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Abstract

This work is divided in two parts. In the first one, we apply variational methods to
study existence and multiplicity of solutions for a class of elliptic nonlinear bound-
ary value problems in the upper half-space. We are mainly interested in the critical
growth on the boundary and we exploit the most diverse variations of growth condi-
tions inside the domain. In the second part of the work, we study problems defined
in the whole space RY. Namely, we first concern with multiplicity of solutions for a
singular problem and, finally, we obtain an existence result for an indefinite planar
equation with critical exponential growth

Keywords: Nonlinear boundary conditions; half-space; self-similar so-
lutions; critical trace problems; sign-changing solutions; concave-convex

problems; symmetric functionals; singular problems.



Resumo

Este trabalho esta dividido em duas partes. Na primeira, aplicamos métodos varia-
cionais para estudar existéncia e multiplicidade de solucoes para uma classe de prob-
lemas elipticos com condigao de fronteira nao linear no semi-espago superior. Con-
sideramos, em especial, o crescimento critico no bordo e exploramos as mais diversas
variacoes de condicoes de crescimento no interior do dominio. J4 na segunda parte do
trabalho, estudamos problemas definidos em todo o espaco RY. A saber, primeira-
mente estamos interessados em multiplicidade de solugoes para um problema singular
e, por fim, obtivemos um resultado de existéncia para uma equacao planar indefinida
com crescimento critico exponencial.

Palavras-chave: Condigoes de fronteira nao-linear; semi-espaco; solucoes
auto-similares; problemas de tracgo critico; solugoes que trocam de sinal;
problemas do tipo concavo-convexo; funcionais simétricos, problemas sin-

gulares.
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Introduction

Let RY = {(a:’, ay) o’ € RV oy > 0} be the upper half-space. In the first part
of this work, we consider nonlinear boundary value problems of type
1

- —Au — 3 (z-Vu) =a(z)f(u), =eRY,
ou
g / p—2 I ¢ RN-1
o e, PRV,

where 6% denotes the outer unit normal derivative, we have identified 8Rf ~ RN-L,
2<p<2,:=2(N—-1)/(N —2), the potentials a and b satisfies suitable conditions
and the nonlinearity f : RY — R is a continuous function.

The operator appearing in the right-hand side of the first equation of (P) naturally
appears when we look for self-similar solutions, that is, solutions of the special form
w(x,t) =t~ u(t~'/%z), for the following nonlinear heat equation

wy — Aw =0, z € RY x (0, +00), 88—:;} = |w[P~?w, 2’ € RN x (0, +00).

Among other advantages, this type of solution provides qualitative properties like
global existence, blow-up and asymptotic behavior (see e.g. [57,58,69]). Moreover,
they preserve the PDE scaling and so carry simultaneously information about small
and large scale behaviors. The connection with (P) is that, if we put w into the heat
equation, we see that the profile u needs to verify the same equation in (P) with
a,b=1and f(u) =1/(2(p —2))u.

It is important to show the connection between problem (P) and the following

important class of nonlinear boundary value problems
ov
an

Its mathematical importance arises, for instance, in the study of conformal deforma-

— Av = g(z,v), z € RY, = h(2',v), 2’ € RN "L, (0.1)

tion of Riemannian manifolds [29,42,43,56], problems of sharp constant in Sobolev

9



trace inequalities [38,41] and blow-up properties of the solutions of related parabolic
equations [47,60]. This kind of equations also appears in several applied contexts like
glaciology [77], population genetics [6], non-Newtonian fluid mechanics [39], nonlinear
elasticity [32], among others.

There is a vast literature concerning nonnegative solutions for (0.1). Using the
moving plane method, Hu [59] obtained nonexistence of positive solutions when g = 0
and h(v) = v?, with 1 < ¢ < N/(N — 2). Similar results were obtained by Chipot et
al. in [31] in the case that g(v) = av? and h(v) = v? with 1 < p < (N +2)/(N — 2),
1 < ¢ < N/(N —2), with one the inequalities being strict, and a > 0 (see also [94] for
existence and multiplicity results in the double subecritical case). In dimension N = 2
and g = 0, Cabré and Morales [21] presented necessary and sufficient conditions
on h(v) for the existence of layer solutions, that is, bounded solutions that satisfy
some monotonicity properties. When g = 0 and h(v) = (N — 2)v™/(N=2) existence of

|z|>~™ at infinity was obtained by Escobar [41] using the

positive solution decaying as
conformal equivalence between the unit ball in RY and the half-space (see also [91]).
In the same paper, it was considered the case g(v) = N(N — 2)oN+2/(N=2) anq
h(v) = buV/NN=2) Later, Chipot et al. [30] removed the decay assumption by using
the shrinking sphere method to give a complete description of positive solutions when
g(v) = avWHD/ V=2 and h(v) = bv™ V=2 Similar results were obtained by Li and
Zhu in [66], including a 2-dimensional version with exponential type nonlinearities.
Notice that, if u is a solution of (P), then the function v = exp(|z|?/8)u verifies

(0.1) for

2*—2,07

otoco) == (G + 55 ) o) flexp(-lal90) A o) =l

where a(z) = a(z) exp(|z|?/8) and b(z') = b(z') exp (—4(‘;;‘_22)) Differently from the
former cases, this problem is not homogeneous and the nonlinearity ¢ is unbounded
in the spatial variable. Hence, the techniques used in the aforementioned works do
not apply and we need to perform a different approach to deal with the drift term
inside the domain.

In order to overcome this, notice that, if we set
K (z) = exp(|z|*/4),
we have that 2VK = xK and the first equation in (P) can be rewritten as
—div(K (z)Vu) = K(2)a(z) f(u), in RY.

Hence, it is natural to look for finite energy solutions belonging to the Sobolev space
D}(’Q(Rf ) defined as the closure of C2°(RY) with respect to the norm

1/2
Jull = ( L K(m)IVude) |

10



This kind of space was first introduced by Escobedo and Kavian [44] who considered
a problem in the whole space RY. The upper half-space case was presented in [47],
where it is proved that D Q(RN ) is compactly embedded into the weighted Lebesgue

space

T‘

Ly(RY)=due L'(RY) : ||ul, = (/ K(x |u\’"d:c) < +00 ¢,

for any 2 < r < 2*. By taking r = 2 in particular, we can solve the linear problem

associated with (P), namely

1
—Au— =(z-Vu) =Xy, inRY,
2
(LP) o
— =0, on RV-1,
ov

and use spectral theory to obtain a sequence of eigenvalues (\;) ey such that

O< A <A <o <\ <

with lim \; = +o00. Moreover, as we will see later, the first eigenvalue is exactly
j‘)OO

= N/2.

The thesis has five chapters. In the first three, we consider different versions of
problem (P), by varying the assumptions on a, b and f. In the two last chapter we
consider only the first equation in (P) but in the whole space RY. Despite having
intersections, any chapter can be read independently. In what follows we present the

main results of each chapter.

Chapter 1

In the first chapter, we consider our first variation of problem (P), namely

—Au—%(x~Vu):)\u, z € RY,
(F1) ou

= u

on

2*7211,, ! c RNfl’

where 2, :=2(N —1)/(N — 2) and A > 0 is a parameter.
Problem (P) is strongly linked to the classic problem

—Au =+ |ul* Pu, we HYQ),

where 2 C R” is a bounded domain, N > 3 and A > 0 is a parameter. This equa-
tion comes from the Yamabe’s problem, which deals with the existence of Riemannian

metrics with constant scalar curvature. In a seminal paper, Brezis and Nirenberg [19]

11



proved that the existence of positive solution is related to the interaction of the pa-
rameter with the first eigenvalue A\; g > 0 of the spectrum o(—A, H}(2)). Among
other things, they showed that the above equation has a positive solution whenever
N >4 and X € (0, A\; o). This was the starting point of an effusive literature concern-
ing this critical equation. We especially quote here the paper of Capozzi, Fortunato
and Palmieri [23], which obtained solution for A > A; o and Cerami, Solimini and
Struwe [25], which proved the existence of a sign-changing solution if 0 < A < A1 g
and N > 6.

The authors in [47] considered the subcritical version of (Fy), that is, the same
problem with 2, replaced by p € (2,2,). Among other results, they obtained the
existence of a positive solution if A < A;. The critical version was recently considered
in [48] and the situation turns to be more delicate. After proving the trace embedding
D2 (RY) < L3:(RN-1), where

1/2.
L3(RN) = {u € L*(RN™Y) 1 Jul,, = ( . K(2',0)|u Q*d:v’) < —1—00} :

the authors showed that, in the critical case, there is no self-similar solution to the
equation. Besides this, they obtained a positive solution whenever N > 7 and the

parameter \ verifies
. N N-4
W=t

We notice that, since A\; = N/2, the above range is nonempty.

<A< AL

The first main result completes the above study by considering the case A > A;.
Standard arguments show that positive solutions are not expected and therefore we

look for sign-changing solutions. More specifically, we prove the following:

Theorem A. If N > 7 and X\ > )\, is not an eigenvalue of (LP), then problem (P;)

has a sign-changing solution.

In the proof, we apply the Linking Theorem [83] to the energy functional

1 A 1
I(w) = 5l = Slul - uld, e DARY).

Since standard arguments can not be used to verify the linking geometry, we need
to perform a detailed study of the structure of solutions of the eigenvalue problem
(LP) and prove a trick projection result (see Lemma 1.1.4 and Proposition 1.1.5).
The assumption that A is not an eigenvalue of (LP) is a non-resonant type condition
of technical nature and assures that Palais-Smale sequences are bounded. Actually,
the arguments used in [23,83] do not work in unbounded domains and therefore we
need to perform a different approach here (see Proposition 1.1.6).

Now, we come back to the range where positive solution exists and ask if it is

possible to obtain another solution. In this new setting, we prove the following:

12



Theorem B. If N > 7 and A\ € (A, \1), then problem (Py) has a sign-changing

solution.

In order to explain the main steps for the proof, we define u™(z) = max{u(z),0}
and u~ = ut — u. After that, inspired by the paper of Cerami, Solimini and Struwe

[25], we introduce the Nehari nodal set
My = {u e DFZRY) : uF #£0, I} (uF)u* = 0}

and prove that

= 35, B0

is attained by a solution u € M,. Since we are dealing with the critical case, the
functional I, satisfies only a local Palais-Smale condition. So, we need to prove some
fine estimates (see Lemmas 1.4.2 and 1.4.3) involving the positive solution obtained
in [48] and a slight modification of the instanton functions founded independently by
Escobar [41] and Beckner [13]. This is essential to guarantee that dy belongs to the
range where we have compactness. Since M is not a differentiable manifold, it is
not easy to construct Palais-Smale sequences on the level dy. In order to do this, we

adapt some ideas introduced by Tarantello in [90].

Chapter 2

In the second chapter, we deal with the following concave-convex type problem

1
—Au — 5 (z-Vu) = Xa(z)ul*u, xecRY,
(P) ou
an

= b(a)|ulP~?u, 2’ e RN

where N > 3, A > 0 is a parameter and 1 < ¢ < 2 < p < 2,. If we denote by
r" =r/(r—1) the conjugated exponent of r > 1, we can present the basic hypothesis

on a, b in the following way:

ao) a € L2 RN N LY2(RY) for some
KRy +

loc
/ /
2
q q

(bo) b e L®(RN7L).
Since a and b can change it sign, we may define the sets

QF ={zeRY: a(x) >0}, Q ={"eR"": p(a) > 0}.

13



In the first results of the second chapter we obtain existence of two nonnegative
solutions when roughly speaking the closure of the set 0 intersects ) and the
parameter A > 0 approaches zero. More specifically, denoting by B;s(0) the open ball
centered at origin with radii 6 > 0, we prove the following:

Theorem C. Suppose that a,b satisfy (ag) and (by). If 1 < ¢ < 2 < p < 2, then
there exists N\, > 0 such that, for any A € (0,\.), problem (P,) has at least two
nonnegative nonzero solutions provided

(ab) there exists 6 > 0 such that

(Bs(0)NRY) c QfF,  (B5(0)NoRY) c Q.

In the critical case we also obtain two nonnegative solutions, but now we need to

add a flatness condition on the potential b:

Theorem D. Suppose that N > 7, p = 2, and the other conditions of Theorem C
are verified. Then there exists A, > 0 such that, for any A\ € (0, ), problem (P)

has at least two nonnegative nonzero solutions provided

(by) there exist M >0 and o > N — 1 such that

16l oo — b(2') < M|2'|°, for a.e. 2’ € Bs(0) N ORY.

The first solution will be obtained with a standard minimization argument while
the second one requires finer arguments. This is specially true when p = 2, since the
trace embedding we are going to use fails to be compact. Two points are important
to overcome this difficulty: a trick regularization study of the first solution on the
boundary and the application of an idea of Brezis and Nirenberg [19], together with
fine estimates of a modification of the instanton functions founded by Escobar [41]
and Beckner [13].

Still in the second chapter, we take advantage of the symmetry to get more and
more solutions (with no prescribed sign). Unfortunately, in this case we do not assume
that both the potentials are indefinite.

We prove the following:

Theorem E. Suppose that 1 < ¢ < 2, a > 0 and b # 0 satisfiy (ag) and (by),
respectively. Then problem (Py) has infinitely many solutions in each of the following

CaSEeS:
1. 2<p<2,and A > 0;

2.p=2,,b<0and X > 0;

14



3. p=2, and X\ > 0 s small.

Theorem F. Suppose that 1 < ¢ <2 <p < 24, a # 0 and b > 0 satisfy (ag) and
(bo), respectively. Then, for any A > 0, problem (Py) has infinitely many solutions.

The above theorems will be proved as application of suitable versions of the Sym-
metric Mountain Pass Theorem [3]. These versions were proved by Tonkes in the
paper [92] which strongly motivated our second chapter (see also [11,12] for some
earlier results). In the critical case, when b < 0, the boundary term is related with a
semi-norm and therefore we can argue as in the subcritical case. When p = 2, and b
is indefinite in sign, we borrow an argument from [10]. It can be proved that, when
b < 0, the energy of the solutions given by Theorem E are negative and goes to zero.
On the other hand, in Theorem F, this energy goes to infinity, the same occurring
with the norm of the solutions.

We finally notice that the results of Chapter 2 were recently published in [53].

Chapter 3
The third chapter concerns with existence and multiplicity of solutions for the prob-
lem
—Au— 3 (z-Vu) = f(u), zeRY,
(Fs) ou

— = Blu*?u, x' € ORY,

where N > 3, 8 > 01is a parameter and f : R — R satisfies the following assumptions:
(fo) f:R — R is continuous;

(f1) there exist aj,a; > 0 and 2 < p < 2* := 2N/(N — 2) such that

1f(s)] € a1+ azls|”™!, Vs eR;

(f2) there holds

s—0 8

(f3) there exists 2 < 6 < 2, such that
0<0F(s) < f(s)s, VseR\{0},
where F(s) := [ f(r)dr.

The first result of this chapter can be stated as follows:

15



Theorem G. Suppose that [ is odd and satisfies (fo) — (f3). Then, for any given
k € N, there exists * = 5*(k) > 0 such that problem (Ps) has at least k pairs of
solutions, provided 8 € (0, 3*).

In the proof, we apply a version of the Symmetric Mountain Pass Theorem. The
main task here is the management of Palais-Smale sequences and we follow ideas
presented in Silva and Xavier [87]. Since we are dealing with unbounded domains, the
former argument does not directly apply and we need to perform a trick adaptation of
Bianchi, Chabrowski and Szulkin’s ideas [15,27] and the concentration compactness
principle due to Lions [67].

In the second result of the chapter, we do not require symmetry for f and obtained
the existence of nonnegative solution. In this case, the parameter 8 does not play

any role and we prove the following:

Theorem H. Suppose that N > 7 and f satisfies (fo) — (f3). Then problem (Ps) has

a nonnegative nonzero solution provided

o [V o~ (N-2)/2 N
li - F| ———x—5 Tds = . 0.2
o © /0 ([32 T 1]<N—2>/2> TodT e 02)

In the proof we follow the paper of Brezis and Nirenberg [19]. After obtaining
a local compactness condition for the associated functional, we need to prove that
it Mountain Pass level belongs to the correct range. At this point we perform some
fine estimates and use the technical condition (0.2). It was inspired by a similar one
which appeared in [19, Lemma 2.1] and it holds if, for instance, F(s) > ~|s|?, for
some vy > 0.

Chapter 4

In Chapter 4, we are concerned with positive solutions for the singular equation
1 .
—Au — 3 (z - Vu) = ph(z)u?™" 4+ M+ u* 71, in RY,

where N > 3, A > 0, u > 0 is a parameter, 0 < ¢ < 1 and h has some somability
properties. Before presenting the condition on h, we need to say a few words about
the variational structure of the problem. After multiplying the equation by K(x) :=

exp(|z|?/4), it can be rewritten as

—div(K (2)Vu) = pK (2)h(z)u?™t + AK (2)u + K(x)u®> 71, in RY,
(£s)
u>0, inRN.

