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1. Introduction

The primary aim of this paper is to relate the Fortuin-Kasteleyn-Ginibre (FKG)
inequality to the study of the main eigenvalue problem for Ruelle operator associated
to an attractive potential A having low regularity (meaning A lives outside of the
classical Holder, Walters and Bowen spaces).

The FKG Inequality [12] is a strong correlation inequality and a fundamental
tool in Statistical Mechanics. An earlier version of this inequality for product mea-
sures was obtained by Harris in [15]. Holley in [17] generalized the FKG Inequality
in the context of finite distributive lattice.

In the context of Symbolic Dynamics the FKG Inequality can be formulated
as follows. Let us consider the symbolic space X = {—1,1}" with an additional
structure which is a partial order =, where z = y, if z; > y;, for all j € N. A
function f : X — R is said increasing if for all x,y € X, such that x > y, we have
f(z) = f(y). A Borel probability measure p on X will be said to satisfy the FKG
Inequality if for any pair of continuous increasing functions f and g we have
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In Probability Theory such measure are sometimes called positively associated.

Establishing FKG Inequality for continuous potentials with low regularity is an
important step to study, for example, the Dyson model on the lattice N, within
the framework of Thermodynamic Formalism. A Dyson model (see [10]) is a special
long-range ferromagnetic Ising model, commonly defined on the lattice Z. This is
a very important model in Statistical Mechanics exhibiting the phase transition
phenomenon in one-dimension. This model still is a topic of active research and
currently it is being studied in both lattices N and Z, see the recent papers |5l 21 29)
and references therein.

In [21] the authors proved that the Dyson model on the lattice N presents phase
transition. This result is an important contribution to the Theory of Thermody-
namic Formalism since very few examples of phase transition on the lattice N are
known (see [2!8l/13]16l20]). They also proved that the critical temperature of the
Dyson model on the lattice N is at most four times the critical temperature of Dyson
model on the lattice Z and actually conjectured that the critical temperature for
both models coincides. We remark that the explicit value of the critical temperature
for the Dyson model on both lattices still is an open problem. Moreover there are
very few examples in both Thermodynamic Formalism and Statistical Mechanics,
where the explicit value of the critical temperature is known. A remarkable example
where the critical temperatures is explicitly obtained is the famous work by Lars
Onsager [25] and the main idea behind this computation is the Transfer Operator.

Although the Ruelle operator %4 (associated to the potential A) have been in-
tensively studied a little is known about .Z4, when A is the Dyson potential. We
already know that some of the conclusions of the Ruelle-Perron-Frobenius Theorem
can not obtained. Towards to obtain a generalization of this theorem in some sense,
here we consider extensions of this operator to larger spaces than C(X), where a
weak version of Ruelle-Perron-Frobenius theorem can be obtained. We focus on ex-
tensions of the Ruelle operator to the Lebesgue space L?(v4) = L?(X, B(X),va),
where v4 is an eigenmeasure for £ (associated to the spectral radius of this op-
erator acting on C(X)) and #(X) is the Borel sigma-algebra of the product space
X. We study the problem of existence of the main eigenfunction in such spaces by
using the involution kernel and subsequently the Lions-Lax-Milgram theorem.

As an application of our results we show how to use the involution kernel rep-
resentation of the main eigenfunction and the FKG Inequality to obtain non-trivial
upper bound for the topological pressure of potentials of the form

A(z) = a1x129 + 022103 + A2Z1Tg + ...+ ApT1Tpi1 + .- (1.1)

which is associated to a long-range Ising model, when (a,),>1 is suitable chosen. A
particular interesting case occurs when a, = n~7 with v > 1. In this case A is the
potential of the Dyson model on the lattice N, see [7].

This paper is organized as follows. In Section [2] we state and prove the FKG
Inequality in the Thermodynamic Formalism setting and next we discuss some of
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its consequence for Ising type models. In Section [3| we show how to use the FKG
Inequality to obtain maximal spectral eigendata of the Ruelle operator. We present
some results about the uniqueness of the conformal measures for potentials having
low regularity. We also explore some of the consequences of the FKG inequality to
obtain existence and some symmetry properties of the maximal eigenfunctions of
the Ruelle operator. In Section [4] we explore the idea of involution kernel to study
the problem of the existence of the maximal eigefunctions for the Ruelle operator
associated to the Dyson potential. This technique provides a representation of such
maximal eigenfunctions on a dense set of the symbolic space. Afterwards, we show
how to use this restricted representation and the FKG Inequality to obtain a tight
upper bound for the topological pressure of such models.

In Section [5| we proceed with the study of the maximal eingefunction problem
not for the Ruelle operator but for an appropriate extension of it. The aim is
to extend our dense defined eigenfunction (as obtained by the involution Kernel
representation) to an almost surely defined function. For this purpose we reformulate
the maximal eigenvalue problem in a weak sense and obtain an existence result in
the Hilbert space of square integrable functions with respect to suitable conformal
measures.

2. The FKG Inequality in Thermodynamic Formalism Setting

Let N be the set of positive integers, consider the symbolic space X = {—1, 1}
and the left shift mapping o : X — X which is defined for each = = (21, 2,...)
as o(x) = (xe,x3,...). As usual we endow X with its standard distance dx, where
dx(x,y) = 27N, where N = inf{i € N: x; # y;}. As mentioned before we consider
the partial order = in X, where x > y, iff z; > y;, for all j € N. A function
f+ X — R is called increasing (decreasing) if for all z,y € X such that z = y,
we have that f(z) > f(y) (f(z) < f(y)). The set of all continuous increasing and
decreasing functions are denoted by Z and D, respectively.

For each m > 1, ¢t € {—1,1} and =,y € X will be convenient in this section to
use the following notations

[@|Yln = (@1, oy Ynt1s Ynt2,---)  and  [z]t|y]n = (@1, .., Tny by Ynta, - - ).

A function A : X — R will be called a potential. For each potential A, x € X
and n > 1, we define S,,(4) = A+ ...+ Ao o™ ! In this section a major role
will be played by the so-called finite volume Gibbs measures on X, with boundary
conditions. They are defined as follows. We fix y € X and n € N and these measures
are given by the following expression

exp(S, (A)([z|yl,
g Y S o

T1yeenTp=21
where

Zh= Y exp(Sa(A)([zlyla))

T1,...,xp==%1
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and ¢, is the Dirac measure supported on the point z € X. The normalizing factor
ZY is called partition function (associated to the potential A).

Definition 2.1. Let ¢ > 0 be given. A function A : [-1 —¢,1 4 ¢]¥ — R is called
a differentiable extension of a potential A : X — R if for all z € {—1,1}" we have
A(z) = A(z) and for all j,n € N the following partial derivatives exist and the
mappings

0A
(—1—5,1—1—5) St — (@1, ., Tny by Tyya,...)
8$j

are continuous for any fixed z € [—1, 1]V,

To avoid a heavy notation, a differentiable extension Aof a potential A will be
simply denoted by A. Note that the Ising type potentials are examples of continuous
potentials admitting natural differentiable extensions.

Definition 2.2 (Class £ potential). We say that a continuous potential A : X —
R belongs to class £ if it admits a differentiable extension satisfying:

d
(@1, 22,...) /= = Sn(A)([z[t]y]n), (2.2)
is an increasing function from X to R, for choice of t € [~1,1], y € [-1,1]N, n > 1.

