cross section
to g. Then, at reqular points, M™ = \TJ(AS) 1 a nonruled parabolic submanifold
with bipolar surface g.

Conversely, any nonruled parabolic submanifold f: M™ — RN without lo-
cal Euclidean factor admits a local parametrization (45), where g is a bipolar

surface to f.

Proof: The result follows from Theorem 33 and Propositions 35 and 37.

Next, we give a simple way to parametrize parabolic submanifolds.

Let g: L? — QY be a simply connected nonruled parabolic surface endowed
with the metric induced by g and {X, Z} an orthonormal tangent frame with
Z asymptotic. Let J € End (TL) be defined by

J(X)=Z and J(Z)=0
and let R € End (TL) the reflection defined by
R(X)=X and R(Z)=—-Z.
Now consider the linear second order parabolic operator
Lip) = 22(¢) + T2 X () = T1 () + (X(T2) — Z(T'1) + (11)% — (T2)? — )gp

where Y = [X,Z] =T2Z —T'1X. Let ¢ € C*(L) satisty L(¢) = 0 and let ¢
be the 1-form such that dv(X, Z) = —¢.
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Lemma 39. The differential equation
df =dpod+ Y o R+ eh (46)
1s integrable.

Proof: From our assumptions, we easily obtain d?6(X, Z) = —L(¢y), and this

concludes the proof.

Lemma 40. The differential equation
dh = eppg + dg o (B + .J) (47)
is integrable, where 0 is a solution of (46).

Proof: An easy computation yields

EWX,Z) = e(dY(X,Z) + 9)g + (dI(X) + Tt = Z(p) — (X)) Z
— (dO(Z) + oIy — ey (Z)) X

Thus, we conclude that d?h = 0.
O

Theorem 41. Let g: L? — QN~=¢ a simply connected nonruled parabolic sur-
face, p € C*°(L) so that L(p) =0 and h: L> — RN a solution of (47). Then,
the map ¥: L? x R?*~¢ — RN defined by,

&g
U(z,t) = h(z) + etog(x +Z<tzj ' SoauiT a = 1+t2j8uj) (2)

where 0 < s < [(N —¢€)/2] —2 and (u,v) is a coordinate system of L? such that
0/0v is asymptotic, parametrizes, at reqular points, a parabolic submanifold.
Conwversely, any nonruled parabolic submanifold without local Euclidean fac-

tor can be locally parametrized in this way.
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Proof: It is clear for 0 < j < 77 that

g ditly ditlg
Nj:span (aufau)m’<aui+1)m .

In (45) we take h to be a dual O—cross section to g without loss of generality.

It remains to show that any dual 0-section to g can be written as a solution of
(47).
Given a dual 0O-section & to g, we need a 1-form ¥ and S € End (TL)
such that
diL:e\IfngdgoS.

An easy computation yields

Ph(X,Z) = e(db(X,Z) —(X,82) +(Z,8X))g + (VxS)Z + a,(X,52)
—(VzS9)X —ay(Z,5X) + e((2)X —¢(X)Z).

Thus, the integrability conditions reduces to the equations
ay(X,87) = ay(Z,5X), (48)
(Vx8)Z = (V28)X = ((X)Z — $(2)X), (19)
and for € = 1 the additional equation
dy(X,Z)=(5Z,X) - (SX, Z). (50)
From (48) and since ay(X, X) and ay(X, Z) are linearly independent, we have
S=0I+¢J
where 6, € C*°(L). The left side of (49) gives us
Vx0Z-Vz(0X+pZ)4T15X -T25Z=(d0(X)+¢l'1—do(Z))Z—(d0(Z)+¢I'2) X.

Thus (49) is equivalent to

{ d8(X) = —Typ+dp(Z) + e(X)
d8(Z) = (Y, ~Z)p+ ei(Z).
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Hence,

dd=dpod+ Y o R+ e,

and from (50) we easily get dy(X,Z) = —p. The result follows from Theo-
rem 38 and Lemma 40.

O

7 The singularities

In this section we show that the nowhere nonruled complete parabolic sub-
manifolds are surface-like, that is, they are isometric to L? x R"~2. We also
describe the singular set of nonruled parabolic submanifolds of dimension at

least four.

The complete submanifolds f: M"™ — R with rank p < 2, had been studied
in [7]. If M™ does not contain an open set L? x R"~3 with L3 unbounded, then

the following holds in the open set M* C M"™ where p = 2.
(i) M* is an union of smoothly ruled strips.

(ii) If f is completely ruled on M*, then it is completely ruled everywhere
and a cylinder on each component of the complement of the closure of

M*.

A ruled submanifold is called completely ruled if each leaf is a complete
affine space. The leaves in each connected component of M", called a ruled

strip, form an affine vector bundle over a curve with or without end point [7].

Given a ruled parabolic submanifold f: M™ — RN let M™ be the extension
of f(M™) (with possible singularities) obtained by extending each leaf to a

complete affine Euclidean space R"~!. We have the following result.