16



It is natural to look for solutions in the space Dy*(RY) defined as the closure of
C>(RY) with respect to the norm

folli= ([ K@IvaP o) "

It was proved in [44] that D};*(RY) is a Hilbert space which is continuously embedded
into the weighted Lebesgue spaces

L&(Rﬁzz{uemw lully = (/ K( \u|pdx> p<oo},

for any p € [2,2%].

Due to the difficulties related to the operator and the singular nature of the
nonlinearity at the origin, we do not expect to find regular solutions. Hence, as usual
in the literature, we call u € D}*(RY) a solution for problem (P;) if it satisfies u > 0
a.e. in RN and, for any ¢ € D*(RY), we have that h(z)u? ¢ € LL(RY) and

K(z) [(Vu-V¢) — ph(z)u?™" ¢ — Aug — u* ~'¢] dz = 0.
RN

In our first result we obtain a solution when the paramenter © > 0 is small. More

specifically, we shall prove the following:
Theorem I. Suppose that A < N/2 and h > 0 satisfies
(h) h € Ly, (RY) N L% (RY).
Then there exists pi* > 0 such that problem (Py) has a solution, whenever p € (0, u*).

In the proof, we apply a minimization argument for a perturbed (nonsigular)
problem. We notice that condition A < N/2 is necessary for the existence of a
solution. Indeed, it is proved in [44] that the linearized version of equation (P;) has
the pair (\,u) = (N/2,¢1) as a solution, where ¢;(z) = exp(—|z|?/4) > 0. So, if

up € X is a solution, we may pick v = ¢ in the integral formulation to get

N "
(— - /\) K(x)upy dx = K(z) [ph(z)u’ o1 +u* o] da > 0,
2 RN RN

from which it follows that A < N/2.
In our second result concernin (P;), we obtain another solution under an addi-

tional lower bound on the value of A\. More specifically, we prove the following:

Theorem J. Suppose that max{1, N/4} < X\ < N/2, h > 0 is continuous and satisfies
(h). Then there exists 0 < p. < p* such that problem (Py) has at least two solutions,
whenever pu € (0, fi)

17



In order to obtain the second solution, we apply the Mountain Pass Theorem to
a perturbed functional, together with a limit process. The extra assumption on A is
related with the range of existence of positive solution for the case 1 = 0 (nonsingular)
obtained in [44]. It is worth mentioning that the continuity of h may be replaced by

the weaker condition that the infimum of A is positive in any ball.

Chapter 5

In Chapter 5, we deal with the following equation
1
(Ps) —Au + é(x -Vu) = a(z)f(u), x¢cR?

where a is a sign-changing potential and the nonlinerity f has an exponential critical
growth at infinity.
We follow [2] to impose the assumptions on the indefinite potential a. More

specifically, assume that

(a1) a:R? — R is a bounded sign-changing continuous function;

(CLQ) if
Q.= {z e R%a(r) >0}, Q :={xrcR?%a(zx) <0},

then dist(Q+, Q) > 0;
(a3) there exists R > 0 such that a(x) < 0 for || > R.

We are interested in the case that f is superlinear both at the origin and at

infinity, namely

(fo) f € C(R,R) and there exists ap > 0 such that

. f(s)_{ 0 if a>ao,

2 .
s—r+oo e +oo if  a < ag;

(f1) ii_I}(l)f(s)/s =0.

Given r > 2, it is proved in [50] that D}(’Q(RN ) is compactly embedded into the

weighted Lebesgue space L% (R?). Hence, we can define the constant
Sy = inf{ K ()| Vuldz - / K (@)|uf? do = 1} |
R2 R2
Since QF is far from Q-, we can find ¢ € C*®(R?,[0,1]) such that
(=1, in QF, (=0, inQ, M = sup |V(| < oc.
R2
Our technical assumptions on f can be stated as follows:

18



-1
(f2) there exist v > 2 and 0 < 6 < v [2(1 + MS;UZ)] such that,

0<ZF(s) < f(s)s, Vs| >0,
where F(s) := fos f(r)dr;
(f3) there exist Ky, Ry > 0 such that

0 < F(s) < Kolf(s)], Vls| = Ro;

(fa) if zg € QF and r > 0 are such that a(xy) = maxg+ a and a(z) > (maxq+ a)/2
in B,(zg), then

i £(s) —aps? > By > 8 r? N r
im sf(s)e exp | —+— ).
s—+00 =07 Gor? - maxgr a P 8 512
We prove the following existence result:

Theorem K. Suppose that (a1)—(a3) and (fo)—(fs) hold. Then problem (Ps) admits

at least a weak nontrivial solution.

In the proof we apply the Mountain Pass Theorem. Since the potential a changes
it sign, it is not so easy to prove that Palais-Smale sequences are bounded. Conditions
(ag) and (f2) are important in this issue. Condition (f3) has first appeared in [306]
and provides a compactness property for the Palais-Smale sequence. With the aim of
overcome the difficulties imposed by the lack of compactness, since we are dealing with
the whole space R?, we invoke a version of the Trudinger-Moser inequality together
with assumption (fy) and the Moser’s functions to find the correct localization of the
mountain pass level. We notice that (fy) is weaker than lim,_, o f(s)se™ %" = +o0,
which have been used in some former papers (see (gs) in [2] for instance).

We finally notice that the results of Chapter 5 are going to appear in [54].

19



CHAPTER 1

Sign-changing solutions for an elliptic equation with critical

nonlinear boundary condition

Consider the following nonlinear boundary value problem

ov

6_77 = g(z,v), on RN (1.1)

— Av = f(z,v), in Rf,
where Rf = {(:z:’,a:N) sl e RN oy > O} is the upper half-space, a% denotes the
outer unit normal derivative and we have identified IRY ~ RN~!. Tts mathematical
importance arises, for instance, in the study of conformal deformation of Riemannian
manifolds [29,42, 43, 56], problems of sharp constant in Sobolev trace inequalities
[38,41] and blow-up properties of the solutions of related parabolic equations [47,60].
This kind of equations also appears in several applied contexts like glaciology [77],
population genetics [6], non-Newtonian fluid mechanics [39], nonlinear elasticity [32],
among others.

There is a vast literature concerning nonnegative solutions for (1.1). Using the
moving plane method, Hu [59] obtained nonexistence of positive solutions when f = 0
and g(v) = v?, with 1 < ¢ < N/(N — 2). Similar results were obtained by Chipot et
al. in [31] in the case that f(v) = av? and g(v) = v? with 1 <p < (N +2)/(N —2),
1 < g < N/(N —2), with one the inequalities being strict, and a > 0 (see also [94] for
existence and multiplicity results in the double subcritical case). In dimension N = 2
and f = 0, Cabré and Morales [21] presented necessary and sufficient conditions
on g(v) for the existence of layer solutions, that is, bounded solutions that satisfy
some monotonicity properties. When f = 0 and g(v) = (N —2)v/(V=2) | existence of

‘2—]\/

positive solution decaying as |z at infinity was obtained by Escobar [41] using the

conformal equivalence between the unit ball in R and the half-space (see also [91]).

20



In the same paper, it was considered the case f(v) = N(N — 2)oW+2/(N=2) and
g(v) = boN/NIN=2) Later, Chipot et al. [30] removed the decay assumption by using
the shrinking sphere method to give a complete description of positive solutions when
f() = avW™N+2/N=2) and g(v) = bv™ V=2, Similar results were obtained by Li and
Zhu in [66], including a 2-dimensional version with exponential type nonlinearities.

In this chapter, we deal with the boundary critical problem

1
—Au—é(:vVu):/\u, in RY,
(P1) ou 1
— = |u]*?u, on RV-1,

on

where 2, := 2(N —1)/(N —2). Notice that, if u is a solution of (P;), then the function
v = exp(|z|*/8)u verifies (1.1) for

) = ()\ - g - %) v, @) = exp (-%) v

Differently from the former cases, this problem is not homogeneous and the non-

=2y,

linearity f is unbounded in the spatial variable. Hence, the techniques used in the
aforementioned works do not apply and we need to perform a different approach to
deal with the drift term inside the domain.

Before presenting our result is important to emphasize the similarity of our equa-

tion with the classical problem
—Au = u+ [ul*u, u € Hy(9Q),

where Q C R¥ is a bounded domain, N > 3 and A > 0 is a parameter. This equa-
tion comes from the Yamabe’s problem, which deals with the existence of Riemannian
metrics with constant scalar curvature. In a seminal paper, Brezis and Nirenberg [19]
proved that the existence of positive solution is related to the interaction of the pa-
rameter with the first eigenvalue A; g > 0 of the spectrum o(—A, H}(2)). Among
other things, they showed that the above equation has a positive solution whenever
N >4 and X € (0, A1 o). This was the starting point of an effusive literature concern-
ing this critical equation. We especially quote here the paper of Capozzi, Fortunato
and Palmieri [23], which obtained solution for A > A; o and Cerami, Solimini and
Struwe [25], which proved the existence of a sign-changing solution if 0 < A < A1 g
and N > 6.

Besides the natural connection with the Brezis and Nirenberg problem, (P;) is

closely related to the nonlinear heat equation

0
w, — Aw =0, in RY x (0, 400), v lwP~2w, on RV x (0, +00).

on

A solution with the special form w(z,t) = t*u(t~/?z) is called self-similar solution.

It is known (see e.g. [57,58,69]) that it provides qualitative properties like global
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existence, blow-up and asymptotic behavior. Moreover, they preserve the PDE scal-
ing and so carry simultaneously information about small and large scale behaviors.
The connection with (P;) is that, if we put w into the heat equation, we see that
the profile u needs to verify the same equation in (P;) with A = 1/(2(p — 2)) and 2,
replaced by p € (2,2,].

Setting K(x) = exp(|z|>/4) and noticing that 2VK = zK, the first equation in

(Py) can be rewritten as
—div(K (z)Vu) = AK (z)u, in RY.

Hence, it is natural to look for finite energy solutions belonging to the Sobolev space

D} (RY) defined as the closure of C (R_f) with respect to the norm

1/2
Jull = ( L. K<m>|w2dx> |

This kind of space was first introduced by Escobedo and Kavian [44] who considered
a problem in the whole space RY. The upper half-space case was presented in [47],
where it is proved that D%(Rﬁ ) is compactly embedded into the weighted Lebesgue

space

1/2
Ly (RY) =S ue L2RY) : [Juls = (/}RN K(x)u%lx) < 400
+

So, we can solve the linear problem associated with (P;), namely

1
—Au — §(x -Vu) = Au, in RY,
(LP) ou
— =0, on RV-1,
on
and use spectral theory to obtain a sequence of eigenvalues ();) ey such that

D<A <A< <)<

with lim A\; = 400. Moreover, as we will see later, the first eigenvalue is exactly
j—0o0

A = N/2.

The authors in [47] considered the subcritical version of (P;), that is, the same
problem with 2, replaced by p € (2,2,). Among other results, they obtained the
existence of a positive solution if A < ;. As a consequence, self-similar solutions to
the associated heat equation exist whenever 2+ (1/N) < p < 2,. The critical version
was recently considered in [48] and the situation turns to be more delicate. After
proving the trace embedding Dy*(RY) — L% (RY), where

1/24
L% (RN-Y = {u e L*(RY™Y) : Julg, = ( . K(z',0)|u Q*dx’) < +oo},
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the authors showed that, in the critical case, there is no self-similar solution to the
equation. Besides this, they obtained a positive solution whenever N > 7 and the
parameter \ verifies

. N N-—-4

We notice that, since A\; = N/2, the above range is nonempty.

<A< AL

In the first part of this chapter we complete the above study by considering the
case A > )\;. Standard arguments show that positive solutions are not expected
and therefore we look for sign-changing solutions. More specifically, we prove the

following;:

Theorem A. If N > 7 and X\ > )\, is not an eigenvalue of (LP), then problem (P;)

has a sign-changing solution.

In the proof, we apply the Linking Theorem [83] to the energy functional

1 A 1
I(w) = Sl = Slul - Huld, e DIARY).

Since standard arguments can not be used to verify the linking geometry, we need
to perform a detailed study of the structure of solutions of the eigenvalue problem
(LP) and prove a trick projection result (see Lemma 1.1.4 and Proposition 1.1.5).
The assumption that A is not an eigenvalue of (LP) is a non-resonant type condition
of technical nature and assures that Palais-Smale sequences are bounded. Actually,
the arguments used in [23,83] do not work in unbounded domains and therefore we
need to perform a different approach here (see Proposition 1.1.6).

In the second part of the chapter, we come back to the range where positive
solution exists and ask if it is possible to obtain another solution. In this new setting,

we prove the following:

Theorem B. If N > 7 and A € (Ay, \1), then problem (Py) has a sign-changing

solution.

In order to explain the main steps for the proof, we first define u* (x) = max{u(x),0}
and v~ = wu'™ — u. After that, inspired by the paper of Cerami, Solimini and
Struwe [25], we introduce the Nehari nodal set My = {u € DF(RY) : u* #
0, I} (u*)u* = 0} and prove that

d)\ = ug}\fu [,\(U)

is attained by a solution u € M,. Since we are dealing with the critical case, the
functional I, satisfies only a local Palais-Smale condition. So, we need to prove some
fine estimates (see Lemmas 1.4.2 and 1.4.3) involving the positive solution obtained

in [48] and a slight modification of the instanton functions founded independently by
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Escobar [41] and Beckner [13]. This is essential to guarantee that d) belongs to the
range where we have compactness. Since M is not a differentiable manifold, it is
not easy to construct Palais-Smale sequences on the level dy. In order to do this, we
adapt some ideas introduced by Tarantello in [90].

The chapter is organized as follows: in the next section, we present the variational
framework and some technical results for Theorem A, which is proved after in Section
1.2. In Section 1.3, we establish the minimization scheme for the second case and in

the last section, we obtain the solution when A € (Ay, A1).

1.1 Variational setting and preliminary results

We start this section setting K (z) := exp(|z|?/4) and noticing that
1
div(K(x)Vu) = K(x) (Au + 5(1: : Vu)) :

for any regular function u. Hence, it is natural to define the Banach space 'D};Q(Q)

as being the closure of C'2°(2) with respect to the norm

1
ooy = ( [ K@IvuPas)

for any open set Q C RY. For simplicity, we denote Di*(RY) by X and || - [PRETRTS
by || - ||. We also define, for any 2 < r < 2* := 2N/(N — 2), the weighted Lebesgue

space

1/r
Ly (RY) :=<¢ we L'(RY) : |jul, := (/RN K($)|u|’"d:v> < 00
+

According to [47, Lemma 2.2], the embedding X < L% (RY) is continuous for 2 <
r < 2* and compact for 2 < r < 2* . Moreover, denoting by

1/r
Ly (RYVY) = {u c L'(RY™) : Jul, := ( K(x’,O)\u]rdx’) < oo},

RN-1
it was proved in [47, Lemma 2.4] the compact trace embedding X — L7 (R¥™1),
for 2 < r < 2,. Subsequently, the authors in [48, Theorem 1.1] extended this former
result by proving that the embedding is really continuous for 2 < r < 2, and compact
for 2 < r < 2,. So, the natural range of the trace embedding is covered and we can

define the best constant

2
S(K):= inf ”“0“2 > 0. (1.2)
pex\{o} |l 3,

Actually, it is proved in [48] that the above infimum is achieved and it is equal to the
best constant S of the Sobolev trace embedding D**(RY) — L*(RN1).
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The energy functional associated with our problem 7, : X — R is given by

1 A 1
L) = glull* = Sllulls = uls, Vue X,

Standard calculations show that I, € C*(X,R) and the weak solutions of (P;) are
precisely the critical points of I.

For proving Theorem A, we shall use the following variant of the Mountain Pass
Theorem [83] (see also [93, Theorem 2.12]).

Theorem 1.1.1. Let E =V @& W be a real Banach space with dim'V < co. Suppose
I € CY(E,R) satisfies

— )

(I1) there exist p, o > 0 such that I|wnop,0)>

(Iy) there exists e € W N OB1(0) and R > p such that
I‘BQS Oa

with
Q= (BR(O)mv) @ {te:0 <t <R).

If

¢ = inf max I(y(u)), (1.3)

where I' := {fy € C(Q,E):vy=1Idon 8@} , then there exists a sequence (u,) C E
such that I(u,) — ¢ and I'(u,) — 0, as n — +oo.

We are intending to apply this abstract result with £ = X and I = I,. In order

to present the decomposition of the space X we consider the linearized problem

—div(K (z)Vu) = AK (z)u, in RY,
(LP) g—z =0, on RV-1,
u € DiF(RY).

Thanks to the compact embedding X < L3 (RY), we can use standard spectral

theory to obtain sequence of eigenvalues (););en such that
O<)\1<)\2§"'§>\j§"'

with lim )\; = 4+00. A straightforward computation shows that
Jj—00

¢1(x) == exp (—\x]2/4)
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satisfies (LP). Since this function is positive, its associated eigenvalue is the first one.
Noticing that V; = —(2/2)K(x)~!, we can explicitly compute this first eigenvalue

in the following way:

_diV(K($)v901> _ ldiv(x) = E

K(x)p 2 2

)\1:

Along all this section we shall assume that A € (Mg, Agr1), for some & € N. In
order to apply Theorem 1.1.1, we set

V :=span{e1, ..., ¢k}, W=Vt (1.4)

in such way that X = V@W. Asit is well known from the variational characterization

of the eigenvalue of (LP), we have that
1 1
llol® < lollz, llwlls < —llwl®, VveViweWw. (1.5)
Ak Akt
The condition (I;) easily follows from the above inequalities.