Let n > 1 be fixed and f, g : X — R two real increasing functions, with respect
to the partial order >, depending only on its first n coordinates. The main result of
the next section states that for all potential A in the class £ the probability measure
uY given by satisfies the FKG Inequality

[ todur— [ ram [ gdwzo.  wex (2.3)
X X X

Remark 2.1. If for all n > 1 the probability measure ¥ satisfies (2.3)) and p¥ — p
then u satisfies (2.3)).

An Tsing type potential is any real function A : X — R of the form A(x) =
hxi + x1 Zi>1 a;xiy1, where the parameters h,a,as,... are fixed real numbers
satisfying ) - |an| < 0o. An interesting family of such potentials is given by

r1T3 X144
A(J})Ehﬂ?l +$1$2+27a+ 3a + ...,
Such potentials are sometimes called Dyson potentials.
It is worth to mention that a Dyson potential is not an increasing, decreasing
or Hoélder function. On the other hand, a Dyson potential for any fixed A € R and

« > 1 belongs to the class £. Indeed, a straightforward computation shows that

where a > 1 and h € R. (2.4)

Sn(A)([x|tly]n) = z1tn™+ 22t (n—1)"%+ ...+ zp_1t+ Dy,

where D,, is a constant that depends only on z and y, but not on t. From this
expression one can see that the condition (2.2)) is immediately verified. This fact will
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be used to shown that the probability measure p¥ defined from a Dyson potential
satisfies the FKG Inequality for any choice of y € X. More generally, any Ising type
potential with a,, > 0, for all n > 1, satisfies the hypothesis of Theorem Such
particular potentials are sometimes called ferromagnetic potentials.

2.1. The Proof of the FKG Inequality

The results obtained in this section are inspired in the proof of the FKG Inequality

for ferromagnetic Ising models presented in [11]. In that reference this inequality

is proved under assumptions on the local behavior of the interactions of the Ising

model, while here our hypothesis are about the global behavior of the potential.
Our starting point is the following classical result.

Lemma 2.1. Let E C R and (E, #,\) a probability space. If f,g : E — R are
increasing functions then

/Efg dAZ/Ef d)\/Eg dA. (2.5)

Proof. Since f and g are increasing functions, then for any pair (s,t) € E x E
we have 0 < [f(s) — f(¢)][g(s) — g(t)]. By integrating both sides of this inequality,
with respect to the product measure A X A, using the elementary properties of the
integral and that A is a probability measure we finish the proof. O

Now we present an auxiliary combinatorial lemma that will be used in the proof
of Theorem 211

Lemma 2.2. Let E={-1,1}, y € X fized and f : X — R a continuous function.
Then the following identity holds for alln > 1

L rat|axe = [,

where
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Proof. By using the definitions of A and u¥, respectively we get

| s auto] axey

ZWltyln
= 3" exp(A(0™ ([yltly]n) /fdu[y\uy]n
ni1

t=%1 n
[ltly]n <
= 3 el (o)) D Y Sl S (yﬁjﬂ]n‘t'y} n)
t=+1 n+1 T1peey@n="1
=2 exp(A(zny(i Al 5™ f(atlal) exp(Sa (A)ltl))
t==+1 n+1 Ty, Tp==%1

= S0 ST Flltyln) exp(Sns1 (A)([ltyln))

n+1t +1 z1,..,x,=%+1
— Y ) (S (A (i)

ntl g =%1
:/ fd/l’n-l—l O

To shorten the notation in the remaining of this section, we define for each
n>1,z,y € X and t € [—1, 1] the following weights

exp(Sn (A) ([2[t]y]n)
ZT[LyItIy]n

Wn([xlﬂy}n) = (2-6)

Lemma 2.3. Letn > 1 and y € X be fized, f : X — R an increasing function,
depending only on its first n coordinates (z1,...,x,). If the potential A belongs to
the class € and pr [yltlyln satisfies the FKG Inequality, then

[—1,1] 3t — / f dptvin (2.7)
X
is an increasing function.

Proof. We first observe that the integral in is well-defined because A admits
a differentiable extension defined on the product space [—(1 +¢),1 + ™.

By using that f depends only on its first n coordinates we have the following
identity for any y € X

/ P = 3 Aol Waleltla) = 3 H(elaln)Wal el

T1,..,Tn=%1 T1yeyTn=
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Since A belongs to the class £ follows from the expression (2.6 that W, ([z|t|y]n)
has continuous derivative and therefore to prove the lemma is enough to prove that

d d
_ d [yltlyln — n)—W, n) > 0. .
7 [ T = S e g W) 20, 29

By using the quotient rule we get that the derivative appearing in the above
expression is equal to

d _ d exp(Sn(A)([=[t]y]n)
aWn([ﬂﬂy]n) ey Zy[lylt‘y]"
—exp(Sn(A) ([z[tly)n) [ d L d .
d 1 d
= W eltlh) | SN fts)) — o 200 29)
Note that the last term in the rhs above is equal to
1 d 1 d
= Tkt — __— ©
ZLyltly]n dth = Zr[Ly‘tly]" dt ml’ngzj:leXp(Sn(A)([ﬂt‘y]n))
1 d
= L (S (ellla) g5 A el
d
— [ S (allyl) a9 ), (2.10)
b's

Replacing the expression (2.10) in (2:9) we get that LW, ([z|t|y],) is equal to
d d
Wololtil) | Su(A)Coleol) — [ 58, (A Eldal) duly' o)
X
By replacing the above expression in (2.8]) we obtain

d d
@ /Xf Ay = /X F (@) 2 Sa(A) (ltlyla) dpe (@)

d
- /Xf Ay 1 /X = Su(A) (altlyln) dulf P (z)

which is non-negative because f is increasing A € £ and the probability measure
plVHIn satisfies the inequality (2.3) by hypothesis. |

Theorem 2.1. Let A : X — R be a potential in the class £. For any fized y €
[—1,1]N and for all n > 1 the probability measure

Z exp(Sn(A)([z]y]n)

77 O((alyln); (2.11)

fin =

T1,...,xp==%1

where ZY is the standard partition function, satisfies the FKG Inequality.
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Proof. The proof is by induction in n. The inequality , for n = 1, follows
from a straightforward application of Lemma Indeed, for any fixed y € X the
mappings X > ¢ — f(x1,y2,¥s3,...) and X > x —> g(z1,¥2,¥s,...) are clearly
increasing. By thinking of these maps as functions from F = {—1,1} to R and pf
as a probability measure over E, we can apply Lemma to get the conclusion.

The induction hypothesis is formulated as follows. For some n > 2 assume that
for all y € X and any pair of real continuous increasing functions f and g, depending
only on its first n coordinates, we have

/fgdu%Z/ fduﬁ/gdu%-
X X X

Now we prove that ul , satisfies the FKG Inequality. From the definition we
have that

/ngdu%i+1= S F(ldn)g((lylag) SR A ()

Yy
T1,0Tpp1=%1 Zn+1
[yl1]|y]n
n Zn fyl1fy]
= exp(A(a"([y[1|y]n))) fgdu "
n+1
yl 1y]n
+ exp(A(o"([y] — 1/y]n) / fgduly =119
n+1

By using the induction hypothesis on both terms in the rhs above we get that

[yltlu]n
[ s = Y explA i) T [ Fau | gyl
n1

t==41 ”

T

where E = {—1,1} and X is defined as in Lemma From Lemma it follows
that both functions

tr—>/ fd’u%/my]" and tv—)/gdu%’/lﬂy]n
X X

are increasing functions. To finish the proof it is enough to apply Lemma 2.1 to the

rhs of (2.12)) obtaining

[ tadutn = | [ / fdu%"ty]"] o) [ [ / gduL,yt'yﬂ ax(t)
X E X E X
Z/de/ﬁzﬂ/xngZHa

where the last equality is ensured by the Lemma[2:2] O
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2.2. FKG Inequality and the Ising Model

In this section we recall the classical FKG Inequality for the Ising model as well as
some of its applications. For more details see [11]/12] and [23].

