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GLOBAL ATTRACTORS FOR NEURAL FIELDS IN A
WEIGHTED SPACE

S. Horacio da Silva * A. Luiz Pereira’

Abstract

In this paper we prove the existence and upper semicontinuity of
compact global attractors for the flow of the equation
ou(z,t)
ot

= —u(z,t) + J* (fou)(z,t)+h, h>0,

in L? weighted spaces.

1 Introduction

We consider here the non local evolution equation

ou(z,t)

T = —u(z,t)+ J* (fou)(x,t) +h, h>0, (1.1)

where u(z,t) is a real function on R x Ry, h is a non negative constant, J €
C'(R) is a non negative even function supported in the interval [—1,1] and
f is a non negative nondecreasing function. The % above denotes convolution

product, namely:
()@ = [ I = p)uts)ay. (1.2)

Equation (1.1) was derived in 1972 by Wilson and Cowan, [17], to model
a single layer of neurons. The function u(z,t) represents the mean membrane
potential of a patch of tissue located at position x € (—oo,00) at time t > 0.
The connection function J determines the coupling between the elements at

positions z and y. The non negative nondecreasing function f gives the neural
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firing rate, or the average rate at which spikes are generated, corresponding to
an activity level u. The neurons at a point x are said to be active at time ¢ if
f(u(z,t)) > 0. The parameter h denotes a constant external stimulus applied
uniformly to the entire neural field, (see [1], [4], [6], [8], [9], [10] and [15]).

An equilibrium of (1.1) is a solution of (1.1) that is constant with respect

to t. Thus, if m is an equilibrium for (1.1) then m satisfies
m(z) = J* (f om)(x) + h. (1.3)

There are already several works in the literature dedicated to the analysis
of this model. In [1] lateral inhibition type coupling is studied. Furthermore,
when f is a Heaviside step function, [1] also considers the behavior of time
dependent periodic solutions as well as traveling waves for systems of equations.
Existence and uniqueness of monotone traveling waves was investigated in [6].
Another prove of existence uniqueness and monotonicity of travelling waves is
given in [4]. In [8], the existence of a non-homogeneous stationary solution
referred to as “bump” is proved. One link between the integral equations given
by (1.3) and a system of ODEs is given in [9]. In [10], the existence of “double-
bump” stationary solution is proved. In [15] it is proved that “bump” solutions
can exist and be linearly stable in neural population models without recurrent
excitation.

This paper is organized as follows. In Section 2, we prove that, in the phase
space L3(R,p) = {u € L}, (R) : [u®p(z)dx < oo}, the Cauchy problem for
(1.1) is well posed with a unique global solution. In Section 3, we prove that
the system is dissipative in the same space in the sense of [7], that is, it has
a global compact attractor. Our proof uses the Sobolev’s compact embedding
HY([-1,1]) — L?*([-1,1]) and some ideas from [12], where the equation u; =
—u + tanh(BJ % w + h) is considered (see also [2], [11], [13] and [14] for related
work). Finally, in the Section 4 after obtaining some estimates for the flow of
(1.1), we prove the upper semicontinuity property of the attractors with respect

to function J present in (1.1).
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We collect here the additional conditions on f which will are used as hy-
potheses in our results when necessary.
(H1) The function f : R — R is Lipschitz, that is, there exists k; > 0 such
that

‘f(x)_f(y)‘ékl“r—y‘v thUER? (14)

(H2) |f(z)| — constant, as |z| — oo.

It follows from (H2) that there exists ko > 0 such that
|f(2)] < ko, V& € R. (1.5)
A prototype for f is f(x) = tanh(z) which satisfies (H1) and (H2) with k; =

ko = 1.

2  Well-posedness in L*(R, p)

In this section we consider the flow generated by (1.1) in the space L%(R, p)
defined by

P(R.p) = {ue Lhl®) 5 [ Poipa)is < o0}

1
with norm [Jul[z2(R, p) = ([ u?(z)p(x)dz)? . Here p is an integrable even
function with [, p(z)dz = 1. Note that in this space the constant function
equal to 1 has norm 1. The corresponding higher-order Sobolev space H*(R, p)

is the space of functions u € L?(R, p) whose distributional derivatives up to

1
2 2
LQ(R,m) '

Lemma 2.1. Suppose that sup,cp{p(z) : y—1 <2 <y+1} < Kp(y), for

order k are also in L%(R, p), with norm

k
||u||Hk(R,p) = (Z

i=1

ozt

some constant K and all y € R. Then

1T ull 22,y < VE[ TNz ull2e0)-
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Proof: Since J is bounded and compact supported, (J * u)(x) is well defined
for w € L}, (R). Thus, using Holder’s inequality (see [3]), we obtain

1T ulay = [ 10 0@
< / ( / (J(xy»%u(xy>>%|u<y>|dy>2p<x>dx
</ ([/ Ja - ’dyH/R J(xy>|u<y>|2dy]é)2p<x>dx
= Wl [ ([ 3= ity ) oterie
= Wl [ ([ 7= moarae) o) Pay
< e [ (27 st way
< Wl [ (%ot / e Py
<

K|7|2, / ()P ply)dy
= KBl

This concludes the proof.
O

Remark 2.2. When p(z) = X(1+22)7!, the hypothesis sup,cp{p(z) : y—1 <
x<y+1} < Kp(y), from Lemma 2.1, is verified with K = 3, (see, [12]).