Lemma 1.1.2. The functional I, satisfies assumption (Iy) of Theorem 1.1.1 .

Proof. Using (1.5) and (1.2) we obtain, for any w € W,

L e =M\ e 1 (G 1, i
)2 3 (22 - Hpag > ful? (5 - 5 ).

where C := (Agr1 — A) /A1 > 0. Hence,

2
I(w) > pfl, Yw e W NaB,(0),
for p:= [(2.C15%/2) /4] Y27 The lemma is proved. O

The proof of (1) is more involved and we need to perform a detailed study of
the solutions of (LP). We start with an interesting result proved by Escobedo and
Kavian [44, Proposition 2.3] via a Fourier Transform approach:

Proposition 1.1.3. The eigenvalues of the problem
—div(K (z)Vu) = pK(z)u, in RY,
(1.6)
u € DiZ(RY),

are iy, = (N + k —1)/2, with k € N. The associated eigenspaces are given by
V== span{D’¢p; : |B] =k — 1}

where p1(z) = exp(—|z[*/4), B € NU{OHY, |8] :== B+ -+ By and DP =
%t 9PN . In particular, any eigenfunction can be written as P(x)pi(x), for some

polynomial function P.
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As an application of the above result, we can describe the shape of the solutions

of the problem (LP). More specifically, we have the following:

Lemma 1.1.4. If p € X is an eigenfunction of (LP), then there exists a polynomial
p(z) such that o(z) = p(z)p1(z), for any v € RY.

Proof. Suppose that ¢ € X is an eigenfunction of (LP) and define

. oz’ ), if xy >0,
v(z', xy) =
o', —zy), ifxy <0,

Since @, (z/,0) = 0 in RV~!, we can check that v € D}*(RY). Moreover, U €
D2 (RY) is a solution of a linear problem analogous to (LP) but with RY replaced
by RY := {(2/,xy) : 2’ € RN 2n < 0}

Let ¢ € C°(RY) and denote by ¢, € C°(RY) the restriction of ¢ to RY. We
define ¢_ in an analogous way and compute

K(z)(Vv-Vo¢)dx = K(z)(Vo-Vo¢y)dx

N N
R RY

+ | K@)V, —x) - Vo )da

RN

= A K(x)vpy de + A K(z)vp_ dx

RY RY
= A K(x)vodx,
RN

that is, v is an eigenfunction of (1.6). The result follows from Proposition 1.1.3. O

We are ready to prove a technical result which will be useful for verifying the
geometric condition (/s).

Proposition 1.1.5. Suppose that ¢ € C®(RY) \ {0} is such that Plv_s 7 0 and
its orthogonal projection ¢+ over W is nonzero. Then the functional I, satisfies
assumption (I5) of Theorem 1.1.1 for e := ¢ /|||

Proof. Since A > ), we can use the variational inequality (1.5) to check that
I, < 0in V. Thus, since the set () defined in Theorem 1.1.1 is such that 0@ =
{v+te:veV, ||v|=R, 0<t<R}U{veV :|v| <R}U{v+Re :veV, || <
R}, condition (I5) holds if we can prove that

I(z) = —oc. (1.7)

lim
[|z]| =400, zEV@Re

In order to prove the above claim, we first notice that there exists a maximal set
of indices L = {j1,..., 51} C {1,...,k} such that O := {p; (2/,0),..., ¢, (2',0)} is
linearly independent and

span O = Span{gpl(x/7 0)7 R Spk(x/7 0)} (18)
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After a rearrangement, we may assume that L = {1,2,...,m}, with m < k.
We first show that the function

(b1, = by 1) |1 = 10101+ + b + b1 2.

defines a norm in R™*!. Indeed, suppose that |(by, -+ , by, bmi1)]1 = 0, in such way
that
51901@,7 0) +oeeet bmgpm(‘r,7 0) + bm-l-lgbL(x,v O) - Oa V! € RN_I'

If b1 # 0, then ¢*(-,0) is a linear combination of the elements of O©. By Lemma
1.1.4, there exists a polynomial ¢ such that ¢*(z’,0) = q(2')p1(2',0), for any 2’ €
RY~1 Since ¢ — ¢t € span{epy, -+, 1}, it follows again from Lemma 1.1.4 that

there exists a polynomial r such that
¢(a’,0) = [(¢ — ¢7) + ¢'](2',0) = 7(2")g1 (2", 0), Va' € RYL

But ¢|__, # 0, p1 > 0 and ¢ has compact support, and therefore we could construct
polynomials of type ¢t — p(z1,...,t,...,xy_1) with infinitely many roots, which is
absurd. Thus, we have that b,,.1 = 0 and, since O is linearly independent, all the
others coefficients are also null. The other properties of a norm can be easily verified.

Now we prove that there exist m polynomials @; : R¥ — R of degree 1,1 < i < m,
and C; > 0 such that

m 1/2
laypr + - + appr + ar1d 12, > Oy [(ZQ?(M,---,%)) + aii, , (1.9
i=1
for any ay,...,ar;1 € R. Indeed, since | - |; is a norm in R™™! there exists C; > 0

such that
m+1 1/2
|(b1, -y by bing) 1 > Cy (Z bf) , (1.10)
i=1
for any (b1,...,bmy1) € R™L For each [ = 1,...,k, we infer from (1.8) that ¢; =

S cho; in RN and consequently

k m
<Z az@z) + Gk+1¢J— = <Z Qi(a)<p1> + ak+1¢l, in RNfl,
=1 i=1

where Q;(a) := Zle aict and a = (ay,...,a;) € R*. Setting b; := Q;(a), 1 <i < m,
and b,, 11 = a1, (1.9) is a direct consequence of the above expression, (1.10) and
the definition of | - |;.

We are ready to prove (1.7). Let z = (Zle a,»goi) + ap 19 € V @ Re and notice
that, by (LP) and the orthogonality of the eigenfunctions, we have that

k 2
1 a 1
I(z) = =5 2 a0 = M)leill3 + (1612 = Al [13) — 1215

=1
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Hence, if we set
Cri= min A= A)l@d3 > 0. Coo= (042~ Mé*3) > 0,

it follows from (1.5) and (1.9) that

k 2
C C Cyr
I\(z) < —72 (Z CL?) + §Gz+1 - 2—1*|ak+1

=1

2 (1.11)

Since V @ Re is finite-dimensional, there exists Cy > 0 such that

k
Callz|” < (Zﬁ) +ai+1'
i=1

So, if ||z|]] — 400, at least one of the terms on the right-hand side above goes to

infinity and therefore (1.7) is a consequence of (1.11). The proposition is proved. [

In the final result of this section, we follow ideas of the celebrated paper of Brezis

and Nirenberg [19] to get a local compactness result.

Proposition 1.1.6. Suppose that (u,) € X satisfies

: 1 _ :
Then (uy,) is bounded and, along a subsequence, (u,) weakly converges to a nonzero

weak solution to (Py).

Proof. From (1.12), we obtain

1 1

1
(5 - 2‘) lunls: = Dy(un) = 513 (un)un < Cr+ Cifun . (1.13)

Using the decomposition X =V & W, one can write u,, = v, + w,, with v,, € V" and
w, € W. Setting

J(u) = 1 K(2',0)|u

2dy', YueX,
2* RN-1

we can use (1.12) and (1.5) to get

1
Co +on(D[Jvnll = In(un) — 51;\(“71)“?1

1 A 1 1
> Slunl® = Sl + 3 G — ol

1 A 1 1
> (1= 2 ) Jwall? + 5 (w)vn — s dunl,
> 3 (1= 2 ) Bl + 3 b — ol
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where 0,(1) stands for a quantity approaching zero as n — +oo. If Aj := (A\gyq —
A)/(2Ag41) > 0, the above expression, (1.13), Holder’s inequality and the trace em-
bedding imply that

=20, dx’

1
Aiflwa]? < Cy 4 0p(1)|Jvnll + Cslunl — §/N K(2',0)un
RN-1

< Gy + Cullun]l + Cslunl 3 vnl 2.
< Cs+ Cyllug|| + Co(Cr + Cif|un])E D72 ||u, |
and therefore
Aq|lwn|? < Cs + Crllun|| + Cs|lun|>~1/2). (1.14)

On the other hand, from (1.5) we obtain

22y v, dr’.

A
on(Ololl = Tt < (1= 5 )l = [ KGO,
k RN-1
and we can argue as above to get
Asl[vall* < Collun |l + Crolfun =/,

where Ay := (A — A\g) /Ax > 0. Since [Ju,||* = ||va]|* + ||wn]|?, the above expression
and (1.14) imply that

unl|* < Ci1 + Crallunll + 013||un‘|2—(1/2*)'

and therefore it follows from 2 — (1/2,) < 2 that (u,) is bounded in X.

Up to a subsequence, we may assume that

U, — u, weakly in X,
u, — u, strongly in L% (RY),
U, — u, strongly in L (RN™1),

for any 2 < s < 2% and for some u € X. Given ¢ € C°(RY), we can use the above

convergences, Young’s inequality and standard computations to show that

0= lim I}(u,)¢ = I3(u)o,

n—-+o0o

and therefore u is a critical point of ).
We prove now that u # 0. Suppose, by contradiction, that this is not the case.
Then, u, — 0 in L3 (RY) and we can use I (u,) — d and I} (u,)u, — 0 to obtain

1 1
sllnl® = Hunl: = d+ oa(1) (1.15)

and



Since we may assume that ||u,||?> — [ > 0, the above expression shows that Ju, |5* — .
Thus, it follows from (1.15) that

11 1
d= (ﬁ_Z)l:ml' (1.16)

Recall that the constant S(K') defined in (1.2) is equal to the best constant S of the
trace embedding D?(RY) < L*(RY~1). So, passing the inequality S|u, 3. < |lu,|?
to the limit we obtain SI1?/?+ < [. If I > 0, we conclude that { > SV~!. Combining
this with (1.16), we obtain d > SN=1/[2(N — 1)], which is a contradiction. Hence,
[ = 0 and therefore u,, — 0 in X, which implies that I)(u,) — d = 0, contrary to the
hypothesis. Thus, u # 0 and we have done. O

1.2 Proof of Theorem A

We devote this section to the proof of Theorem A. For any € > 0, consider the

function
N-2)/2

el
[+ (o + P
They are the so-called instantons which achieves the best constant of the Sobolev
trace embedding D?(RY) < L*(RV™1) (see [41]).
We now fix R > 0, pick ¢ € C‘X’(R—f, [0, 1]) such that ¢ =1 in MQBR(O), 6=0
in @\323(0) and set, for each € > 0,

U2 zn) == («',zn) € RY.

V() = K(2)Y2¢(z)U(x), z€ Rf.

This function 1. was extensively exploited in [48], where it was proved that, if N > 7,
then

[0:]? = Ax + O(e*) + €*n, [0ell3 = O(eN?) + eay
and
113 = By/"* — 2Dy + o(c?), (1.17)

where the constants Ay, By, Dy, ay, yv > 0 depend only on the dimension N.

Moreover, if we set

el = Aflull3

2
luls,

Qx(u) : , Yue X\ {0},
there exists Ey > 0, depending only on /N, such that

Qx(Y.) = S +e*(—Ex +0(1)), (1.18)

whenever A > \}. It is worth mention that, along this section, the notations O and

o refers to e — 0.
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Remark 1. We would like to emphasize that all the constants above can be explicitly

computed in terms of the Beta function

oo Safl
B(a,b) Z:/O mds’, VCL, b > 0,

the dimension N and the volume on_o of the (N — 2)-dimensional sphere. Actually,

2/2.
AN::/ VU.Pdr, By = (/ \U€2*dx’) ,
RY RN-1
ON—2 N+1 N —3 ON—-2 N—-1 N-3
Dy = B = B
N RN —2) ( 2 2 ) TN -4 ( 2 2 )

e % {B <¥¥) i (N1—3)B (Ng_l’Nz_l)}

Ay — Y — (2/2)AnBy* Dy
By '

Before stating our next result, we need to introduce some useful notation. For

and

EN =

any ui, us € X, we denote

(ug, ug) := K(x) (Vuy - Vuy) dz, (ug,u2)g = K(x)uyugdx.  (1.19)

N N
RY RY

Since 1. has compact support, for any 7 > 1 it is well defined

1/7
= ([ EGOra)
RN-1
Moreover, the following holds:
Lemma 1.2.1. We have that
1017 = O™ DTE22) gy = 0D, (1.20)
(0,9) = [[o[l20EN272), (v,90)s = [[u] O 272), (1.21)
for anyv € V and 7 € R such that (N —1)/(N —2) < 1 < 2,.

Proof. For saving notation, we write only K and ¢ to denote K(2’,0) and ¢(z',0),
respectively. Using the definition of 1. and the change of variable ' = (2'/¢), we get

K(2—T)/2¢’T
Tl T(N=2)/2 /
/ K| dx € / [|w/‘2+82]T(N72)/2dx

RN-1 RN-1

1
—7(N—-2)/2 /
= o | [

BQR(O)HRN_I

S Clg(Nfl)ff(N72)/2 / [

RN

1
P+ T
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Using 7 > (N —1)/(N — 2), we obtain

1 , 1
/ [|y/|2 + 1]T(N—2)/2 dy S 02 + / |y/|7—(N—2)
RN-1 {ly'|>1}

dy’

400
< Oy + Cg/ P TIN=2p N=2 0, 400,
1

and therefore the first equality in (1.20) holds. For the second one, notice that

K1/2¢
I A(N=2)/2 /
/ K|¢€|dm = € / [|x’|2 +€2](N72)/2d‘r

RN-1 RN-1

1
(N-2)/2 ’
< Cye / [|$/|2 _|_52](N—2)/2dx

Byr(0)NRN -1

1
(N—2)/2 /
< Cie / e’

Bar(0)NRN -1

Again, the last integral above is finite.
For proving (1.21) we pick v = Zle a;p; € V and notice that, since each p; € X
is a solution to the linear problem (LP) with A = \;, then

(v, )| =

K K
Z Aiai (@i, Ve )2| < Ak Z |ai||(pi; Pe)2]
i=1 =1

k
< N lallliy [ K@l de
=1 +

Since all the norms in V' are equivalent, there exists C5 > 0, independent of v, such

that 3% | Ja;| < Cs|jv||o. Hence, if we set Cg := A max |0ill oo (r2), We obtain
- 1<i<n +

1
(0, 8)] < CoCillullae™272C, / i

Bar(0)NRY |2|(N=2)
< Csllvfle™V 272,

from which the first equality in (1.21) follows. The second one can be proved along

the same lines. 0
The following result is the keystone for proving Theorem A.
Proposition 1.2.2. For any € > 0 small, there holds

1
max [)(u) < SN

ue€VORY: 2(N —1)
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Proof. Given u # 0, a straightforward computation yields

1 > = Aflull3\ ™
I\(tu) = .
max [y(t) 2(N — 1) ( lull.

Therefore, by homogeneity, we see that it is sufficient to prove that
2 2
max ([[ull” = Alullz) <5, (1.22)
where
Ye={u=v+t. :veV teR, |uls =1}

We first check that, for any u = v + t1). € X, there holds ¢t = O(1) as ¢ — 0.
Indeed, setting

Au) = luly; = 1013 =1t
integrating the equality

2 _ |sv|2*) =2, [|sv + t¢€]2*_2(sv + th.) — |sv

d 2,2
o (|SU + t1). (57])} v

and using the Mean Value Theorem we obtain

Alu) = / K(2',0) (lv 4t > — o — [tp]*) da’
RN-1
1
= 2, / / K(2',0) (|sv + te[* 7 (sv + t.) — |sv|*2(sv)) vds da’
RN-1 0
1
= 2,(2.—-1) / / K(z',0)(|sv + t.0|* 2th.v) ds da’,
0

RN-1

with 6(z) € [0, 1]. Since s € [0, 1], we get

[Isv + tpo0]* “*tipev| < Cu((tlof* o] + |t =)

o[y

and therefore it follows from (1.20) with 7 =2, — 1 = N/(IN — 2) that

[A(u)| < Cilt] / K (2, 0)v[> b da’ + Cy[t]> / K (', 0)[o]|. > da’

RN-1 RN-1

< Giftllv 2;'O_(%RN*)0(5(]\[_2)/2) + Gyt 0] oo rrv—1y O (N 72/2).

Since V' is finite-dimensional and the eigenfunctions ¢; of (LP) are regular up to
the boundary (see Lemma 1.1.4), there exists Cy > 0, independent of v, such that

]| Loe @rv-1) < Colv]a,. So, we infer from the above expression that

[A()] < [Ho13; 7 OEW272) + [t ol 0 W 272). (1.23)
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From Young’s inequality with exponents s = 2,/(2, — 1) and s’ = 2,, we get
1
IUIQ*—IWO( (N-2) /2) S ZIUI2i + 03|t|2*0(€(N_2)/2)2*

1
= —Jvuly + Cst

7 Q*O(e’:‘N*l)

and
2*O<€(N71)(N72)/N).