Let h = (h;)ien € (>°(N) and J = {J;; € R:4,j € Nand i # j} be a collection
of real numbers belonging to the set

Z(N) = {J csup > |yl < +oo}. (2.13)
RFENNG!

For each n € N we define a real function H, : X x X x Z(N) x £*(N) — R by
following expression

1<i<j<n 1<i<n 1<i<n
Jjzn

Note that the summability condition in ensures that the series appearing in
is absolutely convergent and therefore H,, is well defined.

For each n > 1, y € X and (J,h) € Z(N) x ¢>°(N) we define a probability
measure by the following expression

1
’uz,J,h — Zvavh' Z exp(Hn(a?,y,J, h))é([z|y]n), (2.15)
n L1y, Tp==%1

where Z¥J:P is the partition function. In the next section we show that for suitable
choices of J and h the expression (2.15) can be rewritten in terms of the Ruelle
operator.

Theorem 2.2 (FKG Inequality). Letn > 1, h € {>°(N) and J € Z(N) so that
Jij > 0 for any pair i,5. If f,g : X — R are increasing functions depending only
on its first n coordinates, then

[ tgduzt®~ [ gaw [ gduh o
X X X

Proof. We can prove this theorem using the same ideas employed in the proof of
Theorem [2.1] For details, see [11]. O

Note that the Hamiltonian H, : X x X x Z(N) x £>°(N) — R admits a natural
differentiable extension to a function defined on RN x RN x Z(N) x £>°(N) and so for
any f, depending on its first n coordinates, the following partial derivatives exist
and are continuous functions

6/ Jh 6/ Jh ‘9/ Jh
2 paeh L pauedt and dus
o, Xf o, oy, Xf w o7, Xf v

Corollary 2.1. Under the hypothesis of Theorem [2.3 we have

9 J.h . ,J,h o ,J,h . y,J,h
g [ = [ p@anhw) - [ @ da e [ odaehe o




10 L. Cioletti and A. O. Lopes

In particular, zfﬁ = h then

[ rdu® = [ pau
X X

Corollary 2.2. Under the hypothesis of Theorem[2.3if x = y then

[ pawh = [
X X

Proof. By considering the natural differentiable extension of H, to RN x RN x
Z(N) x £°(N) we can proceed as in 1} obtaining

oo [ Fdurtt = [ @) S W du? )

/f o) [ Ho ) di ),

By using that J;; > 0 we get from - that the mapping = +—
(0/0y;)Hy(z,y,J, k) is an increasing function. So we can apply the FKG Inequality
to the rhs above to ensure that function

y— / fapg?h
X

is coordinate wise increasing and therefore the result follows. O

To lighten the notation p¥?"* when y = (1,1,1,...) = 1* or similarly y =

+,J,h —,J,h

(-1,-1,-1,...) = —1*°, we will simply write p} or p-”" respectively. If the

parameters J and h are clear from the context they will be omitted.

Corollary 2.3. Under the hypothesis of Theorem[2.3 we have

/ f I < / fdpy " and / f iyt < / f dpu T
X X X X

Proof. The proof of these inequalities are similar, and so we only present the
argument for the first one.
Note that from Corollary 2.1] it follows that

/ N e
hr,LA)OO X

+,J,h

By using the definition of x4} we have

/fd,u+Jh

Z[looltll ]'H 7

:ZW

t=+1 n 1,0y Tn—1=%1

| exp S [1°¢]1°],, I, B
R
n—1
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A straightforward computation shows that

1°°,J.h Z[l°°|—l\1°°]n,J,h
lim =21 —1 and lim —»=L .
1°°,J.h 1°°.J.h
hp,—00 Z hp—o00 Zn sy

To compute the limit when h,, — 0o in the expression one needs to observe
that exp(H,(z, [1°°| — 1|1°°]n,J,h))/Z7[L1 1‘ TR s bounded away from zero
and infinity, for any choice of (z1,...,2z,) € {—1,1}". Finally by using 'Hospital
rule one can see that

lim exp(Hp (z, J h)) exp(Hn_l(:E, 1°°,J,h)).

hp—+00 Zl_ ZlM’J’h

n—1

Piecing the last four observations together, we have

: +.J.h _ oo exp( ( [100‘”100]"7‘]7})'))
hilinoo/ Fdpn Z ifl H%]n) 7= TT T

Corollary 2.4. Under the hypothesis of Theorem [2.3 we have

/fdu;’_Jl’h S/ fdM;’J"‘S/ fapth S/ fdpT R S/ FdutIh,
X X X X X

Proof. These four inequalities follows immediately from the two previous corollar-
ies. O

3. FKG Inequality, Maximal Eigenmeasures and Eigenfunctions

We denote by C(X) the set of all real continuous functions and consider the Banach
space (C(X),| - |loo). Given a continuous potential A : X — R we define the
Ruelle operator £, : C(X) — C(X) as being the positive linear operator sending
fr— Za(f), where for each z € X

ZLa(f)(x) = Z e f(az),  where az = (a, 21, T2, .. .).
ac{—-1,1}

Let A4 denote the spectral radius of Z4 acting on (C(X),] - |leo)- If A is a
continuous potential, then there always exists a Borel probability v4 defined over
X such Z5(va) = Aava, where £} is the dual operator of the Ruelle operator.
We refer to any such v4 as an eigenprobability for the potential A.

Proposition 3.1. Let n > 1 and J € Z(N) such that J;; = aj,_j > 0, for some
sequence (ap)n>1 and h € (°(N) such that h; = h, for all i € N. Consider the
potential A : X — R given by A(x) = hay + 1) ,,59 @n®yn. Then for all x,y € X
we have H,(z,y,J,h) = S,(A)([z|y],) and therefore for all continuous f : X — R

we have
ZLi(f)le"y) _ J.h
Zatany) = [T [ s
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Proof. We first observe that the hypothesis J € Z(N) guarantee that the potential
A is well-defined since its expression is given by an absolutely convergent series, for
any x € X one can see that A defines a continuous function. By rearranging the
terms in the sum S, (A)([z|y],) it is easy to check that it is equal to Hy,(z,y,J, h).
Note that the translation invariance hypothesis placed in J;; is crucial for validity
of the previous statement. O

Corollary 3.1. If A(z) = hz1 + 1 anz Anxn, where a, > 0 for alln > 1 and
>, an < 00, then

L (N(1%) _ LRN(1X) LR o™ (@) _ LR(HA™) _ L3~ (H)(A)
LEH)(=1%) T ZR()(=1%) T Zp()(on () T LR(D(1>) T 2pH (1) (1)

Proof. This follows from Proposition [3.1] and Corollary [2.4] O

3.1. Uniqueness of the Eingemeasures for £-Potentials

If A is a potential of the form A(x) = hxy + x1)_, any, where a,, > 0 and
> Gn < 00, then the above corollary implies the existence of the following limits

o LI 2H00)
et fg(l)(fl‘x’) n— 0o fg(l)(lm)a

for all increasing function f depending only on a finite number of coordinates.