Proposition 2.3. Suppose the hypothesis (H1) holds and that sup,cp{p(x) :
y—1<z<y+1} < Kp(y), for some positive constant K and ally € R. Then

the function

Flu)=—-u+Jx(fou)+h

is globally Lipschitz in L*(R, p).
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Proof: From the triangle inequality and Lemma 2.1, it follows that

IN

[1F(u) = F(0)]|2(®.p) v = ullL2@,p) + 1% (f o u) = T 5 (f o v)l| L2, p)

< v =ullpzmp) + VETI 2 [I(f o u) = (f 0 0) 12z p)-

But, using (1.4), we have

A

I(fou) = (fou)lam, < AkfIU(I)*v(x)lzp(l’)dx

k%”’u’_v“%?(]&p)'

Then
|F(u) = F(0)llr2@,p) < (1+ VK| J|p1k1)u — vl L2 (z,p)-

Therefore F is uniformly Lipschitz in L2(R, p).
O

Remark 2.4. It follows from Proposition 2.3 that the Cauchy problem for (1.1)
is well posed in L*(R, p) with a unique global solution, (see [3] and [5]).

3 Existence of a global attractor in L?(R, p)

In this section, we prove the existence of a global maximal invariant compact
set A C L%(R,p) for the flow of (1.1), which attracts each bounded set of
L2(R, p) (A C L*(R, p) is the global attractor for the flow of (1.1, ) see [7] and
[16]).

In what follows, we denote by S(t) the flow generated by (1.1).

We recall that a set B C L*(R, p) is an absorbing set for the flow S(t) in
L?(R, p) if, for any bounded set C C L?(R, p), there is a t; > 0 such that
S(t)C C B for any t > t1, (see [16]).

Lemma 3.1. Suppose that the hypotheses (H1) and (H2) hold and let R =
koK ||J|| 12 4 h. Then the ball with center at the origin and radius R + € is
an absorbing set for the flow S(t) in L?(R, p) for any & > 0.
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Proof: Let u(z,t) be the solution of (1.1) with initial condition u(x,0) €
L?(R, p). Then, by the variation of constants formula,
t
u(z,t) = e tu(z,0) + / ST * (f ou)(x,s) + h]ds.
0

Hence

luC 2@y < e Hlul-;0)] L2+

t
+Af4W”UOWhﬂWmmHWWmM%~

Then, using Lemma 2.1,it follows that

(- llrzepy < e lul,0)llLe(,p)
t
[T VRNl 5 e + bl2ge s
Now, from (1.5), we have

1f o Zoe,y = A\f(U($,S))|2P(I)d$
k2

< /p(x)d:v
R
_—
Thus
t
Hu(-,t)HB(R,p) < e_t|\u(~,0)||Lz(R7p) —|—/ et [\/EHJ”LI]CQ + h} ds
0
< e_tHu('vo)”Lz(R,p) + R.

Therefore, for any ¢ > In (%), we have [|u(-,t)||L2r,p) < €+ R,
and the proof is complete.

O

Lemma 3.2. Assume the same hypotheses of Lemma 2.1 and suppose also
that the hypotheses (H1) and (H2) hold. Then, for any n > 0, there exists t,
such that S(t,;)B(0, R+¢) has a finite covering by balls of L*(R, p) with radius

smaller than 7.
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Proof: From Lemma 3.1, it follows that B(0, R + ¢) is invariant. Now, the

solutions of (1.1)

with initial condition ug € B(0, R + €) are given, by the variation of constant

formula, by
t
u(@,t) = e "ug +/ eI (f o w))(,5) + hds.
0

Write

v(z,t) = e ‘ug(x) and w(z,t) = /0 e~ [(J % (f ou))(x,s) + hlds.

Let 7 > 0 given. We may find ¢(n) such that if t > ¢(n) then [|v(-, )|/ 2= p) < 2.