1
o, |t O™ 27%) < Jpol3: + Calt
Replacing the above expressions in (1.23) and using (N — 1)(N —2)/N < (N — 1),

we obtain
2.4 O(g(Nfl)(N72)/N).

1
[Aw)] < Slol5; + ¢
Hence, using (1.17) we get

1 = July = A(w) +1vl3 + 1t 5
2*0(€(N71)(N72)/N)+|U|§:+’t

1 2
> —Jul¥ -t
= 2| 15 — |

= (By*+0)

and therefore t = O(1) as e — 07.
For any given u = v + t1). € X, it follows from (1.5), (1.21) and ¢ = O(1) that

2 2.
1Yel s

1 *
= §|U|2*

ul? = AJull3 < (A = N[5 + [[v]20(eN=272) 4 |ltpe||* — Al[tee]|3
< ;O(SN""HQ (t Nty 13 (124
= 4<)\ — )\k) A € el2,

where we have used, in the last inequality, that as®* + bs < —b?/(4a) for a < 0 and
s € R. Since Q) (t1):) = QA(¥:), by (1.18) we obtain that

Qx(ty.) = S+ &> (=Eyx + o(1)). (1.25)

In order to estimate |tw€|§* we notice that, since the function s — |s|?* is convex, we

have that

2*dl',

1 = Klv + ty.

RN-1

> |t]5 + 2. i Kt [* v
1

.
> Nt 5 — 24| 0] pooa—n [t MY 572

and therefore we infer from (1.20) that

112, < (1+1012,0(eN2/2)* = 1 4 0(=V-272),
Thus, it follows from (1.25) that

Qr(t It l3, < S+ [~Ex + 0N 92) 4 0(1)] .
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Using this inequality, N > 7 and (1.24) we obtain
[ul® = Aull; < S +€* [En + O™V "972) + 0" +0(1)] < S,
for any € > 0 sufficiently small. This establishes (1.22) and concludes the proof. [J

We are ready to present the first part of the proof of our main result.

Proof of Theorem A. Consider the decomposition X = V & W, with V and W as
in (1.4). Let € > 0 and notice that the function ¢ = . verifies all the conditions
of Proposition 1.1.5. Hence, we can use Lemma 1.1.2 and Theorem 1.1.1 to obtain
(un) C X such that

I\(u,) — ¢, I (u,) — 0,

with the minimax level ¢ > 0 defined in (1.3). We can pick € > 0 so small in such
way that Proposition 1.2.2 holds. Since V @ Re = V @& Ru),, this last proposition and
(1.3) imply that ¢ < SN=1/(2(N —1)). Tt follows from Proposition 1.1.6 that I has
a nonzero critical point v € X. In order to prove that u changes its sign we consider

1 > 0 a first eigenfunction of (LP) and notice that, since I} (u)¢; = 0, there holds

(A=) K(z)uprde = K(z',0)|u

N N—
RY RN-1

22y da’

+
A < Ay, which is not true. A similar argument discard u < 0 and therefore the proof

If u > 0 in RY, it follows from the above expression and [px K(x)upider > 0 that
+

is complete. O

1.3 A Nehary type approach for \, < A < \;

We present in this section some preliminary results for the proof of Theorem B. From
now on, we suppose that Ay, < A < A;. Hence, we can use [48, Theorem 1.5] to
obtain a positive solution ug € X of the problem (Py). Since Jug]2, # 0, the number
R > 0 appearing in the definition of the function 1. in the Section 2 can be chosen

in such way that
/ K(2',0)u3*dz’ > 0. (1.26)
RNfl\BQR(O)

For any given u € X, we define u™*(z) := max{u(x),0}, v~ := u™ —u and the sets
Nyi={ue X\ {0} : I{(u)u=0}, My={ueX :u"eN,}.

Notice that the Nehari manifold A, contains all the nonzero critical points of I and
M, C N,. The idea is to look for a critical point of I, which belongs to M, and

therefore changes sign.
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If u € NV, we have that

24
Y

A —
|u]|? = A||ul|? +|u|§: < )\—1||u||2 + 9 2*/2”“
and therefore there exists v > 0 such that
lul =7, Vue . (127

Moreover, on N, we have that

1 1 1 1 1 A

in such way that we can define the positive numbers

cy = uler}\f/)\ I(u), dy = ug}\i I(u).

Although M, is not a differentiable manifold, we can adapt an argument of [90]

for proving the following:

Lemma 1.3.1. There exists a sequence (u,) C My such that I\(u,) — dy and
I (u,) = 0, as n — +o0.

Proof. Using Ekeland’s Variational Principle, we obtain a sequence (u,) C M, such
that

1 1
I(uy) SdA+ﬁ’ I\(2) 2[,\(un)—5||z—un||7 for all z € M,. (1.28)

Using (1.27) and recalling that I, is coercive over M, we obtain p > v > 0 such that
v < |luE| < p, for all n € N.

We claim that there exists K = K(A,7, 1) > 0 such that || I} (u,)|| < K/n, for all
n € N. If this is true we obtain I} (u,) — 0 and the result follows from (1.28).

In order to prove the claim, we fix n € N and v € X such that ||[v|| < 1 and notice
that, since (u, — 6v)* — ut as § — 0, then

q%t,n = ('Lbn - 5v)i # 07

for any 0 small. For simplicity, we drop the subscript n in what follows. The above

expression and a direct computation shows that,
zs =ty —t5 o5 € M,
where t}k are given by

po_ (10— 80) |2 = N (u— du) |\ Y
T I(u—dv)*|3 )
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Setting g () := t3, we obtain from the above expression that g4 (0) = 1 and

—2(u®, v) 4+ 2X(uF, v)2 + 2, [pn K(2/,0)(u®)* o da

2. — 2)¢.(0) = :
(2. - 2)4(0) r

where the inner products (-,-) and (-, ), were defined in (1.19). Since ||u*|| > v, we

have that \
1 = e = A2 07 (1 )
1

and therefore, using ||u®| < p and Holder’s inequality we obtain

2wt [[[[v]l + 2M[wl2flvll2 + 2du* 15 0],

! < < 1.2
for —2./2,,2.—1
O 20+ 2(A/ A+ 2.8 o
T (2 = 2)7* (A = A)/ M
We now notice that
zw—u=(tf 1)o7 — (t; — 1) @5 — dv, (1.30)
and therefore H ”
Zs — U _
e =l (0)ut — g (0)u” — v + 05(1), (1.31)

as 0 — 07. Thus, we can use (1.28) to get

L(u)(zs = u) + 0s(|lzs — ull) = Ix(zs) — Ia(u) > —%szs —ul.

It follows from (1.30) and ¢+ (0) = 1 that

Ko < (20520 g - (ZO5ED) e

Lz —ull | os(llzs — ull)

PR T R
Passing to the limit, recalling that I} (u)¢iy = I}(u)(u* +o05(1)) = 05(1), using (1.31),
(1.29) and ||Ju*|| < p we conclude that

1 1
Lo < g (0)u* = o (O)u™ — o]l £ = (2Cuu+1), YoeX, o] <1
and therefore || I} (u,)|| < K/n, for K = 2Cyp + 1. The lemma is proved. O
As in the first case, the energy functional satisfies a local compactness condition.

Proposition 1.3.2. Suppose that (u,) C M, satisfies

. 1 - M
nglgloo I(uy,) = d < cy + msN . nlgrolo I (u,) = 0.

Then (u,) has a convergent subsequence.
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Proof. Since I restricted to N, is coercive the sequence (u,) is bounded in X. So,

* weakly in

up to a subsequence, we may assume that u, — u weakly X, uF — u
X and uf — u* strongly in L% (RY), for some v € X. Arguing as in the proof of
Proposition 1.1.6 we obtain I{(u) = 0. Moreover, since (u,,) C M, we have that
0n(1) = I{ (v )ul — I (u)ut and therefore the above convergences imply that

il =P =10 lim el -t =1 (1.32)

for some [ > 0.

We shall prove that [ = 0 and therefore u,” — u* in X. Suppose, by contradiction,
that [ > 0. Passing the inequality [Ju,} — ut||* < S™u} — w3, to the limit we
get [ > S¥=1 On the other hand, the convergences of () just mentioned and
Brezis-Lieb’s lemma [18] implies that

L(uh) = Lo(u! —ut) + Luu®) + 0,(1). (1.33)

n n

However, by (1.32) and the strong convergence we get

1 1 1
Bt =) = llut =P = 5ot =1+ on(1) = el + (1),
and therefore (1.33) implies that
L) = ——— 1+ L(u*) + on(1)
"2(N —-1) e

Recalling that u;, € Ny, we conclude that ¢y < I)(u,,). Also, since I} (u)ut = 0, we
have that Iy(u™) > 0. So, we can use the above inequality and [ > SV~ to get

d+ 0,(1) = I\(u,) = I\(u,,) + I,\(u:{) >y + SN 4 on(1).

2(N — 1)

Passing to the limit we obtain a contradiction. Hence [ = 0 and u, — u™ strongly
in X. The same argument shows that u,, — u~ strongly in X and the proposition is

proved. O

1.4 Proof of Theorem B

Since we already have a Palais-Smale sequence at level dy, we need only to show that
dy belongs to the compactness range of the functional I,. We shall use the following

intersection property.

Lemma 1.4.1. There exists o, . € R such that (a,ug + Babe) € M.
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Proof. Define
luls:
J(u) = d ,
lll* = Allul3
and J(0) = 0. From XA < )\; and the continuous embedding X « L3 (RN~!) we
obtain 0 < J(u) < C||ul|**72, and therefore J is continuous.

We now set

Vue X\ {0},

o(r,s, t) :=rt[(1—s)ug— s, Vr>0,s,tel0,1].

and
L(r):= inf J(o(r,s,1)), Vr>D0.

s€[0,1]
If I'(1) = 0, then there exists sy € [0, 1] such that J(o(1,s0,1)) = 0, that is, | (1 —
s0)uo — soe |57 = 0. Since ¢, is positive in Bz(0) NRY~! and (1.26) holds, we have
that so € (0,1). Thus, recalling that 1. = 0 outside Byr(0) N RY! we obtain

0=1(1—so)up — so¥:13" > (1 — s0)* / K (2, 0)ulda’,
RN=1\By£(0)

which contradicts (1.26). Hence, I'(1) > 0 and we infer from J (o (r,s,1)) = r*>*~2J(o(1,s,1)) >
r?+721(1) that

TEEFHOOF(T) = +o00.

Let ro > 0 be such that
J(o(ro,s,1)) > T'(rg) >2, Vsel0,1], (1.34)
and define the functions f, g : [0,1] x [0,1] — R as
f(s,t) :=J(o (rg,s,t)) — J(o"(ro, 5, 1))
and
g(s,t) == J(o " (ro,s,t)) + J(o (ro,s,t)) — 2.
Since o (rg,0,t) = rotug > 0 and o(ro, 1,t) = —rotp. < 0, it follows that
f(0,t) = —=J(o (1o, 1,8)) <0,  f(1,t) = J(0"(ro,0,t)) >0,
for any ¢ € [0, 1]. Moreover, for any s € [0, 1],
g(s,0) = -2 <0, g(s,1) = J(o(rg,8,1)) + J(o (ro,8,1)) —2 >0,

where we have used J(u™) + J(u™) > J(u) and (1.34) in the last inequality.
Using the above inequalities and Miranda’s Theorem [70] we obtain so, tg € [0, 1]
such that f(so,t0) = 0 = g(so, o) and so
J(O’+<T0, S0, to)) =1= J(O'_(To, S0, to))

Consequently, 5 (0% (ro, s, to))o*(ro, s0,%0) = 0. Since J(0) = 0, we also have that
o5 (rg, 50, t0) # 0, and therefore the lemma holds for a, = roto(1 — s¢) and 3, =

TotoSo. ]
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The two next results are of technical nature and it will be useful to estimate d.

Lemma 1.4.2. If 7y, 75 > 1, then there exists Ay = Ay (uo, R, 71,72) > 0 such that

(l

lawo + By 15; —lauol3; —18Y:15; | < BN + Bl 5,
for any o, 8 € R.

Proof. For simplicity, we write only K to denote K (z2’,0). If we call U(«, 5) the term

into modulus in the inequality above, we have that

1
d
\If(a,ﬁ) = /RNl K (/0 % HSO,/U() +6¢5 2o

Y /Rm K (/01 (1) — g(0)] o ds) i’

for g(t) := |saug+t8v|* 2 (saug+t51.). From the Mean Value Theorem we obtain
O(x,s) € (0,1) such that

2*} ds> dz’

1
U(a, 5) = 24(2, — 1) /]RNl K (/0 [|sau0 + 95%]2*’2@%5%] ds) dz’

Since s, 6 € [0, 1], we obtain

|U(a, B)] < Cl/ K|aue* 1By, | da’ + C’l/ K|aug||By. >t da'.  (1.35)
RN-1 RN-1

We now notice that the positive solution uy € X of problem (Py) given in [48,
Theorem 1.5] belongs to C’2(Rf ). Although regularity up to the boundary is a more
complicated issue, we can adapt the proof of Brezis-Kato’s theorem [17] presented by
Struwe [88, Lemma B.3| (see also [1, Lemma 4.1] for the normal derivative version)
to conclude that ug € L] (R¥™1), for any 7 > 1. So, if we set Q := {2/ € RV~ :
|z'| < 2R} and recall that 1. vanishes outside Bag(0), we can use Holder’s inequality
to get

K lavug

> By | da’ < |af* 1|6||uo|2’;;1 e Wl
RN-— (D)

and

Klaugl| By * ™ da’ < |al|B

RN-1

2,—1 5 2,—1
ol WGy

where uol 17 (o) = (fQ K(x', 0)|u0|rd:€’) 1/T, for r > 1. So, it is sufficient to define

— 24—1
Al T Cl (IU’OIL@*”T{(Q +Iu0| T2(Q)>

K

and use the two above inequalities together with (1.35). O
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Lemma 1.4.3. If 1y, 75 > 1, then there exists A; = A;(uo, R, 71,72, N) >0, i =23,
such that

= (10e = Al = Al )

2
luol:

W =

|au0+ﬁ¢s|2 >
for any o, € R.

Proof. According to last result, we have that

113+ f(lal) + g(lal), (1.36)

laug + Bl > —\a *luglsr + |8

for f, g : [0,400) — R given by

f(s) == —|u 15787 — Al Bbel 5™,

and
g(s) == —|uo|2* 2= AP,

The function f attains its minimum at the point

3(2, — 1)
Sp ‘= qubEITa
2, | olzl 1

and therefore
f(lal) = f(so) = —A2|B
with Ay := As(ug, R, 71,72, N) > 0. Analogously, there exists A3 > 0 such that

Q*IQ/]&‘ 7'17 VQER,

(|O~/|) > A3|5|2 |¢8|(2* 1) VaeR.

The lemma follows from the two above inequalities and (1.36). [
We are ready to prove our second main theorem.

Proof of Theorem B. Let Ay < A < A;. Invoking Lemma 1.3.1 we obtain (u,) C M,
such that I(u,) — d\ and I(u,) — 0, as n — 4+00. We claim that

1 N-1
dy < cy+ ms . (137)

If this is true, it follows from Proposition 1.3.2 that, along a subsequence, u, — u
strongly in X. Since M, is closed, we have that u € M,, from which we conclude
that u* # 0. Moreover, recalling that M, C N, we conclude that I}(u) = 0 and
therefore u € X is a sign-changing solution for (P).

For proving (1.37) we first notice that, according to Lemma 1.4.1, there exists
O, By € R such that (a,ug + Bitbe) € M. So, it is sufficient to show that, for some
e >0,

1
sup In(aug + Bi.) < ey + —— N1,
O{’BSR oo + Bie) A 2(N — 1)
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Arguing as in the proof of Lemma 1.4.1, we can check that W := span{ug, .} is a
2-dimensional subspace. Moreover, using (1.26) and the compact support of 1., we
conclude that Jaug + B1:]2, = 0 if, and only if, (a, ) = (0,0). So, the function
(o, B) = laug + S1e ]9, defines a norm in W. From the equivalence between norms
in finite-dimensional subspaces, we get

lim L(aug + P1y.) = —o0,
LG

and therefore we can restrict our attention to points («, 3) € R? such that

loug + Bl < Oy,

for some C > 0 large enough.