(3.1)

Let us consider a very important class of increasing functions. For any finite set
B C N we define pp : X — R by

1

T) = —(1 4 z;). 3.2
eute) = [[ 50-+2) (32)
For convenience, when B = () we define pp(z) = 1. The function pp is easily seen
to be increasing since it is finite product of non-negative increasing functions. For
any i € N the following holds (1/2)(1 + z;)5(1 + ;) = (1/4)(1 + 2z; + 2?) =
(1/49)(1 + 2z; + 1) = (1/2)(1 + z;). Therefore for any finite subsets B,C C N we
have pp(x)pc(z) = ¢wpuc(x). This property implies that the collection o of all

linear combinations of ¢p’s is in fact an algebra of functions

n
o = Zajgpgj :n € N,a; € R and B; C N is finite
j=1
It is easy to see that o7 is an algebra of functions that separate points and contains
the constant functions. Of course, &/ C C(X). Since X is compact it follows from
the Stone-Weierstrass theorem that < is dense in C'(X).

Since pp depends only on #B coordinates follows from (3.1)) and the linearity
of the Rulle operator that we can define a linear functional F'* : & — R by the
following expression

n n
Zi(¢B,)(17)
+ . _ BRE A j
FHO_aivn) =2 ol =y
Jj=1 7j=1
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From the positivity of the Ruelle operator it follows that F'* is continuous. Indeed,

N on ) =S i ZAeB)(®) LR a5em,) (1)
F (; ”Bf)_; Jn1—>oo ZLr(1)(1%) _n1—>oo 2 (1) (1)

ZR(135=1 2588, lle - 1)(1%) -
< lim 1= 2 = ;0B || oo-
n—o0 23 (1)(1%°) | ; 7B |

We prove analogous lower bounds and therefore

n n
FH (O aien)| < 1 asem,
j=1 j=1

Since ¢/ is dense in C(X) the functional F* can be extended to a bounded linear
functional defined over all C'(X). Clearly F* is positive bounded functional and
FT(1) = 1. Therefore it follows from the Riesz-Markov theorem that there exists a
probability measure uT such that

P = [ rau.

Similarly we define F~ and u~.
For the functions ¢ € o/ a bit more can be said

. LRP)(ET) _
nhjgom =F*(p) = /X@dﬂi- (3:3)

Of course, both probability measures u* depends on A which in turn depends on
(an)nen and h, but we are omitting such dependence to lighten the notation.

Theorem 3.1. Let A be a potential as in Corollary and p* the probability
measures defined above. Then

t=p z;dut(x) = ridp~ (z 1 .
pt=pT = /deu() /deu() VieN (34)

Proof. If 4+ = u~ then the rhs of (3.4)) is obvious. Conversely, assume that lhs of
(3.4) holds. Let ¢ € & be an increasing function. From the Corollary and the
identity (3.3)) we have
L Lpe)d) L Zh(e) (1)) / / -
0< lim =42 2y AL S o dut — du~. 3.5
O R O 1E R M M
Fix a finite subset B C N and define
o) =Y @ — o).
i€B
Clearly we have ¥ € /. We claim that ¢ is increasing function. To prove the

claim take z,y € X such that y = z. If x; = y; for all i € B then ¢(z) = ¢¥(y) and
obviously ¥(x) < 9(y). Suppose that there exist j € B such that -1 =z; < y; = 1.
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Since ¢p takes only values zero or one, we have —1 < pg(z) — ¢p(y) < 1, by
definition of j we have y; —z; =2 so

U(y) = (@) =Y gi—esy) = > mi+ep) =D (4 — )+ (@) — By

i€B i€B i€B
= D Wi—wm)+2+9@) —esy) > Y (yi—w) >0
i€B\{j} i€B\{j}

Since ¢ € & and increasing follow from (3.5)) and the hypothesis that

0< [ waut— [ vau
:/X[in—%(:c)] d,uJF(x)—/X[in—goB(m)] dp~ (z)

i€B i€EB

— [ ep@dn @) - [ en it (@) <o,
X X

Therefore for any finite B C N we have

/ () du~(z) = / () du* ().
X X

By linearity of the integral the above indentity extends to any function ¢ € <.
Since &7 is a dense subset of C(X) it follows that pu* = pu~. |

In what follows G*(A) denotes the set of eigenprobabilities of .Z; associated
to its spectral radius. We use the notation GPYR(A) for the set of all probability
measures satisfying the DLR condition for some specification determined by A, see
[9] for more details.

Theorem 3.2 (See [9]). For all A € C(X) we have that G*(A) C GPLR(A).
Theorem 3.3 (Uniqueness). Let A be a potential as in Corollary. Ifut =p~
then G*(A) is a singleton.

Proof. Since A(xz) = hxy +x1) < an2, and ) a, < oo then A is continuous.
For this potential it is very well known that the set GPLR(A) is the closure of the
convex hull of all the cluster points of the sequences (u¥),¢n, for all y € X.

Given a finite subset B C N let n > 1 be such that B C {1,...,n}. From

Corollary 2.4 we get

/@BdN;S/SDBngLS/SDBd/JZ'
X X X

If u is any cluster point of (u¥),en then follows from the last inequalities that

/@Bdufﬁ/ﬁdeﬂﬁ/de/ﬁ-
X X X
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The above inequality is in fact an equality by hypothesis. By linearity we can
extend the last conclusion to any function g € & and therefore follows from the
denseness of &/ and from the hypothesis that

LLfW’:Ajmuiéfwﬁ, VfeCXx).

Thus proving that the set of the cluster points of (u¥),cn is a singleton, implying
that GPLR(A) D G*(A) is also a singleton. |

3.2. Properties of the Eigenfunctions of Attractive Potentials

Definition 3.1. We say that a continuous potential A : X — R is mirrored if
A(xz) = A(—x), for all x € X, where —x = (—x1, —2,...). We denote by Z the set
of mirrored potentials.

As an example of a mirrored potential is given by an Ising type potential of the
form A(z1,29,...) = 12201 + T 12302 + ... + X1 Tpp10n + ..., Where Y |a,| < oco.
Of course, the Dyson potential with h = 0 is an element on the above family of
potentials.

If in addition we assume that in the above potential that a; > 0, for all j > 1
then we have that A € £. In this section we established some results for potentials
of this form but not living in the space £.

Proposition 3.2. If A € 7 and ¢ is an eigenfunction for L4 associated to an
eigenvalue \ of L4, then ¢ : X — R, given by ¢(x) = ¢(—=x) is also an eigenfunc-
tion associated to .

Proof. Indeed, for any (r1,22,...) € X we have \p(z) = e p(az) +
eA-a122,) (g, xy, 29, ...). Since A € T follows from the last equation that
Mp(—z) = AT p(—az) + eMo—o17220) B(q —gy, —x9,...). By taking y; =
—x;, for all j, we get AG(yo, Y1, - ..) = eATV1V2) G(—qa gy, o, .. .) +eA W) G(ay),
which means that ¢ is an eigenfunction associated to the eigenvalue \. O

Remark 3.1. If A € 7 and ¢ is a strictly positive and continuous eigenfunction
associated to the spectral radius A4 then p(z1,29,...) = @(—x1,—22,...). This
equality follows from the above and the uniqueness of a strictly positive eigenfunc-
tion associated to the maximal eigenvalue for a continuous potential, for details see
[26).