Now, using (1.5), we obtain

T # (fou)(z,s)| < / J(@ — )| f(uy, 5))\dy

< Kol

Thus
t

w(z,t)] < / e~ (k|| T|| 1 + h)ds
0
< kellJlzr +h =R
Hence

lw (s Ollz2(r,p) < R

Furthermore, differentiating with respect to z, for ¢ > 0, we have

%(m’t) — /Ote—(t—s) (J"* (f ou)) (z,s)ds,
Thus
laugi,t)‘ - /Ote—u—s)uf « (f o w)(x, 5)|ds.
Using that

[T (f ou)(w,5)| < kol T o
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it follows that

3w(z,t) ,
— < J 1. .
‘ O ‘ —k2H ”L (3 8)

Now, let I > 0 be chosen such that

R? / (1 - x) (@)p(a)de <

where x; denotes the characteristic functiom of [—I,{]. Then, using (3.7) and
(3.6) and (3.9), we obtain

10 = x)w( D2, < / [w(z H)p(2)? (1 = x0) @)w(z, p()? | do

, (3.9

13

A

IA

1

2

o, )22 ( [0 @i 0Powas

(fa- xo‘*(x)p(x)dxf

IN

IN

R2
n
1

Also, by (3.6) and (3.8) the restriction of w(-,t) to the interval [—[,1] is
bounded in H*([-1,1]) (by a constant independent of ug € B(0, R + ¢) and
of t), and therefore the set {x;w(-,t)} with w(-,0) € B(0, R + ¢) is relatively
compact subset of L2(R, p) for any ¢t > 0 and, hence, it can be covered by a
finite number of balls with radius smaller than 7.

Therefore, since

u('7t) = U('vt) + Xlw('7t) + (1 - Xl)w('7t)v
it follows that S(t,)B(0, R + ¢) has a finite covering by balls of L*(R, p) with
radius smaller than n because
[l Ol z2®,p) = 0 Dl L2 + aw( Ollzew,p) + 11— x)w( )l L2,

and the result is proved.

We denote by w(C') the w-limit of a set C.

(/R 'w(’”’t)'Qf’(”)dm) : (/R(l - Xz)4(r)\w(:c,t)|2p(x)dx> i

1
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Theorem 3.3. Assume the same hypotheses of Lemma 3.2. Then A =
w(B(0,R + €)), is a global attractor for the flow S(t) generated by (1.1) in
L3(R, p) which is contained in the ball of radius R.

Proof: Let e > 0 given. From Lemma 3.1, it follows that .4 is contained in the
ball of radius R+¢ and center in the origin of L?(R, p). Now, being A invariant
by flow S(t), it follows that A C S(¢)B(0, R+ ¢), for any ¢t > 0 and then, from
Lemma 3.2, it results that the measure of noncompactness of A is zero. Hence
A is relatively compact and, since A is closed,it follows that A is also compact.
Finally, if C' is bounded set in L?(R, p) then S(tq)C C B(0, R + ¢) for ty big
enough and, therefore, w(C) C w(B(0, R + ¢€)).

O

Theorem 3.4. Assume the same hypotheses of Theorem 3.3 and that J €
C"(R), for some integer r > 0, then the attractor A is contained in H" (R, p).

Proof: Let u(z,t) be a solution of (1.1) in A. Then, by the variation of
constants formula

w(x,t) = ety (z, to) + /t eI« (f ou)(x, s) + h]ds.

to

From Theorem 3.3 follows that ||u(:,t)[|z2r,p) < R.
Since [[u(-,t0)||z2(r,p) < R, where R = kaV'K | J| 11 + h, letting ty — —oo,
we obtain ,
u(x,t) = / e~ T % (fou)(x,s) + hlds, (3.10)

— 00

where the equality in (3.10) is in the sense of L2(R, p).
Using that J € C*(R) follows, from (3.10), that u(z,t) is differentiable with
respect to x and

ou(z,t)
Ox

= /t e )7 5 (f ou)(x, s)ds. (3.11)

Now, using that J’' € C*(R), follows from (3.11), that % is differentiable

with respect to x and

2 t
% = / e J" s (f ou)(x, s)ds.

— 0o
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Repeating the argument, using that J("~1) € C*(R), we have that % is

differentiable with respect to z and

O"u(z,t)

t
o = /_OO e T % (f ou)(x, 5)ds. (3.12)

Now, since J is bounded and compact supported, it follows that J(") is also
bounded and compact supported. Thus J) % v is well defined for v € L}OC(R).

Hence, proceeding as in the Lemma 2.1, obtain
1TT) s 0| 2, py < VENTO L1 l|v]| 2w, p)-
Then, using (H2), obtain
17 5 (F o u)( 1)l z2(epy < ke VEITD 11, Vit € R.

Hence, from (3.12), follows that

O u(x,t)

ox"

IN

t
/ T s (F 0 w) (-, 8) | 2y s
12(R,p) oo

t

kQ\/f?HJ(T)HLl/ e~ t=%)ds

—0o0

IN

IN

ko VE || T 1.