Using Lemma 1.4.3, we get

Cr > S 18P (1013 = Al — Aduell ) (1.38)

If we pick (N —1)/(N—2)<1<m <2(N—-1)/(N+2), it follows from (1.20) that

V1., = O(*™), m::ﬂN_lyﬂﬂN+a)>Q (1.39)

27’1

as € — 07. Moreover, for

N-1_ o _2N-1) _2N-1)
S TN N

<2,

we can apply (1.20) with 7 = (2, — 1)7 to get

2(N—1)—7m(N +4
101G, = 0E™), vyi= ( >2ﬁ(+)>& (1.40)

From the above inequalities we conclude that [¢.]% = o(1) and |w5|?§*71)72 = o(1),
and therefore it follows from (1.38) and (1.17) that

< 2*/2+0(1))

Since By > 0, we conclude that @ = O(1) and § = O(1). It is worth mentioning

c, >

|U0|

that the above choices for 7, and 75 are possible because N > 7.
Notice that, since I4(uo)y. = 0, then

K(x) (Vug - Vb ) dz — )\/ K(z)ugtpedx = K(2',0)ud"epoda’.
RY RY RN-1
Thus,

2

oo + B) < In(oo) + - (el = A ]3) -

15"+ ®(s,a,8) (1.41)
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with

D, 8) i= O (10hn +165 7)) 0B | K@ 0)ud . dr

RN-1

with the number A; > 0 given by Lemma 1.4.2 and we have used that a and [
remain bounded as ¢ — 07. Arguing as in the proof of Lemma 1.4.2 and recalling
that « = O(1) and = O(1) as e — 07, we get

afs K2, 0)ud b do’ < Colug) >, QJ¢471=<9&?+”L

RN-1 L(;*71>T{(
and therefore we can use (1.39), (1.40) and v, v, > 0 to conclude that
®(e,a, B) = O(*T) + O(e*™2) = o(£?). (1.42)
Since A > \q, a straightforward computation shows that the function

181>
2.

24

2
£8) 2= (el = Alwel) — Dy, voeR,

is such that

f(B) < Ox(w)" 7,

1 |:||¢6||2_)\||w8||% 1
=N 1)

N—-1
T } TN -1)

for any 5 € R. Moreover, using (1.18) and the Mean Value Theorem, we obtain
0 € (0,1) such that

N-1

Qr( )V < [S+EX(—Ex +0(1))]

SN 4 (N —1)e? [—En + 0(1)] [S + 0*(—Ex + o(1))] "

and therefore )

2(N —1)
as e — 0T. Since I(aug) < I\(ug) = ¢y, for any a € R, and Ex > 0, we can replace
the above inequality and (1.42) in (1.41) to get

7(8) < sv e |- o).

2

EnS
T ) < - gN-1 2| NP 1
CSIBJ.ER aoug + f.) < CA+2(N—1) +e 5 +o(1)
1
< —SN—l
atoNZ1”
for any ¢ > 0 small. This finishes the proof of the second case of Theorem B. m
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CHAPTER 2

Multiplicity of solutions for a concave-convex type problem

Let Rf = {(x’,:cN) sl e RN gy > O} be the upper half-space and consider the
following heat equation with nonlinear boundary condition

ov
In
where 2 < p <2, :=2(N—1)/(N—2) and du/In denotes the partial outward normal

derivative. Solutions of type

vy —Av =0, in RY x (0, +00), = [v[P"2v, on ORY x (0, +0o0),

v(z,t) =t u(t™ %),

with A = 1/(2(p—2)) > 0, are called self-similar solutions. Besides preserve the PDE
scaling, they carry simultaneously information about small and large scale behaviors,
providing also qualitative properties like global existence, blow-up and asymptotic
behavior (see e.g. [57,58,69]).

An easy computation shows that the profile u above needs to satisfy

1
—Au—i(x~Vu):)\u, in RY, g_:;

= [u’"%u, on IRY.
Such problem was recently considered in [47, 48], where existence results were pre-
sented according to the range of A. Actually, these papers were strongly motivated
by the vast literature concerning the version of the problem for the whole space RY
with different types of nonlinearities. We could quote [9,20,24,51,52,72,76] and their
references for results about existence, nonexistence, multiplicity, decay rate, among
other properties of solutions.

Here, we are going to study the effect of replacing the linear term Au in the above

equation by a sublinear indefinite function. Our main motivation comes from the
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problem
—Au = Xa(z)|u|*%u + b(x)|u|""*u, in Q, u =20, on 05,

where 2 C RY is a bounded smooth domain, 1 < ¢ < 2 < r < 2N/(N — 2) and
the potentials a, b satisfy natural regularity conditions. In the celebrated paper [4],
Ambrosetti, Brezis and Cerami considered the constant case a = 1, b = 1 and
obtained A > 0 such that the problem admits at least two positive solutions whenever
A € (0,A), at least one if A = A and no solution if A > A. Variable and indefinite

potentials were considered in [35] (see also [37]). In [55], the authors obtained for

0
—Au+u = |u|""?u, in Q, o Au|9%u, on 09,
on
results which are analogous to that of [4]. Some of their results were extended in [94]
for the indefinite potential case (see also [82]). All the aforementioned works belong
to a huge class of problems which are now called of concave-convex type.

In this chapter, we deal with the concave-convex boundary value problem

1
—Au — 5 (z-Vu) = Xa(z)lu"?u, = €RY,
(P2) @ o b(x’)]u\p_% .I', c ]RN—l
on ’ 7

where N > 3, A > 0 is a parameter, 1 < ¢ < 2 < p < 2, and we have identified
0Rf ~ RN~! For describing the assumptions on the potentials we need first to
present the functional space to deal with (P,). This is done in what follows.

As we shall see, the function K (z) = exp(|z|*/4) is closely related with the appro-
priated space to look for solutions of our problem. In order to present the assumptions

on the coefficients, we denote for any 2 < r < 2* the weighted Lebesgue space

1/r
Liy(RY)=due L'(RY) : ||ul, = </RN K(m)]uﬁlm) <00 . (2.1)

If we denote by r’ = r/(r — 1) the conjugated exponent of r > 1, we can present the
basic hypothesis on a, b in the following way:

(a0) a € LSI(RY) N LI/*(RY) for some

loc
/ /
2
q q

(b) be L®(RN-Y).
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Since they can change it sign, we may define the sets
QFf ={z eRY: a(z) >0}, Q ={"eR"": p(a) > 0}.

In our first results we obtain existence of two nonnegative solutions when roughly
speaking the closure of the set Q intersects ;" and the parameter A > 0 approaches
zero. More specifically, denoting by B;(0) the open ball centered at origin with radii
0 > 0, we prove the following:

Theorem C. Suppose that a,b satisfy (ag) and (by). If 1 < ¢ < 2 < p < 2, then
there exists N\, > 0 such that, for any A € (0,\.), problem (P,) has at least two
nonnegative nonzero solutions provided

(ab) there exists 0 > 0 such that

(Bs(0)NRY) c QF,  (B5(0)NoRY) c Q.

In our second result, we consider the critical case by adding a flatness condition
on the potential b:

Theorem D. Suppose that N > 7, p = 2, and the other conditions of Theorem C
are verified. Then there exists A\, > 0 such that, for any X\ € (0, ), problem (P,)

has at least two nonnegative nonzero solutions provided

(by) there exist M >0 and o > N — 1 such that

16l oo — b(2') < M|2'|°, for a.e. 2’ € Bs(0) N ORY.

The first solution will be obtained with a standard minimization argument while
the second one requires finer arguments. This is specially true when p = 2, since the
trace embedding we are going to use fails to be compact. Two points are important
to overcome this difficulty: a trick regularization study of the first solution on the
boundary and the application of an idea of Brezis and Nirenberg [19], together with
fine estimates of a modification of the instanton functions founded by Escobar [41]
and Beckner [13].

In the second part of the chapter, we take advantage of the symmetry to get more
and more solutions (with no prescribed sign). Unfortunately, in this case we do not
assume that both the potentials are indefinite.

We prove the following:

Theorem E. Suppose that 1 < ¢ < 2, a > 0 and b # 0 satisfiy (ag) and (by),
respectively. Then problem (Py) has infinitely many solutions in each of the following

CasSes:
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1. 2<p<2,and A\ >0;
2.p=2,,b<0and X > 0;
3. p=2, and X\ > 0 1s small.

Theorem F. Suppose that 1 < ¢ <2 < p < 24, a Z 0 and b > 0 satisfy (ag) and
(bo), respectively. Then, for any A > 0, problem (Py) has infinitely many solutions.

The above theorems will be proved as application of suitable versions of the Sym-
metric Mountain Pass Theorem [3]. They were proved by Tonkes in the paper [92]
which strongly motivated the second part of our work (see also [11,12] for some ear-
lier results). In the critical case, when b < 0, the boundary term is related with a
semi-norm and therefore we can argue as in the subcritical case. When p = 2, and b
is indefinite in sign, we borrow an argument from [10]. It can be proved that, when
b < 0, the energy of the solutions given by Theorem E are negative and goes to zero.
On the other hand, in Theorem F, this energy goes to infinity, the same occurring
with the norm of the solutions.

The chapter is organized as follows: in Section 2.1 we present the variational
framework to deal with our problem and obtained the first solution; in Section 2.2
we finish the proof of the first two theorems; Section 2.3 is devoted to the proof of
Theorems E and F.

2.1 Variational setting

Throughout the chapter we assume that 1 < ¢ < 2 < p < 2, and conditions (ag), (by)
hold. Following Escobedo and Kavian [44], we first set

K(z) == exp(|z|*/4), zeRY,
and notice that the first equation in (P) is equivalent to
—div(K (2)Vu) = AK (2)a(z)|u|"?u, x € RY.

Hence, it is natural looking for solutions in the space X defined as the closure of

cx (@) with respect to the norm

1/2
|ul| := (/RN K(a:)|Vu|2dx> .

Recall the definition of L} (RY) in (2.1) and define, for each 2 < s < 2,, the space

1/s
LRV .= {u € L*RY ™) 1 Juls = ( K(2, 0)|u|8dx’) < oo} :
RN-1
We collect in the next proposition the abstract results proved in [47,48].
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Proposition 2.1.1. Foranyr € [2,2%) and s € [2,2,), the embeddings X — L (RY)
and X — L3 (RN~Y) are compact. In the critical cases r = 2* and s = 2,, we have

only continuous embeddings.

Given 2 < r < 2" and 2 < s < 2,, we can use the above result to define the

following embedding constants:

fN z)|Vul?dx
Sy = inf - e

u 2/
€x/{0} (fRN |u’7‘dx>
fRN z)|Vu|*dx

inf T
ueX/{O} (fR ’,O)|u]3dx’)

By condition (ag), we have that 2 < go; < 2%, and therefore we can use Hélder’s

1/ay
< ||a||aq (/RN K(x)|u|qar’1dx) < 400, (2.2)
+

for any u € X. Hence, condition (by) and standard arguments show that the func-

inequality to get

K(z)a(z)(u™)%dx

N
R-O—

tional

B =gl =2 [ K@) - [ K@y e
2 q JrY D Jry-1
belongs to C*(X,R). Here and in what follows we will denote u™ := max{u, 0} and
u” = ut —w. If I{(u) = 0, then we can compute 0 = I}(u)u~ to conclude that
|lu~]| = 0, and therefore the critical points of I, are nonnegative solutions of problem
(P2).
The first step in the proof of Theorem C is the study of I, near origin.

Lemma 2.1.2. There exist p = p(q, p,1bleo) > 0, @ = a(p) > 0 and M\, = \(q,p) >0
such that Ix(u) > a >0, for any u € X verifying ||ul| = p, and X € (0, \,).

Proof. By using (2.2) and Proposition 2.1.1, we get

A

1
Fllull® = Glelloalltllzny = J101cluly

Ix(u)

v

Ll [}y pe-a 2 g2 :
il L i L T el S Y2 lalls,

The function g : (0,00) — R given by g(t) := t*~9— C1#*~%, with C := 28;5/2|b|00/p,

achieves its maximum value at

_ {%]1/(102)'
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Thus, for any u € X satisfying ||u|| = p, there holds

P 2 —q/2 p? g(p)
I > —)\=581 o | > =L = ,
0 2 5 (960 = A28, all, ) = 5 28 —a >0
whenever P
ngU/
A< A= =g(p),
4\all,,
and the result follows. O

We obtain in the next proposition our first solution.

Proposition 2.1.3. Let \,, p > 0 be as in the above lemma. For any A € (0, \,), we
have that

—00 <= inf I (u) <0
u€B,(0)

and the infimum is attained at uy € B,(0) such that uy € L, (RY) N LY,

loc loc

(RY1) for
any v > 1.

Proof. The inequality ¢y > —oo is obvious, since I, maps bounded sets in bounded

sets. Let 0 > 0 given by (ab) and consider ¢ € C§°(Bs(0)) such that [ K(z)a(z)pldz >
+

0. Then,

In(tp)  t*79 A
W) < el =2 [ Kwata)erar,
t 2 q Jry
and therefore L(to) \
lim sup At ZAP G K(z)a(x)pldr <0,
t—0+ 14 q Jry

which proves that I(ty) < 0, for any ¢t > 0 small. This implies that c¢q < 0.

Let (u,) C B,(0) be a minimizing sequence for ¢y. We may assume that, for some
uy € X,
U, — ug weakly in X,

u, — ug strongly in L (RY), (2.3)
ut(x) = ud (z), |un(z)] < ho(z) for ae. z € RY,
for any 2 <r < 2* and h, € L (RY). Moreover, since I, > a > 0 on 8B,(0), we can

use 2 < go;, < 2, and the Ekeland Variational Principle to also assume that

. _ : / _
ngrfoo I(up,) = co, ngrfoo I (u,) = 0.

We claim that I} (up) = 0. Indeed, pick ¢ € C° (@) and call € its support. Since
o, > (p/q) = p/(p — q), its possible to choose py € (2,p) close to p and such that

Po > Po
Po—q pot+tl—gq

Oq >

20



Thus, there exists t > 1 satisfying
S SR B
oq po/lg—1) ¢ '

Using Young’s inequality we get
K (z)a(z)(uy) " (x)| < Cr (Ja(@)|7 + |hyy [ + [6(2)]")

for a.e. x € Q. It follows from the pointwise convergence in (2.3) and the Lebesgue’s
Theorem that

lim K(z)a(x)(u)) ¢ dx = K(x)a(z)(ud) ¢ dz.

n—-+oo Rﬁ Rﬁ
A simpler argument shows that

lim K(2")b(z')(u) )P o da’ = K(2)o(x") (ud )P ¢ da’.

n—+00 JpN-1 RN-1

So, the claim follows from the weak convergence of (u,,) and the density of C§° (@)
in X.

From Young’s inequality, we obtain

K (2)a(z)(ub)1] < |K ()] (Ial"q . |u;|/qaq

Oyq g

) <&@ (o + 1)

q

for a.e. x € RY. Since 2 < qo, < p < 2%, we can use Holder’s inequality to conclude

that this last function is integrable and we infer from Lebesgue’s Theorem again that

lim K(z)a(z)(u!)?dr = K(z)a(z)(ug)? dz.

n—-+o00 Rﬁ Rﬁ

Thus,

~ limjnf [(% - 1-1)) 2 = A (é - %) B K(@a(x)(u;)qu]

> [(g—;) fual? = (5 -2 Mmma(m)(umqm]

= [)\(Uo) — %[&(Uo)ﬂo = ]/\(UJO).

Hence I(ug) = ¢o < 0 and it follows from Lemma 2.1.2 that uy € B,(0).
In order to obtain regularity for the solution, we set w := exp(|z|?/8)uy €
WI’Q(RJJ\Z ) and notice that w weakly solves

loc
—Aw = f(z,w), inRY,

ow
on

= g(2/,w), on IRY,
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where
F.t) = alw) exp((2 — Qla? /B[t 2 — [(jaf + 4N)/16] ¢
and
g(a',t) == b(a") exp((2 — p)|'[* /8)[t]P ¢,

for z € RY, 2’ € RV~ and t € R. It is easy to check that
[fa, )] <Ti(@) @+ [t]), 19’ )] < To(a)(1 + Jt])
for the functions
T1(2) = |a(z)| exp((2 — q)|z[*/8) + [(|2* + 4N)/16] ,  Ta(a’) := b(a).

Using (ao) and (by) we conclude that Ty € Li/*(RY) and Ty € LY} (RN=1). Hence,
we can use a version of Brezis-Kato’s Theorem [17] (see also [1, Appendix 4]) to

conclude that uy € LY (RY) N Ly (RY~1) for any v > 1. The proposition is proved.
[l

2.2 Proofs of Theorems C and D

Recall that, if F' is a Banach space, ® € C'(E,R) and ¢ € R, the functional ® satifies
the (PS). condition if any sequence (u,) C E such that

lim ®(u,) =c, lim @' (u,) =0,

n—-+00 n—-+o0o

has a convergent subsequence. From now on, any such sequence will be called (PS),-

sequence.

Lemma 2.2.1. If2 < p < 2,, then the functional I satisfies the (PS). condition for
any c € R.