Proposition 3.3. Let A € 7 and v an eigenprobability for £}, associated to the
eigenvalue A a. If U is the unique Borel probability measure defined by the following
functional equation

| 1@ inw) = [ fajava),  vreo)
X X

then v is also an eigenprobability associated to the eigenvalue X4 .
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Proof. It is enough to prove that for any real continuous function g : X — R,
we have A4 [y g(z) di(z) = [ €408 g(az) 4 eAlm®T1220) g(—q, 21, 29, . ..) diF(2).
Given any continuous function f it follows from the hypothesis that

)\A/ f(x)dv(z) = / eM) flax) 4 eATvT2) £ gy wo, L) du(x)
X X
= / A=) faz) 4 e T20) £ gy ao ) du(2)
p'e

= / A0 f(—ax) 4 eAm122) fg gy —xy, .. ) di(z).
b's
By taking f(z) = g(—x) in the above expression, we get
M / o) dir(z) = Aa / g(—2) dv(z) = A / f() dv(z)
b's X b'e
= / eATamiee) £l gy —ao. ) 4 €M) f(—az) di(x)
b's

= / eAlamim) o(q gy o, ) + A0 glax) di(z).
b's

Remark 3.2. If the eigenprobability v associated to A4, of a mirrored potential is
unique, then for any continuous function f : X — R we have that fX f@)dv(z) =
Jx f(—z)dv(z). We shall observe that the results of this section can be applied to
the Dyson potential, under appropriate assumptions and restrictions.

3.3. Monotonic Eigenfunctions and Uniqueness

In this section we follow closely [18|/22] adapting, to our context, their results for
g-measures to non-normalized potentials.

Definition 3.2 (Class F). We say that a potential A belongs to the class F if

for all y > x we have both inequalities eA(=12) 4 oA(lr) < oA(=1y) 4 eA(ly), and
eAly) _ A(lz) > (.

Note that the above condition is equivalent to requiring .Z4(1)(z) and
Za(1py)(z) be increasing functions. A simple example of a potential belonging
to the class F is given by A(z) = a1x1 + asxs + aszs + a4Zs + ... + apTp + .. .,
where a, > 0.

Proposition 3.4. If A € F and f is an increasing non-negative function, then
Za(f) is increasing function.

Proof. Suppose A € F, f >0, and f € Z. Then follows directly from the definition
of the class F that if y = & then eA(-1%) — A1) < ¢AY) _ A1) 5pq A0Y)

eA(1%) > (. By using the above observations and the definition of the Ruelle operator
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we get for y = x the following inequalities

ZLa()y) — ZLa(H)(@) = XM f(1y) + A f(—1y)
_ eA(lz)f(lx) _ eA(flz)f(ilx)

> A (f(1y) — f(12)) + AW (f(—1y) — f(—1z))
+ f(lw)(eA(ly) _ eA(lz)) _ f(*l.’ﬂ)(eA(ly) . eA(m))

= AW (f(1y) — f(12)) + AW (f(~1y) — f(~12))
+(f(1z) = f(~1a)) (et W) — A1)

> 0. O

Corollary 3.2. If A € F then for any n > 1 the function x — L7 (1)(x)/ N} is
an increasing function.

Proof. If f: X — R is a non-negative increasing function and A € F, then follows
from the previous corollary that g(z) = .Za(f)(x) is increasing and from positivity
of the Ruelle operator we get g > 0. Therefore we can ensure that £5(f)(z) > 0 and
increasing. Finally, by a formal induction we get that 2% (f)(z) > 0 is monotone
for each n. Since A7 > 0 and f = 1 is non-negative increasing function the corollary
follows. m|

Remark 3.3. If A € F and A is a Holder potential then we know that
Zr(1)(x)/ Ny — ¢(z), when n — oo, uniformly in x, and ¢ is the main eigen-
function of Z4, associated to A 4. Since pointwise limit of increasing functions is an
increasing function it follows that the eigenfunction ¢ is an increasing function.

We now consider a more general situation than the one in previous remark. We
assume again that A € F, but now we also assume that the sequence of functions

(‘pn)nzl given by
1 n—1 ) ]
o) = 2300 2l w)
=0

has a pointwise everywhere convergent subsequence (¢, )r>1. We also need to as-
sume that

0 < liminf % < lim sup M < +o0.

n—coo A n—00 )\Z
From monotonicity it will follow that A\," 2} (1)(x) is uniformly bounded away
from zero and infinity in n and =x.
Under such hypothesis it is simple to conclude that 0 < ¢ is a L*(v4) eigen-
function of .%4, associated to its main eigenvalue A4. If ¢((—1)°°) > ¢ > 0, then
0<c<op.



18 L. Cioletti and A. O. Lopes

Since the set of all cylinders of X is countable, up to a Cantor diagonal proce-
dure, we can assume that the following limits exist for any cylinder set C'

n 1 ni—1 j
i .,iﬂj(lc)( o) _ ) 1 ' Zi(1e)(—1%)
+ C hm — E —_— and C = hm — E A—
H ( ) k—o00 N = )\34 H ( ) k—o00 N =0 )\64

(3.6)

By standards arguments one can show that p® can be both extended to positive
measures on the borelians of X (they are not necessarily probability measures).
These measures satisfy for any continuous function f the following identity

1 RA AN
/deui: lim — Z AT.

We claim that pu* are eigenmeasures associated to A4. Indeed, they are both
non-trivial measures since 0 < ¢(—1%°) = p~(X) < p™(X) and also bounded
measures since p~ (X) < pu™(X) < ¢(1%°) < 400. For any f € C(X) the condition
»(1%°) < +o0 implies

LA

li
im sup [n e

n>1

From the above observations and the definition of the dual of the Ruelle operator,
for any continuous function f we have

. . L2 Laf)(1%)
7/ fdLiut] = / Zalf )\A kl_)rgon—k Z o

=0

1|20

fa) 4 S ZAN0)

= lim z
AA

k—o00 N )\Zk

np—1 J oo
hm—zw /fd,u

k—oo N 4 )\
=0
The above equation shows that uT is an eigenmeasure. A similar argument applies
to u~ and therefore the claim is proved.

Proposition 3.5. Let A be a continuous potential, and \a the spectral radius of
Za acting on C(X). Assume that for any continuous function f : X — R, the
following limit exists and is independent of x

n—1 j n—1 j
w L5 AN 1R 240
a2 T T e 2 T s 6D

Then G*(A) is a singleton.
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Proof. Since A is continuous follows from [9] that G*(A) is not empty. If v € G*(A),
then follows from the basic properties of Z4 that for any f € C'(X) and j € N we

have A
/deyz /X gf{if) dv.

From this identity and the Lebesgue Dominated Convergence Theorem we have

w15 [ D@
| rw= ;/X D) ) = el )

n—o00 N

Since the above equality is independent of the choice of v, we conclude that G*(A)
has to be a singleton. O

Proposition 3.6. Let A be a potential F and A the spectral radius of L4 acting
on the space C(X). If for some x € X we have 0 < inf{\;"Z?(1)(z) : n > 1} and
for all B C N we have

n—1

i |23 en)0%) - LT L en)(17)| =0 (39)
=0 )

n—oo [N

Then, there exists a continuous positive eigenfunction h for the Ruelle operator
L, associated to Aa. Moreover, the measures u* and p~ defined as in (3.6) are
the same and G*(A) is a singleton.