Proposition 42. Let f: M™ — RY a ruled parabolic submanifold. Then M™
is a ruled strip. Moreover, if ¢ is complete and the function ay defined in (18)

satisfy |a1(s)| < K < +oo, then M™ is complete.
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Proof: Using (23) we parametrize M™ by

flsyty, o ytnog) =c(s) + thej(s)w
i>1
where
d€1

de.
E:a160+5+n and %zbjel, 2<j<n-1,

d = (de1/ds)a and n L span{eg,e1} @ A is nonsingular for every s € I. We
have,

TM = span{(1 + t1a1)eo + t1in} ® spanfes, ..., en—1},

and is now easy to conclude that f is nonsingular. Thus M" is a ruled strip.

Next, suppose that ¢ is complete. Notice that

£l = (1 + tran(s))* + 2 n(s) .

We claim that M™ is complete. If [t;| < M < oo, from our assumption that

la1(s)] < K < oo we obtain ||fs]|> > L > 0. On the other hand, it is easy to

see that any divergent curve y(u) = f(s(u), t1(u), ..., tn_1(u)),u € [0,400), in

M™ with at least one ti,1 <i < mn — 1, unbounded has infinity length. Thus,
any divergent curves in M™ has infinity length, and the proof follows.

O

Observe that any ruled parabolic submanifold parametrized by (23) with

bj =0, 2 <j <n-—1,everywhere is a product L?xR™ 2. On the other hand, if

there exist j € {2,...,n—1} such that b; # 0 everywhere then the submanifold

does not contain an open set L? x R" 2,

Theorem 43. Let f: M™ — RN, n > 3, be a complete submanifold which
is monruled in any open set and parabolic in an open dense set O. Then, any

connected component of O is isometric to L2 x R"~2 and f splits accordingly.

Proof: From Lemma 6 in [7] it is easy to see that either C' =0 or

cr=| 0 0] G
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where T' 1 Ker C. We have a disjoint decomposition O = My U M7, where M
is the closet set where C' = 0. We now argue that the open set M; is empty.
It follows from Lemma 1.8 in [7] that My and M; are saturated, i.e. they are

unions of complete leaves of A. We have from Lemma 1.5 in [7] and (51) that
0=(VxCr)Z — (VzCr)X =n(VxZ,X)Z — Z(n)Z —n(NzZ, X)X

where T' L ker C is an unit field. Therefore (VzZ,X) = 0, i.e., M; is ruled.
We conclude that M; = () and the result follows from Lemma 1.1 in [7].
O
Observe that if f: M™ — RY is a complete, simply connected parabolic
submanifold, then M™ is diffeomorphic to R™ since its sectional curvature sat-
isfies Kp; < 0. In the ruled case, we have from Theorem 23 that M™ ad-
mits an isometric immersion as a ruled hypersurface with the same rulings.
There are many examples of complete ruled hypersurfaces [7]. A simple ex-
ample goes as follows: take c: I C R — R™! any unit speed curve, and let
Ey =dc/ds, En, ..., E, a Frenet frame. It is easy to see that the hypersurface

n—1

(S,tl, R 7tn—1) — C(S) + Z t]‘Ej+1
j=1

is complete.

Given a nonruled parabolic submanifold f: M™ — RY without Euclidean
factor, let M™ be the extension of f (M™) in RY obtained by extending each leaf
of relative nullity of f to a complete affine Euclidean space in R”~2. Our next
and last result, describes the singular set of nonruled parabolic submanifolds

without Euclidean factor and dimension n > 4.

Proposition 44. Let f: M™ — RN, n > 4, be a nonruled parabolic submani-

fold without FEuclidean factor. Then the hypersurface given by
{Ae M (n &) =0}

is the singular set of M.
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Proof: Let ¥(d) = h(x)+6, § € As(x), be the parametrization in Theorem 33,
where h is any s—cross section of a polar surface g to f. Without loss of
generality, we assume that h is a 7/-section. Being (z, z) a coordinate system
of g with Z = 9/0z asymptotic and {n1,...,7;} an orthonormal frame of A,

we can write
k

\I/(I,Z7t17 s 7tk) = h(I,Z) + Zt]nj(xvz)

j=1
where k = N — 2s and (¢y,...,t;) € R¥. Recall that TM = A,_; and A = A,.
Thus, with X = §/0x, we have that U(z, z,t1,...,tx) is a singular point if and
only if

t(Vxm)n, +t2(Vxme)n, and 6 (Vzm)y, +t2(Vzi)n,
are linearly independents. By the definition of I/, we have

Thus t1(VEm) N, +t2(VEn2)n, and & are normal fields. The above condition

is now equivalent to

t(Vxm)n, +ta(Vxne)n,, &) =0

and, from Proposition 3, equivalent to

(tim + tame, &5 = 0.

It follows that A € M™ is a singular point if and only if et =o.
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