Proof. Let (u,) C X be a (PS).sequence. Computing I (u,) — (1/p) I} (uy)un, using
(ap) and Hoélders’s inequality, we can check that (u,) is bounded. Then, up to a
subsequence, we have that u, — u weakly in X and u,, — u strongly in L} (RY) and
L3 (RN=1), for any r € [2,2*) and s € [2,2,), respectively. Setting ¢ := go;, € [2,p)
and applying Holder’s inequality with exponents o4, go/(¢ — 1) and go, we get

K(z)a(z)(u, ) (u, —u)dr

n < lallo, l[unllE ™ 1n — ullgy — 0,
RY

as n — 4o00. Analogously,

K(2',0)b(2") (u )P~ (u, — u) da’

n
RN-1

—1
S Ibloolunlg Iun _ulp — 0.
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From the two above expressions and the weak convergence we obtain
o(1) = I§ (un) (un — 1) = |Ju||* = [Jull* + o(1),
as n — +o00. The result is now a consequence of the weak convergence. O]

When dealing with the critical case, we need the following local compactness

result:

Lemma 2.2.2. [f p = 2* and the function uy given by Proposition 2.1.3 is the only
nonzero critical point of I, then I satisfies the Palais-Smale condition at any level

1 1 N-1

c<C:= [)\(UO)+ Q(N—l)lbljoVO*ZSé R

Proof. Let (u,) C X be a (PS).sequence. As in Lemma 2.2.1, we may assume that
u, — u weakly in X and w,, — u strongly in ngq (Rf ). Hence, we infer from the

Lebesgue Theorem that, as n — +o0,
K(x)a(z)(ul)?dx = K(x)a(z)(ut)?dz + o(1).
REY RY
If 2z, := (u, — u), we can use I} (u,)u, = o(1) and Brezis-Lieb’s lemma [18] to obtain

o(1) = |lua|* - /K wi)dr — K(z',0)b(z")(u, ) da’

RN-1 "
= I(u)u+||za]* = K(2,0)b(2')(2))*dz’ + o(1).
RN-1

As in the proof of Proposition 2.1.3, we have that I5(u) = 0. So, passing the above

expression to the limit, we obtain v > 0 such that
hm |za|> =7 = lim K(z',0)b(z")(z,})*da’.
n—+00 [pN-1
We need to prove that v = 0. In order to do this, we first take the limit in the
inequality
/2

K(2',0)b(z")(z7) % dx’ <] oS, */Z(/ K(z)|V2z,| dm) :

RN-1
to obtain v <|b] &S 2 /2 7?2, Suppose, by contradiction, that v > 0. Then

72 il (2.4)

On the other hand, using Brezis-Lieb again, we obtain
1

e+ ol1) = Inun) = Inw) + 5l = 5- [ K@ 0) () da’ +of0).
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Passing to the limit and using (2.4), we conclude that

1 1 1
—~ > ] Nl
v =1 = Mt sy e

Cc = ]A(u) +

Recalling that w is a critical point of I, we conclude from the hypotheses that u = 0
or u = ug. Since max{I,(0), Ix(ug)} < 0, the above expression contradicts ¢ < . So,

v = 0 and we have done. 0

Let 6 > 0 be as in assumption (ab) and take ¢ € CW(@, [0,1]) such that ¢ =1
in RY N B;/2(0) and ¢ = 0 in RY\Bs(0). Set, for each ¢ > 0,

us(z) == K () V?p(2)Us(z), x € ]Rf,

where
S(N-2)/2

o+ (o + P27

U.(2',xy) =
If N > 7, it is proved in [48] that,
Jucl> = Ax + O(e?),  Jucl® = By + 0(?), (2.5)

as € — 0%. Moreover, the constants Ay, By are such that Ay/By = Ss, 9 and the
following holds:

Lemma 2.2.3. If Y. := u./Jucl2, and (N —1)/(N —2) <1 < 2,, then
[ PNY =SS+ O(E?), 1L = O(e WD TTINER), (2.6)
as e — 0t

Proof. Using the Mean Value theorem for ¢g(r) = r° and a simple computation, we
can check that
[A+0(h)]” = A° + O(eh),

for any A, s, t > 0. Hence, we infer from (2.5) and the defintion of 2, that

4o |2V = [Ay + O]V AN o) [Ay N—1 o
vell [ p2./2 N—2 — 2. (N-2)/2 o~ \Be + O(e7).
(B3 +0(e)] By L 0(e2) x

Since Ay/Bn = S, we conclude that the first statement in (2.6) holds.

For the second one, we first notice that

R s
RN-1 [|.Z'//€|2 + 1]T(N72)/2

lul7
1

< GV / N

Byoyory ([27/€]? + 1)7N=2)/2

1
< C (Nl)-r(NZ)/2/
- o ([P 4+ 172

dy',

o4



where we have used the definition of u., 0 < ¢ < 1 and the change of variable
y =1a'/e. But

1 1
dy < Cy+ / e Y
/]RN v (ly')? + 1)rN=e orY\B (0) [Y/ TN

+o00
= (y+ 03/ S_T(N_2)+(N_2)d8 < 400,
1

whenever 7 > (N — 1)/(N — 2). Since |u.|} = BT/2 +0(1), as e — 07, the result

follows from the above inequalities. n
We are ready to prove our first main results of the chapter.

Proofs of Theorems C and D. According to Lemma 2.1.2 and Proposition 2.1.3, there
exists A\, > 0 such that, for any A € (0, \,), the problem (FP») has a nonnegative
solution ug € X \ {0} such that I(ug) < 0. The second solution will be obtained as
an application of the Mountain Pass Theorem.

Recall that ¢, := u./luc|2, and notice that
K(2',0)b(z") (ug + tipe)? da’ = / K(2',0)b(z") (ug + ti)e)Pda’

RN-1

> —|—tp/K:c0 NP da,

as t — +o00, where Q := Bs(0)NRN~1. Since a similar argument holds for the integral

inside the domain, we get
tP
I(uo + t.) < O(t*) + O(t7) — > / K(2',0)b(x")yPda’,
Q

as t — 4o00. The function in the last integral above is positive, and therefore we can
use 1 < ¢ < 2 < p to obtain

lim I)\(UO + t¢5) —0Q. (27)

t—+4o00

Hence, there exists ¢, > 0 large such that e := ug + t.1). satisfies |le|| > p given by
Lemma 2.1.2 and I)(e) < 0. So, it is well defined

f I
c: #Iér%% (v(1)),

where I' :== {y € C([0,1],X) : 7(0) = g, (1) = e}. From the Mountain Pass
Theorem [3] (see also [93, Theorem 1.15]), we obtain (u,) C X such that

lim I)(u,) = ¢, lim I§(u,) =0.

n—-+o00 n—-+00

If 2 < p < 2%, we can use Lemma 2.2.1 to conclude that, along a subsequence, (u,)
converges to a critical point u; € X such that Iy(u;) > 0. Hence, u; # ug is the

second solution. And we conclude the proof of Theorem C.
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The final step in the above argument is more delicate in the critical case p = 2,.
Actually, we need to prove that, for € > 0 small, there holds

1 1 N-1
2(N — 1)1 272

I?>8E)X IA(U() + tl/)s) <cC:= ])\(Uo) + (28)

If this is true, we can use Lemma 2.2.2, the Mountain Pass Theorem and a contra-
diction argument to obtain a nonzero solution u; # uy.

In order to prove (2.8), we first notice that, since ug € B,(0) is a local minimum
of I, we can use (2.7) to obtain ¢. > 0 such that

me = I\(up +t9.) = s Ix(uo + tee).

We claim that t. = O(1), as ¢ — 07. Indeed, suppose by contradiction that t., —
+o0, for some sequence &, — 07. Recalling that a, b > 0 in the support of 1., we
can use I} (ug + t-1p: ). = 0 and I} (up). = 0 to get

t2 K(a',0)b(a" )2 da" < t. ¢ | +/ K(a',0)b(z")ug "¢ dz’.
RN-1 RN-1
Thus, from (2.6), Holder’s inequality and 1. ]2, = 1, we obtain
K(a',0)b(a")2 dz’ < £27% [So. 0+ O(1)] + £ >0 ol uol3: ",

RN-1

for all € > 0. In particular, we can take ¢ = ¢, in the above inequality to conclude
that

lim K(2',0)b(2" )2 da’ = 0.

n—+00 [pN-1

On the other hand, using (b;) and |#, |2, = 1 we obtain

o(1) = K(2',0)b(z" )2 dx’ > bl oo — M K(2',0)|2|7¢Z da’.  (2.9)

RN-1 RN-1

: 1/2
Moreover, since |ue, |2, = BN/ + o(1),

/ 1o 12 7.0 en ! |2'|7 /
K2, 0)|2' |7y da < C —————dx
Bs

> 1
RN-1 lucly: Jpynry—1 [J2/[* + 2N

= o [ a
Bs(0)nRY
as n — 400. Since 0 > N — 1, the last integral above is finite and therefore

K(2',0)|2'|7¢2 da’ = O(e) "), asn — +oc. (2.10)

n
RN-1

Thus, it follows from (2.9) that |b] o, = 0, which does not make sense. This proves
that (¢.) is bounded.
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We also claim that (¢.) is far from zero, that is, there exists M > 0 such that
t. > M, for all € > 0. In order to prove the claim let us suppose, by contradiction,
the existence of a sequence (¢,) C (0,400) with g, — 07 and t., — 0*. As we
know, for each € > 0 we can choose t* > 0 in such a way that ||ug + tf.|| > p and
I(ug + tX).) < 0, with p > 0 as in Lemma 2.1.2. Hence, it is well defined, for each
e >0,
¢. = inf max I)(y(t)) > a >0,

v€le t€l0,1]
where I'. := {y € C([0,1], X), 7(0) = up and y(1) = ug + tf1).}. Consequently,
m. > c. > 0,
for any € > 0. On the other hand, since
luo = (tetpe + uo)l| = [luo — tethe — uoll = [e[[[¢c ],
it follows from (2.6) and ., — 0, that

me, = I\(uo +t., Ve, ) = In(ug) <0,

as n — +o0o. This leads to a contradiction and the claim is proved.
Using I} (ug)y. = 0, we obtain

— I(uo) + E el - 21y, - Lr (211)
me = Up 2 5 q l,e 2* 2,65 .
where
[e:= K(z)a(x)[(uo + tepe)? — ud — qtgug_lq/zg] dx
RY
and
[y, = K(2',0)b(z")[(ug + to1.)* — ud® — 2, tud "] da’

RN-1

It follows from the Mean Value Theorem that there exists 6(z) € [0, 1] such that

(uo(2) + ttbe(2))? —uo(2)? = qluo(x) + O(x)tetpe ()" tethe(2)
> qteug(r)T e (2),

for a.e. =z € Rf. Since a > 0 in the support of 1. we conclude that I'y . > 0. For
estimating I's . we notice that, given r, s > 0 and 1 < p < 2, —1, there holds (see [28])

(r+4s)% >r¥ 4 s> 42,07 s + 2,57 — Aurz*_“s“,
for some constant A, > 0. Picking r = uy(z) and s = t.¢.(z), we get

Dy > K (', 0)b(2") [£242 + 22 g2 ™ — Autlug ™2 do.

RN-1
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Since I'; . > 0 and |9 ]2, = 1, we can use the above inequality and (2.11) to obtain

t2 t2*
L L B S S

with ..
[
[ycq = 2— K(a',0)[10]  — b(f)wg*dx/’
* RN-1
Poen = 2! K (2',0)b(x" JugpZ*~
RN 1
and "
s :=CL= K(a!,0)b(2 yuy  otda’.
2* RN-1

As in (2.10), the integral in T'y.; has order e¥~! as ¢ — 07. So, we infer from

the boundedness of (t.) that I'y.; = O(eV~1). Moreover,

t2 ) " L [

and therefore we infer from (2.6) and the above estimate for m,. that

me <+ 0(e”) —Toen+aes. (2.12)
In order to estimate the last two terms, we recall that ug € L (RY)N LY (RN™1)
for any v > 1. So, if we denote Qy := Bs(0) "RY~! we can choose 71 > 1 such that
2(N —1 2(N —1
(V-1 _2N-
(N +4) N

and use Holder’s inequality to get

, 1/71
K(2',0)b(z yugtp> ' da <|b|oo( K(x',())ugldx’) 101G

RN-1 Qo

Since (N —1)/(N —2) < (2, — 1)1y <2, and t. > M > 0, we infer from (2.6) and
the choice of 7, that

Tyoo > O(eW-D/m=0N/2)y, (2.13)
We now set pu:= (N —1)/(N — 2), pick 1 < 75 < 2 and apply Holder’s inequality

again to obtain

, 1/m
K(2, O)b(x')ug*fﬂl/é‘ dz’ <|b] s ( K(2, O)ugf*_“)T2 dx') KA Ly

RN-1 QB

from which we conclude that

Ty, s = O(eW-D/m=(N=1)/2y (2.14)
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r—2(N—1)/N
we can choose the numbers 7, 7, above in such way that

N-1 N N—-1 N-1
V= - — <2, Vo = — > .
T1 2 T2 2

Replacing (2.13) and (2.14) in (2.12) and using the above inequalities, we obtain
me ST+ 0(E) — 0(E) + 0(E") =+ £ [0() — O(1) + 0]

as € — 07. We conclude that (2.8) holds, for any € > 0 small. The theorem D is
proved. O

2.3 Proofs of Theorems E and F

We start this section presenting some definitions and abstract results which will be
used to obtain infinitely many solutions for (P). Let £ = V @ W be an infinite
dimensional Hilbert space, with V = span{¢},py,...}, W = span{p]", ¢}, ...}

and the basis being orthonormal. For each n € N, define the subspaces

V= Span{@Ya 30;/7 s (107‘{}7 Vn = span{go){, 907‘{4-1’ o }

Using the set {%W}ieN we define W™ and W, in a similar way.
Given ® € C'(E,R) and ¢ € R, we say that ® satisfies the (PS)*-condition (with
respect to V" @ W") if any sequence (u,,) C V™ @ W™ such that

lim ®(u,) =c, lim @

n——+o0o n—-+o00 lvrewn

(un) =0,

has a subsequence converging to a critical point of ®. Any such sequence will be
called (PS)Z%-sequence.

We are going to obtain infinitely many solutions for (P,) as applications of the
following abstract theorems due to Tonkes [92] (see also [3,12]):

Theorem 2.3.1. Let ® € C'(E,R) be an even functional. Suppose that, for every
n > ng, there exist R, > r, > 0 such that

(A)) inf{®(u) : ue V, ®W, |lullp = R,} > 0;

(Ag) by :=nf{®(u) : ueV, & W, ||lullp < R,} =0, as n — 4o0;
(A3) d = sup {®(u) = u € V", [lullp = ra} < 0;

(Ag) @ satisfies (PS)%-condition for all ¢ € [by,,0).
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Then ® has a sequence of critical values ¢, € [by,d,| such that ¢, — 0, as n — +oo.

Theorem 2.3.2. Let ® € C'(E,R) be a even functional. Suppose that, for every
n € N, there exist R, > r,, > 0 such that

(A3) by == inf{®(u) : ue V, ®W, |[ul| =r,} — 00, as n — oo;
(43) ap = max{®(u) : w e V", |ju|| = R,} <0;
(;1v4) O satisfies (PS).-condition for all ¢ > 0.

Then ® has a sequence of critical values ¢, € (0,400) such that ¢, — 400, as
n — +00.

Since we are not interested in the sign of the solutions, we redefine the energy

function setting

1 A 1
B =gl =2 [ K@@= [ K04 P i
+

We are intending to apply Theorem 2.3.1 with & = I, and £ = X. In order to
define the space decomposition, we recall that Qf = { x € RT_ ca(z) > O} and define

W={ue X :u(z)=0 for a.e. x €int(Q))}.

We call V' the orthogonal complement of the closed subspace W, in such way that
X=VopW.
We start with the required compactness properties.

Proposition 2.3.3. If 2 < p < 2,, then I, satisfies the (PS)% condition at any level
c € R. The same holds if p =2, and b < 0.

Proof. Let (u,) C V"@W" be a (PS)!-sequence. Computing I (u,)—(1/p)I4(wn)tn,
using (ap) and Hoélder’s inequality, we can check that (u,) is bounded. Then, up to
a subsequence, we have that u, — u weakly in X. Pick ¢ € C§° (R_f) and denote by
@™ its projection over the subspace V" @ W". Since (I}(u,)) C X* is bounded, we
have that

[\ (un) (¢ — ") < 13 (un) || x=[|¢ = "] = o(1),

as n — +o00. Thus, recalling that I§(u,)¢™ = o(1), we obtain

X*

I (un) ¢ = I3 (un) (¢ — ¢") + I\ (un)9" = o(1).

Arguing as in the proof of Proposition 2.1.3, we conclude that I}(u)¢ = 0, for any
¢ € Cg°(RY). Tt follows from a density argument that I§(u) = 0.
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Using Lebesgue Theorem as in the proof of Proposition 2.1.3, we get

i [ K@) = / K (2)a(x)|ul"dz. (2.15)
n—oo

Moreover, in the subcritical case 2 < p < 2,, the same kind of convergence holds for
the term [pn , K(2/,0)b(2)|up|Pda’, since the trace embedding is compact. These

two convergences and I§(u)u = 0 provide
o(1) = I (un)un — I (u)u = [Jug]l — [lul]* + of1),

and we infer from the weak convergence that u, — u strongly in X.
For the critical case p = 2,, we first use assumption b < 0 to guarantee that
© = — Jano1 K(a',0)b(z")||P dz’ is a seminorm in X. Hence, from the weak lower

semicontinuity of a seminorm, we get

/

lim sup K(2',0)b(2")|un|*dx’ < K (a,0)b(x") ul*da'.

n—+oo JRN-1 RN-1

This, (2.15) and I (u,)u, = o(1) imply that

lim sup Hun“2 < ||u||2
n——+0o0

On the other hand, the weak convergence provides ||u|* < lim inf ||, ||?, and therefore
n—-+0oo

the result follows as in the former case. m
If p =2, and b changes it sign, we need the following local compactness result.