Proof. The first step is to show that the sequence (¢,,),>1 defined by
1 n—1 ] )
n = — E 2 21
¥ n = A A( )

has a cluster point in C'(X). The idea is to use the monotonicity of ¢,, to prove
that this sequence is uniformly bounded and equicontinuous. In fact, for any j > 1
we have

A;Jggu)(—lw)g/ A;J‘zg(l)dm:/ Ldv = 1.
X X

Therefore ¢, (—1°°) is a bounded sequence of real numbers. From the hypothesis
([3-8), with B = 0, follows that ¢, (1°°) is also bounded. Since ¢,, are increasing
function we have the following uniform bound |¢,(z)| = ¢, () < sup,,>1 ©n(1%°),
thus proving that (¢y,),>1 is uniformly bounded sequence in C'(X). To verify that
(¢n)n>1 is an equicontinuous family it is enough to use the following upper and
lower bounds

on(=1%) =9, (1%°) < n() — en(y) < Pu(1%) = pu(=1%), Vz,ye X

together with the hypothesis (3.8). Now the existence of a cluster point for the
sequence (¢y,)n>1 1S a consequence of Arzela-Ascoli’s Theorem, that is, there is some
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¢ € C(X) such that ||¢y,, — ¢|lec = 0, when k& — oo. Since 0 < inf{\;".Z}(1)(x) :
n > 1} follows from the monotonicity of ¢ that ¢(x) # 0. By using the continuity
of ¢ and the argument presented in [26] to prove uniqueness of the eigenfunctions
one can see that ¢(y) # 0 for every y € X. As we observed next to Remark 4, ¢ is
an eigenfunction of Z4, associated to A 4.

Now we will prove the statement about G*(A). Since ¢ is an increasing function
follows from Proposition [3.4] that

n—1 n—1 n—1

1 L 1 L 1 L

=D A L) (1) < = Y AT Zh(en) () < Y AT Zh(er)(17) (3.9)
Jj=0 Jj=0 Jj=0

for all n > 1. From the above inequality and the hypothesis (3.8)) is clear that
the limit, when n — oo, of the second sum in (3.9)) exist and is independent of x.
Therefore the linear mapping

ezt
o3 fr— lim ; ML) = ),
defines a positive bounded operator over the algebra 7. By using the denseness of
&/ in C(X) and the Stone-Weierstrass theorem it follows that the above limit is
well-defined and independent of x for any continuous function f. Since p(1°°) < 400
all the hypothesis of Proposition are satisfied and so we can ensure that G*(A)
is a singleton, finishing the proof. O

4. Involution Kernel, Eigenfunctions and Pressure

In this section we obtain a semi-explicit expressions for eigenfunctions of the Ruelle
operator £, associated to the maximal eigenvalue for a large class of potentials A.
The main technique used here is the involution Kernel. Before present its definition
and some of its basic properties we need set up some notations.

From now on the symbolic space is taken as X = {—1,1} and we use the
notation X = {—1,1}%. The set of all sequences written in “backward direction”
{(--+,y2,91) 1 y; € {—1,1}} will be denoted by X*, and given a pair x € X and
y € X* we defined (y|z) = (..., y2,y1|x1,22,...). Using such pairs we can identify
X with the cartesian product X* x X. This bi-sequence space is sometimes called
the natural extension of X. The left shift mapping on X will be denoted by & and
defined as usual by

&(---79272}1\151,3327963---) = (-~-7y2,y179€1|9€2,$3,-~-)~

Definition 4.1. Let A : X — R be a continuous potential (considered as a function
on X). We say that a continuous function W : X — R is an involution kernel for
A, if there exists continuous potential A* : X* — R (considered as a function on

X) such that for any a € {—1,1}, x € X and y € X*, we have
(A" + W) (ya|z) = (A + W)(y|ax). (4.1)
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We say A* the dual of the potential A (using W) and A is symmetric if for some
involution kernel W, we have A = A*.

To simplify the notation we write simply A(x), A*(y) and W (y|z) during the
computations. For general properties of involutions kernels, we refer the reader to
the references [4l/ 14} 24]. In several examples one can get the explicit expression for
W and A* (see Section 5 of [3]). The reader should be warned that the involution
kernel W is not unique.

Example 4.1. Let A : X — R be a continuous potential (considered as a func-
tion on X) given by A(z1,z2,23,...) = a1x1 + asxy + ... + pay + ..., where
Dok Donsk lan| < 0o. A large class of such potentials were carefully studied in [6]
and spectral properties of the Ruelle operator were obtained there.

We claim that A* = A (for some choice of W). Indeed, let k = .-, a;. and

define for any (z|y) € X the following function

Wylz) =[... + (k— (a2 + a3z +aq)) ya + (k — (a2 + a3)) ys + (k —az) y2 + k1
‘H”?l+(k_a2)$2+(k‘—(a2+a3))$3+(k‘—(a2+a3+a4))x4+...].

Using the hypothesis placed on the coefficients a,,’s we can rewrite

Wi(ylz) = Z(ﬂﬁi +4i) (@ig1 + aip2 +..).
i>1
A simple computation shows that for any a € {—1,1}, z € X and y € X*, we
have the following identity

Alay) + W(yalz) = (A+ W)(yalz) = (A+W)(y|az) = Alaz) + W(y|a z),

thus showing that A is simetric, i.e., A = A*.

In [6] is shown that the main eigenfunction of .Zy is given by ¢(z) = exp(a121+
agxa+...), where oy, = apq1-+any2+. .. and the main eigenvalue is exp(3-72 | a;)+
exp(— 52, a;). If B> 0 is fixed and the coefficients (a,),>1 are given by a; =
B~ 7 for all j € N, we get that the main eigenvalue is equals to 2 cosh(8¢(7Y)).

Example 4.2. For an Ising type potential of the form A(x) = x129a1 + 12302 +
...+ x1xTRAH_1+ ..., we can formally write an expression for the involution kernel
W, which is

W(y|m) = (Z Z; CL]') + Y2 (Z X aj+1) + ...+ Uk (Z Zj aj+k,1) + ... (42)
j=1 j=1 j=1

Of course, to give a meaning for the above expression some restrictions need to be
imposed on (a,)n>1. We return to this issue latter.

Theorem 4.1. Let A be a continuous potential for which there exists an involution
kernel W. Let A* be a continuous potential satisfying the equation (4.1) and v 4~
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an eigenprobability of £L}., associated to the spectral radius A a«. Then the function
pla)= | VUdya.(y) (4.3)
X*

is a continuous positive eigenfunction for the Ruelle operator L4 associated to A g« .

Proof. Since Z.va« = Ag~va+. we have for any continuous function f : X5 R
the following identity

F)dva-(y) = Aa~ | Za-(f)(y) dva-(y).