Thus, we can obtain bounded for the derivatives of u of any order, in terms
only of J and of the derivatives of J, concluding the proof.
O

4 Upper semicontinuity of the attractors with
respect to function J

A natural question to examine is the dependence of this attractors on the
function J present in (1.1). We denote by A4, the global attractor whose

existence was proved in the Theorem 3.3
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Let us recall that a family of subsets {A;} in a metric space is upper

semicontinuous at Jy if
dist(AJ,AJO) — 0, as J — J(),

where

dist(Ay, Ay,) = sup dist(z,Ay,) = sup inf dist(x,y).
T€Ay T€Ay yGAJO

In this section, we prove that the family of attractors is upper semicontin-
uous, in L?(R, p), with respect to the function J at Jy with J € C'(R) non

negative even and supported in the interval [—1, 1], using the L;-norm for J.

Lemma 4.1. Assume the hypotheses of Lemma 2.1 and (H1) and (H2) hold,
then the flow Sy (t) is continuous with respect to variations of J in the Li-norm,

uniformly for t in compact and u in bounded sets.

Proof: Asshown above the solutions of (1.1) satisfy the variations of constants

formula,

Sty =etu+ / I (F 0 Sls)u+ Hlds,
0

Let Jy € C'(R) be a non negative even function suported in the interval [—1, 1]
and C a bounded set in L*(R, p), for example the ball B(0, R) (Although R
depends on J, it can be uniformly chosen in a neighborhood of Jp). Given

e > 0, we want to find § > 0 such that ||J — Jo||1 < ¢ implies

||SJ(t)U — SJO (t)u||L2(R,p) <eg,

fort >0 and u € C. But

t
1Ss()u = Sg(D)ullL2rp) < / eI T % (f 0 Ss(s)u)
0
_JQ * (f (e] SJO <S>UHL2(R,p)dS-

Subtracting and summing the term Jy % (f 0.S;(s)u) and using Lemma 2.1, for
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any t > 0, we obtain

1Sy (E)u — Sgo (B)ull2r, < /0 t e (T = Jo) * (f 0 Sy(s)u)ll L2 (e, p)
+ N Jo*[f o Ss(s)u— foSy(s)ulllLzr,plds
< | IR ollr I 0 Syl
+ VK| Jollp1|lf o Sy(s)u— f oSy (s)ullp2m.p]ds.

Using (H1) and (H2), we obtain

t
/ e~ VK || T — Jol|prds

0

155w = S5 ()ull L2 (. p)

IN

t
+ / e Ik VE | Tl 1S ()0 = Sy ()l 2. p)
0

IN

VLT = il + [ e Rl 55
=S50 (s)ullL2(r,p)-
Therefore, by Gronwall’s Lemma, it follows that

1S (t)u = Sy (Dl 22,y < 1T = Jo| 1 pVE R VEITolla =,

From this, the results follows immediately.

O

Theorem 4.2. Suppose the same hypotheses of the Lemma 4.1 hold. Then

the family of attractors Ay is upper semicontinuous with respect to J at Jy.

Proof: From the hypotheses of the theorem, it follows that, for every J €
CL(R), sufficiently close to Jy in the Li-norm, non negative even suported in
[—1,1], the attractor, Ay, given by Theorem 3.3 is in the closed ball B[0, R] in
L3(R, p), with R fixed. Therefore

|JAs ¢ Blo,R].
J
Since A, is global attractor and B[0, R] is a bounded set then, for every € > 0,

there exists t* > 0 such that Sy, (¢t)B[0, R] C .A%O, for all ¢ > t*, where Ai is
5-neighborhood of Aj,.
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From Lemma 3.1, it follows that S;(¢) is continuous at Jy, uniformly for ¢
in compacts. Thus, there exists § > 0 such that
* * 9
||J — JO”LI <= ||Sj(t )u — SJO(t )UHL2(R,/}) < 5, Yu e B[O,R}

We will show that if ||J — Jo|| < & then A; C A5 . In fact, let u € A;. Since
Ay is invariant, v = S;(—t*)u € Ay C B[0, R]. Therefore, we obatain

Siy(t*)v € A5, (4.13)
and
185 ()0 = Sy (#)oll (i) < 5- (4.14)
From (4.13) and (4.14), it follows that
u=8;(t")S;(—t")u= S5;(t")v e A3,
and the upper semicontinuity of A; follows.
O

Remark 4.3. Similar results can be obtained for the flow of (1.1) in C,(R),
where
Cyh(R) = {u: R — R continuous with the norm | - |},
with
[ull, = sup{[u(z)|p(z)} < oo,
zeR
wiht p being a positive continuous function on R.
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