Proposition 2.3.4. If p = 2,, then there exists C. = C.(q, N, ||al|s,) > 0 such that
the functional I, satisfies the (PS)% condition at any level

1 1
< SN=1 _ N\ (a),
AN DL

Proof. Let (u,) C V" @ W™ be a (PS)f sequence. As in the proof of Proposition
2.3.3, we may assume that u, — u weakly in X, with I{(u) = 0. Since I)(u) =

I\(u) — (1/2,) 1} (u)u, we obtain
L(u) = ﬁHuHQ 2 ( ) / K (2)a(x)|ul"dz. (2.16)

We now set z, := (u,, — u) and argue as in Proposition 2.2.2 to get

lim ||z,]]* = v = lim K(2',0)b(a")] 2| da’.
n—oo n—oo RN-1
for some v > 0. If v > 0, then
SN (2.17)

V—IbIN 2~24,0 -
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On the other, we infer from Brezis-Lieb’s lemma that

1 1
c+o(l) = Ly(u,) = || Zn||? — N K(ZL‘/, 0)b(2')| 2 |?da’ + Iy (u) + o(1).
RN—
Passing to the limit, using (2.16), Holder’s inequality and (2.17), we conclude that
1
> Sy 2.18
0—2( _1)|b|N 224 8+9(Hu”>7 ( )
where
r Ayqt? t>0
) = ——— — t >
g( ) 2(N _ 1) ’yfl 9 )

and v, := |lalls,S qo q/2<2* —q)/(24q). Setting

Coi= (5522) gy [0V - D,

a straightforward computation shows that g(t) > —C.\*2=9 for any ¢t > 0. Hence,
we infer from (2.18) that

N—-1
2.0 2/(2—q)
> —C.\
=N 1 ’

which does not make sense. This contradiction proves that v = 0 or, equivalently,

u, — u strongly in X. O]

We finish this section with an important tool for the proof of Theorem E.

Lemma 2.3.5. Suppose that a > 0 and set
o = sup K(x)a(z)|u|*dx.
{ueVo®W : ||u||<1} JRY

Then p, — 0, as n — oo.

Proof. Since (u,) C [0, +00) is nonincreasing, we have that p, — po > 0, as n — oc.
Let (u,) C V,, @ W be such that ||u,|| = 1 and

o o Bn o [ K(@)a(x)|un]? dr. (2.19)

2 2 Ri\_]

We may assume that u,, — u = v + w weakly in X, with v € V and w € W. The
orthogonal decomposition and the definition of V;, imply that (u,, ¢} ) = 0, for any
fixed k € N and n > k. So,

N E vy _ Vy _ 1%

0= nl—l>{I|—loo<un’ P > - <u7 Pk > - <Uv Pk >=

and therefore v = 0 or, equivalently, u = w. Using Lebesgue Theorem as in the proof

of Proposition 2.1.3, we conclude that

lim K( Ja(z)|uy,|Tdx —/ K(x)a(z)|w|'dxz = 0,
n—o0
since w € W. The above expression and (2.19) imply that p = 0. ]
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We are ready to prove Theorem E.

Proof of Theorem FE. It follows from Lemma 2.3.5 and Proposition 2.1.1 that, for any
u €V, & W, there holds

1 A 1 —p/2
L) = S llull® - pra il ];IblooSp,é’/ (e

Hence,

1 A
L) > ~Jlull* - EMnHUH", Vu € By, (0) N (Va & W), (2.20)

where p; 1= pSg/;/(ﬁllbloo)

1/(p—2) .
} . Since p,, — 0, there exists n; € N such that

AN, 1/(2—q)
Rn::( HJ) < p1, Vn > n,.
q

Using (2.20) we can check that I(u) > 0, for any u € V,, @ W such that ||u|]| = R,.
This proves that (A;) holds.

In order to verify (Ay) we notice that, for n > ny,

A
L(u) > —EunRZ Vu € Bg,(0)N(V, & W).

Thus,

A
0> by, = inf {IA(U) cwe Bp (0)N (V, @ W)} > R,

Since the right-hand side above goes to 0, as n — 400, we conclude that (As) holds.

Given u € V", we have that fRﬁ K(z)a(x)|u|?dx = 0 if, and only if, u = 0. Hence,
this integral defines a norm in the finite dimensional subspace V". The equivalence
of norms provides 0 < 3, < (8,,)/q, such that

Bnllul]? < / K(x)a(z)|u|? dz, VueV"
RY
Hence, we can argue as above to get
A -
Ii(u) < [lull* - g nllll®, Ve € By (0)n v, (2.21)

} 1/(p—2

)
where py 1= pS;/aQ/(2|b| ) . Since 3, — 0, there exists n, € N such that

A3, 1/(2—q)
rn::( g) < pa, Vn > ns.

A straightforward computation shows that the function g(t) := t* — (A\/q)B,t4, for

t > 0, attains its minimum value at ¢t = r,, and

_ A, \ /G0
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Hence, we infer from (2.21) that I,(u) < d,, for any u € 9B, (0) N V™ and n > ns.

We now define ny := max{ni,n2}. According to the above considerations, I,
verifies (A1) and (Ay). Moreover, since (3, < (8u,)/q, we have that r, < R,, and
therefore (Aj3) also holds. It remains to check (A4). If 2 < p < 2, or p = 2, and
b < 0, condition (A4) is a direct consequence of Proposition 2.3.3. If p = 2, but we
have no information about the sign of b, we have compactness at any negative level
provided A > 0 is small in such way that

1 1 g1
2(N — 1)1 327207

Cc/\2/(2fq) <

where C. > 0 comes from Proposition 2.3.4. In any case, we may invoke Theorem

2.3.1 to obtain infinitely many critical points for I. O

Remark 2. Suppose that b < 0 and let (u,) C X be a sequence of solutions given by
Theorem E. If we denote by ¢, = I\(u,) € [by, 0] the energy of the solutions, we can

use I} (un)un, = 0 and an easy computation to get

1 1 1 1
Cpn =\ (— - —) K(z)a(x)|u,|? dx + <— — —) K(2',0)b(x")|u,|P dz'.
2 q RY 2 p) Jrgyva
Hence,
2
0<A K(x)a(x)|u,|%dx < — d Cn
RY (2—9q)
and
o< [ K@, 0 ulPda < 0.
(p—=2)"" Java 7 " B

Recalling that b, — 0, the above inequalities and I (u,)u, = 0 imply that ||u,| — 0.

In order to prove Theorem F we recall that ) = {2/ € RN : b(2’) > 0} and
redefine the subspace W in the following way:

W:={ueX :u(@)=0forae 2 €int(Q)}.
As before, V' is the orthogonal complement of W in X, in such way that X =V @ W.

Proof of Theorem F. Setting

W = sup K($/,O)b(x/)|u|pdx”
{ueVn@dW: ||lu||<1} JRN-1
we can use 2 < p < 2, and the same argument of Lemma 2.3.5 to conclude that
ﬂn_>0, as n — +o0.
IfueV,®W, then
1 A
L) > L) - 25,

.
gt lallog llull? = ?"HUH”,
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and therefore

1 n
L) = Zlull® - %HUH’U Vue V@ W, lull > pi, (2.22)
- 1/(2—q)
where p; == 4)\HaHUquUz/2/q} . Since p,, — 0, there exists ny € N such that
D 1/(p—2)
Ty 1= (—) > py, Vn>n.
Sin

So, using (2.22) we conclude that

by =inf{I\(u): veV,®W; |ju|| =r,} >

2
.

co| —

It follows from g, — 0 and the definition of r,, that (;lvg) holds.
Arguing as in Theorem E, we have that [,y , K(2’,0)b(z")|ulPdz’ defines a norm

in the finite dimensional subspace V™. Then, there exists 0 < 3, < 8u, such that
Bulull” g/ K@, 00 [uPdy’,  Vue V.
RN-1

Hence,

Bn n
In(u) < Jlull* - o el w e VAl 2 o,

_ 1/(2—q)
where py := (2A5q02/2||a||0q/q> . Setting

D 1/(p—2)
R, := max ¢ 2po, (E) ,

a straightforward computation shows that Iy(u) < 0, whenever u € V"™ satisfies
|lu|| = R,. Since R,, > r,, we conclude that requirement (A3) if fulfilled.

Since (PS)* implies (PS). condition, the proof of (A,) is analogous to that of
Proposition 2.3.3. So, we may invoke Theorem 2.3.2 to obtain a sequence of solutions
(un) C X such that I)(u,) = ¢, = 400, as n — +o0. Since

/
q04

1 A —q/2 1 —p/2
e = T < Sl + 2Nl 53 el + 24015,

we conclude that |ju,| — 4+o00. The theorem is proved. O
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CHAPTER 3

Multiplicity of solutions for a superlinear problem

This chapter concerns with existence and multiplicity of solutions for the problem

—Au— 1 (z-Vu) = f(u), inRY,
(P3) ou

=2y, on ORY,

where RY := {(2/,zy) € RY : 2/ € RV™!, 2y > 0} is the upper half-space, 8% is the
partial outward normal derivative, 5 > 0 is a parameter, f is a superlinear function
with subcritical growth and 2, :=2(N —1)/(N — 2), for N > 3.

A physical motivation comes from the nonlinear heat equation

0
vy — Av =0, in RY x (0,+00), O_U = [v[P"*v, on ORY x (0, +00), (3.1)
Ul
where © € RY is the spatial variable and ¢ > 0 is time. A solution with the special
form v(z,t) = t*u(t~/?2z) is called self-similar solution. It preserves the PDE scaling,
providing qualitative properties and giving information about large and small scale

behaviors. A direct computation shows that the profile u : @ — R verifies

ou

1
—Au—g(x-Vu):,uu, z € RY, o

= [ul’"?u, 2’ € ORY,
with u = 1/(2(p — 2)).

Problem (3.1) and their variations have been studied in bounded domain, the half-
space ]Rf and even in the whole space in the last decades; see, e.g., [7,8,44,52,57,58,
61,69,81,84] and references therein. Different types of results can be found in these
works, such as existence, uniqueness of solutions, blow-up or asymptotic behavior

results. To the best of our knowledge, Escobedo and Kavian [44] were the first authors
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to propose a variational approach to nonlinear heat problems. In their paper, they
consider the whole space case and settled the abstract Sobolev spaces appropriated to
find solution with rapid decay at infinity. This abstract setting was recently extended
to the half-space in [47], including the necessary trace embeddings. In these paper,
it was considered existence and nonexistence results for some subcritical versions of
(Ps). Some extensions for the critical case were recently proved in [48].

In our first result, we study the effect of the parameter § > 0 on the number of
solutions. So, differently from the aforementioned works, we are concerned with the
existence of multiple solutions. Our main assumptions on the superlinear nonlinearity

f read as:

(fo) f:R — R is continuous;

(f1) there exist aj,as > 0 and 2 < p < 2* := 2N/(N — 2) such that

1f(s)] <ar+ a2|8’p_1, Vs eR;

(f2) there holds
f(s)

lim —= = 0;
s—0 8

(f3) there exists 2 < 6 < 2, such that
0<0F(s) < f(s)s, VseR\{0},
where F(s) := [ f(7)dr.

By taking advantage of the symmetry properties of the problem, we prove the

following;:

Theorem G. Suppose that f is odd and satisfies (fo) — (f3). Then, for any given
k € N, there exists * = 5*(k) > 0 such that problem (Ps3) has at least k pairs of
solutions, provided 3 € (0, 3*).

For the proof we apply a version of the Symmetric Mountain Pass Theorem.
The main task here is the management of Palais-Smale sequences and we follow ideas
presented in Silva and Xavier [87]. Since we are dealing with unbounded domains, the
former argument does not directly apply and we need to perform a trick adaptation of
Bianchi, Chabrowski and Szulkin’s ideas [15,27] and the concentration compactness
principle due to Lions [67].

In our second result, we do not require symmetry for f and obtained the existence
of nonnegative solution. In this case, the parameter 3 does not play any role and we
prove the following:
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Theorem H. Suppose that N > 7 and f satisfies (fo) — (f3). Then problem (Ps) has

a nonnegative nonzero solution provided

‘ N 1/e g—(N—Q)/Q N1

In the proof we follow the paper of Brezis and Nirenberg [19]. After obtaining
a local compactness condition for the associated functional, we need to prove that
it Mountain Pass level belongs to the correct range. At this point we perform some
fine estimates and use the technical condition (3.2). It was inspired by a similar
one which appeared in [19, Lemma 2.1] and it holds if, for instance, F(s) > ~|s?,
for some v > 0 and 2 < p < 2*. In order to check that, it is enough to notice
that g(s) = sV~ 1/(1+ s?)P(N=2/2 is increasing in the interval [0, sg], where sy =
[—~(N —1)/(N —1—pN + 2p)]"/2. Hence, for ¢ > 0 enough small,

1/e gN-1 50 gV-1
ds > ds >0
. Qts2paar = | A1 2p-2r

and therefore

N—2-p(N—-2)/2 1/ sV
: —2—p(N— _
€ /0 (2§ v 08 = oo

It is worth noticing that, in some sense, our work was inspired by the equation
~Au=gu)+|u* u, x€Q, u=0, xcoi,

where Q C R” is a bounded domain, g is a subcritical perturbation of order greater
or equal than one. Brezis and Nirenberg [19], after their pioneer work, promoved an
intensive study of critical growth problems (see [10,23, 26,40, 86,87] and references
therein). We present here a contribution for this huge class of problems. In a more
specific way, the main results of this chapter complement that of [48], since we deal
here with a superlinear nonlinearity in Rf and, beyond the nonnegative solution, we
also obtain multiplicity results.

The chapter is organized as follows. In the next section, we present the variational
framework to deal with (P3) and prove a compactness result. In Section 3.2 we prove

Theorem G and, in the final section, we prove Theorem H.

3.1 Variational framework and the Palais-Smale

condition

If we define K (z) := exp(|z|?/4), a straightforward computation shows that the first

equation in (P;) becomes
—div(K (2)Vu) = K(2)f(u), x€RY.
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Hence, it is natural looking for solutions in the space X defined as the closure of
C>(RY) with respect to the norm

1/2
Jull = (/ K |Vu|2dx> |

which is induced by the inner product
(u,v) := K(z)(Vu - Vv)dx
Y
From now on we identify 0]1%1 ~RN-L Given 2 < r <2 and 2 < s < 2, we
consider the weighted Lebesgue spaces

'I’

Ly (RY) :==Que L'RY) : |Jull: (/ K(x)|ul|" d:v) <00 g,

1/s
L5 (RN7Y) = {u c L* (RN ™) 1 Jul, = < K(x',0)|u|sd:1:’) < oo} .

RN-1
and collect in the next proposition the abstract results proved in [47,48].
Proposition 3.1.1. Foranyr € [2,2%) and s € [2,2.), the embeddings X < L. (RY)

and X — L3-(RN71Y) are compact. Moreover, continuous embeddings hold in the

critical cases r = 2% and s = 2,.

In view of this result we can define, for r € [2,2*] and s € [2,2,], the following

constants:
fRN z)|Vu|*dx
S, = 1)1(1f 7
u 0 r
€x/{0} <fRN |u|rd$>
and
f]RN z)|Vul?dx
= inf 5
X0 ([, K(x’,0)|u|5dx’)
Setting F(s) := [; f(r)dr, it follows from (fy) — (f2), Proposition 3.1.1 and
standard arguments that the functional I : X — R defined as
L B o2
Ig(u) = Sllul” = | K(x)F(u)de - luly,
RY *

is well defined. Actually, I5 € C*(X,R) and its critical points are precisely the weak

solutions of (P3).
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Recall that, if F is a Banach space, I € C*(E,R) and ¢ € R, the functional I is
said to satify the (PS). condition if any sequence (u,) C F such that

lim I(u,) =c, lim I'(u,) =0,

n—-+o0o n—-+o0o

has a convergent subsequence. From now on, any such sequence will be called (PS),-
sequence.