X~ X+
On the other hand,

Lap)@) = 20 ([ M) @)= 3 A [ O

X a==+1 X~
:/ [Z eA(aw)eW@aw)] dva- (1)
" la==+1

:/ lz eA*(ya)eW(yalz)] dv - (y)
X* la==+1

- / Za- (MUY () dva-(y) = Aa- [ 0wy ()

X*

= )\A*SO(ZE). O

4.1. Involution Kernel and the Dyson model

Now we consider some continuous Ising type potentials of the form

Az) = Z %, where v > 1

=
and the formal series
Wyle) =Y u O 2 G+k—1)77) (4.4)
k=1  j=1

Such W is well defined and is continuous, whenever v > 2. If the terms in the above
formal sum can be rearranged then we can show that W(z|y) = W(y|z). In such
cases, a simple algebraic computation give us the following relation

Alay) + W(yalz) = (A+ W)(yalz) = (A+ W)(ylaz) = A(az) + W(y|ax)
(4.5)

for any a € {—1, 1}, showing that A is symmetric. By multiplying both sides of the
above equation by 8 > 0 we get that SW is an involution kernel for SA.
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A natural question: is the involution kernel v4 x v almost everywhere well-
defined, where v 4 is some eigenprobability ? If the answer is affirmative, then above
formula for W provides an measurable eigenfunction.

Let X be the subset of all # = (21, 3,...) in X = {—1,1}" such that there exist
and N such that z; = —x;41 for all N < j. Note that the set X is dense subset of
X and if z € )~(7 then their preimages are also in X.

Suppose 1 < v < 2, then, for each k we have that Z;i1 xj (j+k—1)"7 converges
and it is of (at most) order k=7, when k — co. In this way for such z € X we get
that W (y|z) is well defined for all y.

Theorem 4.2. Consider the potential A(x) = Z;’il JTYT12j41, where 1 <y < 2.

There exist a non-negative function @ : X — R such that for any x € X we have
ZLa(@)(x) = Aa @(x), where g is the spectral radius of ZLa, acting on C(X).

Proof. Let v4 the eingenprobability of £}, associated to the spectral radius A4,
that is, Ziva = Aava. We denote by va« the eingenprobability of Z4-. Since
A = A* we get that vq = vy.

Note that for all z € X the expression for W(y|ax) is well-defined for
any a and y. Finally, for such x we can proceed as in the proof of Theorem to
verify that 0 < @(z) = [y. V¥ dv,(y) is a solution to the eigenvalue problem
Za(3)(@) = Aa(a). 0

4.2. Topological Pressure of some Long-Range Ising Models

Now we show how to use the involution kernel representation of the main eigen-
function, to obtain bounds on the main eigenvalue Aga, where A is an Ising type
potential, of the form A(x) = 327, j~ 721241, where v > 2 and 8 > 0. For such
potentials the main eigenfunction g, associated to the main eigenvalue Ag, is given
by ¢s(x) = [. €’ WWle)dyg 4 (y) and positive everywhere. From the definitions we
have

Asps(1,1,1,..) = ePALLL Do (1,1, .) + ePAEILL D pg(—1,1,.)  (4.6)
and therefore
Aﬁ = @ﬁA(lrle") + eﬁA(717171»")M e e,@C(“/) —+ e*BC('Y)M
ng(l,l,l,..) @B(l,l,l,..)
_ 6’8<(’Y) i e‘ﬁC(V) fX* eXp(ﬂW(m - 1100))dVBA(y)
Jx- exp(BW (y|1°°))dvga(y)

Let us foccus on the integrals appearing above. By using the expression (4.4]) we
have

Jewexp (=31B(CH) =) + B man (=177 + 5,000 + 1= 1)7) ) dvpaly)
Jye- o5 (11BCO) + B L U (077 + XG40 = 1)) ) dva(y)
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Note that the numerator is a product of an decreasing function by an increasing
and the denominator is a product of two increasing functions therefore we can use
the FKG Inequality to get an upper bound to the above fraction which is given by

fX* e_ylﬂ(C(W)_l)dyﬁA(y)
fX* eylﬁC(’Y)dyBA(y)

Jx-exp (ﬁ DonsoUn (07T D0+ — 1)_7)) dvga(y)
Jrexp (B matn (177 + X6 41 = 1)) dsay)
The first quotient above can be explicit computed as follows

[x- e VBN dyga(y) P Dpga(ys = —1) + e PEDDpg,(yy = 1)

fX* eQIBC(V)dV/;A(y) B eﬁC(W)VﬂA(yl = 1) —+ e_ﬁc(’)’)yﬁA(yl = —1)
_eosh(8(C) - 1) _,
cosh(B¢(7)) ’

where we have used that G*(A) is a singleton and Remark to conclude that the
probabilities vga(y1 = £1) = 1/2. The second quotient can be bounded by one
using again the FKG Inequality and Remark The above estimates implies that
the pressure of this long range Ising model is bounded by

P(BA) =log Aga < log(2cosh(B¢(7))).

Tights lower bounds are much harder to obtain. Anyway this computation let it
clear the relevance of the involution kernel to obtain upper bounds for the pressure
functional.

5. Extensions of the Ruelle Operator and Its Eigenfunctions

It is well-known that the space C'(X) is not always a suitable space to solve the main
eigenvalue problem for the Ruelle Operator .Z4 for a general continuous potential
A. In [6] and [9] the authors exhibit a family of potentials for which the Ruelle
operator has no continuous main eigenfunction. For example, if the potential A is
of the form

A(x):ZZ—Z, where 1 <a <2

n>1

the authors prove the existence of a measurable non-negative “eigenfunction” taking
values from zero to infinity in any fixed cylinder set of X. Of course, such function
can not be extended or modified to become a continuous function defined in whole
space X . Therefore some extension of the operator, for example, to some Lebesgue
space, ought to be considered in order to view these functions as legitimate eigen-
functions. In this section we study the main eigenvalue problem for the natural
extension of the Ruelle operator to the Hilbert space L?(v4).
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We begin by proving that the Ruelle operator can be extended to a positive
operator defined on L?(v4) for any continuous potential A.

Lemma 5.1. Let A : X — R be a continuous potential and va any element in
G*(A). Then the Ruelle operator L4 : C(X) — C(X) can be extended to a bounded
linear operator defined on L?(va).

Proof. Since o : X — X is non-sigular, that is, v4 o 07 }(E) = 0 & va(E) = 0
we can ensure that equivalence classes are mapped into equivalence classes so it is
enough to prove that the Ruelle operator is bounded on a dense subspace L?(v4),
with respect to the L?(v4)-norm. Since X is a compact metric space, we have that
C(X) is a dense subset of L?(v4). Let ¢ be a continuous function. By using the
positivity and duality relation of the Ruelle operator we get

I\»?A(¢)||2L2(VA>Z/X-»?A(w)fA(w)dVAS/XXA(WI)»?A(WMVA

=/ﬂia@auwooawwwwA=AA/ﬂzuwnoowwde
X X

Developing the integrand by using the definition of the Ruelle operator and the
continuity of the potential A we get

ZLa(|]) oo - Y| = [¥(lzgzs .. .)| - exp(A(lzexs .. ) - [W(z12223 . . )|
+ |(—1asxs .. .)| - exp(A(—1lzazxs...)) - [Y(z12223 . . )]
< exp((|All) [[¥(1aazs .| - [p(rzazs. )|
+ exp(| All)6(~Laazs .| - [6(araaaa.. ).

By using this upper bound and the Cauchy-Schwarz Inequality we can conclude
from the above inequalities that

1

LA 720) < Aaexp([|All) (/X v (lay . -)dVA>2 12 wa)
+ A4 exp([| Al ) </X Y (—1zs .. ~)d1/A)é 19l L2
< Aaexp(||Allso) (/X Lgpy=1y0 dVA>% %l L2 (a)
+ A4 exp(]|4]|so) </X L =1y ¥° dVA)é %1l L2 (va)
< 224 exp([|Alloo) 19112210 -

Thus proving that the Ruelle operator can be extended in L?(v4) to a bounded
linear operator. O
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Given a continuous potential A, a point zg € X and n € N, is natural to
approximate A by a potential A,, defined by the mapping = = (21,...,2p,...) —>
A(z1,22,...,2n, 20). Note that A, depends on a finite number of coordinates and
therefore belongs to the Holder class. Typical choices of zg could be either 1°° or
(=1,

Lemma 5.2. Let A be a continuous potential and for each n € N we define A, (x) =
A(xy,...,2n,1,1,...). Let @, denotes the main eigenfunction of £, normalized
so that ||onllz1w,) = 1, where vy, is the unique eigenprobability of L% . Then
there exist a o-invariant Borel probability measure 4 (called asymptotic equilibrium
state) such that, up to subsequence,

lim .,?An(cpn)z/}dl/n:)\A/ Vdua, Ve C(X)
Proof. Let A4, be the main eigenvalue of the Ruelle operator associated to the po-
tential A, and ¢, its normalized eigenfunction, i.e., ||¢n||£1(,) = 1 . By the Corol-
lary 2 of [9] we get that Aa, — Aa, when n — oo. Since ¢,, > 0 and ||¢n|[£1(1,) = 1
the measure p,, = p,V, is a probability measure for each n € N. Since X is com-
pact, there is a probability measure p4 such that, up to subsequence, p, — pa.
Therefore for all ¢ € C(X) we have

/ D%An (@n)d’ dvy, = Ay Pn dvy, = An/ wd,un m /\A/ ¢dUA- 0
X X X X

Theorem 5.1 (See [9]). Let A: X — R be a continuous potential. Suppose that
{4, : n € N} is a sequence of Hélder potentials such that |A, — Allse — 0, when
n — o0o. Then any the asymptotic equilibrium state pa given by Lemma|5.4 is an
equilibrium state for A.

Definition 5.1 (Weak-Solution). Let v4 be an eigenprobability for £} and 114
be given by the Lemma We say that a non-negative function o4 € L?(v,4) is a
weak solution to the eigenvalue problem for the Ruelle operator, if [[¢allz1(,) =1
and

| Zatonrwava=as [ wina,  voecw.
X X

Proposition 5.1. If A is a Hélder potential and @4 is the main eigenfunction
of La, then w4 is a weak solution to the eigenvalue problem in the sense of the
Definition [5.1].

Proof. We first consider a sequence of potentials A,, : X — R defined, for each
n€Nandz € X, by A, (x) = A(x1,...,2,,1,1,...). Note that A is Holder and one
can immediately check that |4, — Allc — 0, when n — co. As in the Lemma[5.2]
let ¢, denotes the main eigenfunction of .2, normalized so that ||| z1(,,) = 1,
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where v, is the unique eigenprobability of £’} . Then there exist a o-invariant Borel
probability measure 4 such that, up to subsequence,

lim [ Za, (pu)todvn = Aa / Gdpa, Vi€ C(X)
From the Theorem we have that py is an equilibrium state for A. Since the
potential A is Holder its unique equilibrium state is known to be given by the
probability measure 74 = @ av4 and therefore g = 4. This last equality together
with the hypothesis give us for all ) € C(X) that

/X Laloaybdva = /X Mapathdva = Aa /X bdlpaval = Aa /X bdya

=>\A/ Ydua. O
X

The main tool in this section is the Lions-Lax-Milgram Theorem and it is used
to provide weak solutions to the eigenvalue problem for the Ruelle operator, see [28]
for a detailed proof of this result.

Theorem 5.2 (Lions-Lax-Milgram). Let H be a Hilbert space and V' a normed
space, B : HXV — R so that for each v € B the mapping h — B(h,v) is continuous.
The following are equivalent: for some constant ¢ > 0,

inf  sup |B(h,v)| > ¢

llollv=1h| z<1
for each continuous linear functional F € V*, there exists h € H such that
B(h,v) = F(v) YveV.

Theorem 5.3. Let A : X — R be a continuous potential, v4 be an element of
G*(A) and pa as constructed in Lemmal[5.9 Assume that there is K > 0 such that
for allv € C(X) we have ||v||12(,,) < K||v||2(40)- Then there exist a weak solution
oA € L?(va) to the eigenvalue problem for the Ruelle operator.

Proof. We will prove the theorem assuming that: there is K > 0 such that for all
v e C(X) we have |[v]|r20,) < K|Vl £2(u0)-

The main idea of the proof is to use the Lions-Lax-Milgram Theorem with
the space H = L*(va), V = (C(X),] - [lL2(wa))s B : L*(va) x C(X) — R and
F : C(X) — R given respectively, by

B(h,v)z/Xi”A(h)vdvA and F(U)z/deuA.

In the sequel we prove the coercivity condition of the Lions-Lax-Milgram the-
orem and then the continuity of the bilinear form B. For any v € V such that
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lv]lz2(va) = 1 we have

1 1
/ vV2duyg = —/ La(w)dva = — | (V¥ o0)ZLa(1)dva
X Aa Jx A Jx

s S [ 1),
Aa X

1 o (=] All)
[voallLzway — Aa

and therefore

Similarly we prove that for all h € L?(va) we have ho o € L?(v4). So it follows
from the elementary properties of the Ruelle operator that

sup /fA vdz/A>/.ZA( vog >vdz/A
Inli<1 [CER P ETN)

—2|| Al 0o
- / La(yedig > SPEUAl) / i,
||U°U||L2(VA) X Aa X

From the last inequality we get

exp(=2([Alo)

inf  sup |B(h,v)| = inf sup/fA(h)vdl/AZ 3
A

lollv=1 |z <1 lvllL2 =1 ||A)<1
which proves the coercivity hypothesis.

Now we prove the continuity of the mapping h — B(h,v), where v € L?(a)
is fixed. From Lemma we have that Z4(h) € L?(va) for every h € L*(va). So
we can use Cauchy-Schwarz inequality to bound B(h,v) as follows

|B(h,v)| = ’/}(.ﬂ(h)mm < (AWA(h)]QdVA)% (/szduA>é

1
< 2Aaexp([[Allse))? 1Ml L2wa) - 10l L2(04)

where the last inequality comes the Lemma proof’s. The above inequality proves
that h — B(h,v) is continuous.

The hypothesis [[v| 2,y < K||v]|£2¢,,) guarantees the continuity of the func-
tional F' so we can apply the Lions-Lax-Milgram theorem to ensure the existence
of a function gz € L?(v4) so that

/ La(@a)vdry = / vdpa Vue L (pa). (5.1)
X X
By using the identity (5.1)) with v =1 we get
1:/ ZLa(@a)dva :/ P d[ZLiva] < Aal@allia)- (5.2)
b's b's

Therefore the following function
_ 2
Aal[@all L a)
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is a non-trivial weak solution for the eigenvalue problem. O

Remark 5.1. We can weaken the hypothesis [|v][2(,,) < K|v|[12(,,) for all v €
C(X) of Theorem by only requiring that

limsup/ 02 dv, < oo,
X

n—oo
where ¢,, and v, are chosen as in Lemma[5.2} Indeed, in order to get the inequality
lvllz2,) < Kl[v|lL2(u,) from the above condition it is enough to note that v, — v
and then to apply the Cauchy-Schwarz inequality (we leave the details of the proof
to the reader).
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