The main result of this section can be stated as follows:

Proposition 3.1.2. Suppose that [ satisfies (fo)-(f3). For any given M > 0, the
functional I satisfies the (PS).-condition for any 0 < ¢ < M, provided 5 > 0

satisfies
No1 1/(N-2)
B = (ot (3.3)
' 2(N -1)M ' ‘

Proof. Let M > 0 and (u,) C X be a (PS).-sequence for Iz, with 0 < ¢ < M. Using
(f3) and a standard argument we can prove that (u,) is bounded. Hence, we may

assume that
Uy — U, weakly in X,
Uy — U, strongly in L} (RY) and Lj (RN™1), (3.4)
() = u(z), for ae. zeRY,
for any r € [2,2,) and s € [2,2.). Moreover, we can easily check that [(u) = 0.
We claim that, if § < 8%, then

lim K(2',0)|u,|* d / K(2',0)|ul* d (3.5)
n—-+o0o RN-1

Since the proof of this convergence is rather long, we postpone it for the end of the

section. So, assuming the claim, we can use (3.4) and Lebesgue’s theorem to get

o(1) = Th(u)un = [lun® — / K (2)f (tn)un de — Blun 2

T / K () f (wyu e — Blul? + o(1)
= JJua|* = ||U||2+Iﬁ( Ju +o(1),

as n — +00. The above expression, Ij(u)u = 0 and the weak convergence in (3.4)
imply that v, — v in X. O]

We devote the rest of this section to the proof of (3.5). The first step is to apply the
Lions’ concentration-compactness principle (see [67, Lema 1.2]). In order to do this
let us make some definitions. If €2 is a Hausdorff space, we denote by M(2) the space
of finite Radon measures defined on the Borel o-algebra of €. For the convenience of

the reader we will prove the following Concentration and Compactness lemma:
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Lemma 3.1.3. If (u,) C X is a bounded sequence, then there exist an at most
countable family J, positive numbers {u;}jes, {vj}jes, and points {x;};e; C ORY
such that

K(2)|Vu,[*de — p> K(x)|Vul?de + 7. ; 1j0a;,

K(gj” O)lun|2*d;p’ - = K(x” 0)|u 2eda’ + ZjEJ Vj6$j7 (36)

pj > Sa, (v,

where the convergences hold in the sense of the measures, p € M(@), v e M(ORY)

e 0, is the Dirac mass concentrated on x € RV .

Proof. Since (u,) is bounded in X, we have that (K|Vu,|?) and (K(-,0)]u,
bounded sequences in L'(RY) and L'(RN~!), respectively. Hence, we can suppose
that

2) are

K(z)|Vu,|*dr — p, K(a',0)|up|* d2’ — v,

weakly in the sense of measures (see [45, Definition 1.1.2]), where p € M(@),
v € M(ORY) and we have identified ORY ~ RN~'.
Given ¢ € C5°(RY), we have that (¢u,) C X and hence

Sy 2N dunla, < lldunll = [V (dun)]- (3.7)
Notice that

2,

2 dy. (3.8)

Unp

|¢un|§1:/ K, 0)6 Z*dx’%/ 6
ORY oRY

Moreover,

IV(¢ua)llz = K (2)|V (dun)|* do

N
R+

- / 6P K (2)| V| d + / K@)|uP|VoP de.  (3.9)
RY RY

We may assume that u,, — u weakly in X and we first consider the case u = 0.
From the compact embedding X — L% (RY), we may also suppose that u, — 0
strongly in L% (RY), and thus

lim K(z)|u,*|V¢|* dx = 0.
RY
The above convergence and (3.9) imply that

i[9, )I3 = [ 1o du

n—-+00
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This, (3.7) and (3.8) provide the following inequality

1/2. 1/2
(/ || du) <8,% (/ |¢>|2du) : (3.10)
ORY ’ RY

Denoting by L£(RY) the Lebesgue o-algebra of RY, let us define the following

measures in £(RY):

NG

i(A) = w(ANRY),  #(A) = v(ANIRY).

Since v and y are finite Radon measures and elements of the form ANORY and Aﬂ@
, with A € L(RY), belong to the Lebesgue o-algebras of IRY and RY, respectively,
it follows that © are i are finite Radon measures . Moreover, from the definitions of

fi, 7 and (3.10) we obtain

([,

1

2*dﬁ>2* = (/ |¢>2*dy)
N
ok 1 (3.11)
< 8% (/ |¢|2dﬂ) 252*,26(/ |¢|2dﬂ) :
RY RN

for any ¢ € C5°(RY). Hence, it follows from the Lions’ concentration-compactness

[SIE
[NIE

principle [67, Lemma 1.2] for the whole space the existence of a family at most

countable J, positive numbers {v;};c; and points {z;};c; C RY such that

2
ﬁ:ZVj(SIj, IEL 2 SQ*7BZUJ,2*5$J..
jeJ jed
We claim that {z;};c; C 8Rf. Indeed, if this is not the case, we can use the

above expression and the definition of 7 to get

0 <vy =Y voe,({a;}) = 7({x;}) = v({z;} NORY) =0,
jeJ
which does not make sense. Hence, the claim holds true.
Since 7 and fi restricted to IRY and RY coincide with v and p, respectively, we
have that

2

v = Z Vjdq, >80 Z yf* Og;-
j€J jeJ
In the general case u # 0, it is sufficient to set v, := u,, — u, notice that v, — 0

weakly in X, and argue as above with u,, replaced by v, O

Lemma 3.1.4. If (3.3) holds, then J is empty.
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Proof. Suppose, by contradiction, that § < $* and there exists some 5 € J. We first

N-1
v, > (S%ﬂ) . (3.12)

claim that

B

Assuming the claim, we can prove the lemma in the following way. Pick ¢ €
Cy°(Ba(x;)) such that 0 < ¢ < 1 and ¢ = 1 in By(z;). Computing Ig(u,) —
(1/2)I5(up)u, and using (f3), we obtain

/8 !/ 2 /
) > ——— K *
c+o(l) > SN 1) Jowos (2", 0)|u,|* dzx
b K(z',0)|u,[*(a',0) do’

> 7

- Q(N — 1) RN-1
where o(1) denotes a quantity approaching zero as n — +oo. Passing to the limit,
using (3.6) and (3.12), we obtain

B , 8 B[S0\
T Saoars "0 2 g 2wy ()
which is equivalent to 5 > *, contrary to (3.3). Hence, J is empty.

It remains to prove (3.12). For that, we consider ¢ € C§°(By(0)) such that
0<¢<1land ¢ =1 in By(0) and define

@my:¢<x;%>, z e RV,

Since Ij(un)(un®3) = o(1), we obtain

l/ ¢€ dp — 5/(155 du] +o(l) = K(x)f(un)unqﬁj dr
= (3.13)
— | K(x)(Vuy - Vé5)u, dr.

N
Ry

M >c>

We shall estimate each term on the right side above. First notice that, by using
(f1) = (f2), (3.4) and Lebesgue’s theorem we obtain

lim K(z) f(un)un¢§ dr = lim K( ) f(u)ugs dx.

Moreover, since supp(¢;) C Ba.(;), we can use Lebesgue’s theorem again to get

lim lim K(z) f(un)ung§ dx = 0. (3.14)

e—=0n—oo RN
+

By using Holder’s inequality, that (u,) is bounded and the definition of ¢ we get
that
1/2
<l ([ K@ @)vepa )

v¢(x;xj)

K(z)(Vuy, - Vé3)uy, do

N
R+

C1

= - ( . K(z)(u,)?
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where Q := B, (z;) NRY and ¢; > 0 is independent of n. If we call &, . the left-hand
side of the above expression, we can use the change of variable y = (z — x;) /¢ and

the strong convergence u, — u in L% (RY) to get

2

Yne < cpeN=D/2 / K(ey + zj)u(ey + z;) dy + o(1) |

2e(0)RY

where ¢ = ¢1]|V@||oo- It follows that

lim lim K(z)(Vu, - V§§)u, dx = 0.

e—=0n—+o0 RN
+

Passing (3.13) to the limit, using the above expression, (3.14) and (3.6), we obtain

= f lim /qﬁgdy— lim /¢Edu> lim [/ K(z)|Vu| ¢8d$+ZHz¢E ;)

e—0t e—0t
ieJ

Now, we can use the Lebesgue’s Theorem, the definition of ¢5 and (3.6) to get that

Br; > puidp(0) = p; > Sy, 6V2/2*

1-(2/2.)

that is, v; > Sy, 5/, which is equivalent to (3.12). The lemma is proved. [

In the next result we follow an argument due to Bianchi et al. [15].

Lemma 3.1.5. If

2 dx/’

Voo := lim hmsup/ K(2',0)
{z’eRN-1:|z'|>R}

R—+00 nostoo

N-1
then Veo = 0 01 1oy > (%) .

Proof. Set
foo = lim hmsup/ K(z)|Vu,|* dx
RY\BR(0)

R—=+00 pni00

and consider, for each R > 1, a function ¢z € C*°(RN) such that ¢ = 0 in B(0) and
¢r = 1 outside Bgry1(0). Since (u,¢r) C X, we have that So, slu,drl3. < |un¢r|?

and we can use (3.4) to obtain

n—-+o00

Er
2 dx’) < limsup K(z)|Vu,|*¢% dv

n—+o00 Rﬁ

Sy, o lim sup < K(2',0)|oru,
RN—l

+ K(z)|Végr|*u®dx.

N
RY

4



Passing to the limit as R — 400, using the definition of ¢r and the Lebesgue’s
theorem, we conclude that
So, V2% < fioe. (3.15)

Using that Ij(un)(un¢r) = o(1), together with (3.4) and Lebesgue’s theorem, we
get

limsup B,, < K(x)f(u)upr dx + Blimsup C,, + limsup —A,, (3.16)

n—+400 Ri\_’ n—+4o00 n—+00

where
K(z)(Vu, - Vog)u, dz, B, = / K(x)|Vun|2¢R dz,
Y

and
C, = K(z',0)|u,

RN—-1

2*¢R dz’.

From Holder’s inequality, we obtain

1/2
Ay < P / K@)Vt dz | .
Br+1(0)\Br(0)

The above inequality, Proposition 3.1.1, the definition of ¢z and Lebesgue’s theorem
imply that
lim limsup —A4,, <0. (3.17)

R—=+00 postoo
Moreover, as before, it follows from the definition of ¢z that

lim limsup B, = fleo, lim limsup O, = Veo.
R—=400 nstoo R—=400 nstoo

Passing (3.16) to the limit as R — +o00, using (3.15), (3.17), the above equalities
and Lebesgue’s theorem, we get SQ*,anOQ* < oo < Vs, from which the result
follows. O

We are ready to prove that (3.5) holds. First notice that, in view of the pointwise

convergence in (3.4) and Fatou’s lemma, it is sufficient to check that

lim sup K(2',0)|u,[* d2’ < K(z',0)|u)* da'.

n—-+oo RN-1 RN-1

Since § < [*, the set J is empty. Hence, the weak convergence in the sense of measure
(3.6) imply that (see [46, Theorem 1, Section 1.9]), for each R > 0, there holds

24 dl',

lim sup K(',0)|u, > de’ = limsup/ K(2',0)|u,
{z’eRN—-1:|z'|>R}

n—+oo JRN-1 n—r+00

+ / K(2',0)|u
{z’eRN~1:|2’|<R}

5

2 dl’l




Passing to the limit as R — +o00, we obtain

24 dl_/’

lim sup K(2',0)|u, > d’ = v +/ K(z',0)|u
n——+oo RN-1 RN-1
where v, was defined in Lemma 3.1.5.

It remains to check that v, = 0. In order to do this, notice that the same

argument of the proof of Lemma 3.1.4 provides

B

c+o(1) > —/ K(z',0)|u,|* d2’,
2(N = 1) Jiwern—1a>m)
for any R > 0. Recalling that ¢ < M, we obtain
M > lim limsup _b / K(z',0)|u,|* d2’ = LVOO
T Rt potoo 2(N —1) ’ 2(N—-1)

{z’eRN—1:|2’|>R}

If v # 0, we can use the above inequality and Lemma 3.1.5 to obtain g > £*, which

contradicts (3.3). Hence, v, = 0 and we conclude that (3.5) is verified.

3.2 Proof of Theorem G

Our first main result will be proved as an application of the following version of the

Symmetric Moutain Pass Theorem (see [3]).

Theorem 3.2.1. Let E =V & W, where E is a real Banach space and V is finite
dimensional. Suppose I € C*(E, R) is an even functional satisfying I(0) = 0 and

(I') there exist constants p, o > 0 such that I |, o)nw> o

(I2) there exists a subspace V of E such that dimV < dimV < oo and max I (u) <
ueV

M, for some constant M > 0;

(I?) I satisfies (PS)., for any 0 < c < M.

Then I has at least dimV — dim V' pairs of nonzero critical points.

We are intending to apply this abstract result with £ = X and I = I3. For the

required decomposition of the space X we consider the linearized problem
—div(K (z)Vu) = AK (z)u, in RY,

Gu —, on RN—1
U

(LP)

Thanks to the compact embedding X — L% (R%Y), we can use standard spectral

theory to obtain a sequence of eigenvalues (\;);en such that
O<)\l<)\2§"'§)\j§"'
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with lim \; = +00. Moreover, the first eigenvalue is given by
J—00

AL = / K(z)|Vul*dx K(z)u*de =17} .
RY RY

From this, we obtain the following Poincaré inequality

A1 K(z)u? dx < K(z)|Vul? dz, Vu € X. (3.18)

RY RY
We are ready to prove our multiplicity result.

Proof of Theorem G. In order to apply Theorem 3.2.1, we consider V' = {0} and
W =X.
Given € > 0, we can use (f1) and (f2) to obtain ¢; = ¢;(€) > 0 such that

1F(s)] < gsz telslP,  VseR.

Picking € > 0 such that ¢ < A\, we can use (3.18) and Proposition 3.1.1 to get

1 1
Bw) 2 gl = gelwl - aluly - Drts,
LA —¢ - —2./2
> 5 leoll® = xS 72l = 5,7 lw]]*,
2 A1

for any w € W. Since 2 < p < 2*, we conclude that
lw]®
I >
plw) 2 =
with ¢y = (A —€)/(A1) > 0. This proves that (I') holds.
Given k € N, we consider {¢;}F; C C$°(RY) smooth functions with disjoint

supports and denote

[e2 +o([w|®)],  as Jwl| =0, we W,

V= span{ty, ..., Uk}

Then, dim V = k and there exists a large ball Br(0) C @ containing the support of
all the functions ¢y, ..., V.
Notice that (f3) provides cs, ¢4 > 0 such that

F(s) > 35’ — ¢y, Vs € R, (3.19)

with € > 2. Hence, for any v € XN/, the equivalence of norms in V implies that

1
I3(v) < §||v|| — c5||v||6 — ¢qymeas(Bg(0)) — —o0, as ||v]| = +oo.

Since Iz maps bounded sets into bounded sets, it follows from the above expression
that max, i Is(v) < M, for some constant M > 0. This proves (I?).
We now consider 5* > 0 as in Proposition 3.1.2 and invoke Theorem 3.2.1 to

obtain k pairs of nonzero solution whenever 5 € (0, 5x%). The theorem is proved. [
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3.3 Proof of Theorem H

We prove in this section Theorem H. Since we are looking for nonnegative solutions,
we shall assume that f(s) = 0, for any s < 0. Moreover, since the parameter 5 > 0
does not play any rule in in this case, we assume from now on that 5 = 1 and consider

the functional

1
)= gl = [ KR =5 [ K0
RN-1
where u*(x) := max{u(z),0}. It is clear that I € C'(X,R). Moreover, if u is such
that I'(u) = 0 and u~ := ™ — u, then 0 = I'(u)u” = —|ju~||*>. Hence, the critical
points of I are nonnegative solutions of our problem.

We start with a local compactness result.
Lemma 3.3.1. The functional I satisfies the (PS).-condition for any
Saro

c<c :m

Proof. Let (u,) C X be such that I(u,) — ¢ and I'(u,) — 0. As before, (u,) is
bounded and therefore there exists u € X such that (3.4) holds. Moreover, from (f1),
(f2) and the Lebesgue’s Theorem, we conclude that I'(u) = 0 and

. K(z)F(u,)dx = - K(x)F(u)dx + o(1)

and
K(x)f(up)u, de = K(z)f(uw)udx + o(1),

RY RY
as n — +00.
If 2z, := (u, — u), we can use the above expressions, I'(u,)u, = o(1) and Brezis-
Lieb’s lemma [18] to get

o(1) = |lun|* — / K(x)f(up)u, de — K(x',O)(u:{)Q*dx’

RN-1

= I'(wu+ ||z.]* - K(2',0)(z)? da’ + o(1).

RN-1

Passing to the limit and using I’(u) = 0, we obtain b > 0 such that

lim |z,|>=b= lim K(2',0)(25)* da'.

n—-400 n——+0oo RN-1

We claim that b = 0. In order to prove this, we first pass to the limit the inequality

2./2
K(2',0)(z})*da’ < S, */2< K(:p)|Vzn|2dm) )
RY

RN-1
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to obtain b < 52—*2’5/%2*/2. Hence, if b > 0, we get
b> S (3.20)

On the other hand, using Brezis-Lieb again, we obtain

1 1
c+o(l)=I(u,) =I(u)+ §]|zn]|2 -5 .~ K(2',0)(z5)? da’ + o(1).

Taking the limit and using (3.20), we get that
A So

mz[(u)—l—c*.

Using (f3) we obtain I(u) = I(u) — (1/0)I'(u)u > 0, and therefore the above expres-

sion implies that ¢ > ¢,, which does not make sense. O

Let us take ¢ € C“(@, [0,1]) such that ¢ = 1 in R_ﬂf N B1(0) and ¢ = 0 in
RV\By(0). Set, for each e > 0,

us(z) == K () V2p(2)Us(z), x€ Rf,

where
c(N=2)/2

[P+ o+ P
When N > 7, it is proved in [48] that, as e — 07,

U(2',xy) =

fucl?> = Ay + O(e?),  Jucl® = By + 0(?), (3.21)

with the constants above being such that Ay /By = Sa, 9. We shall need the following

estimates:
Lemma 3.3.2. If 1. := u./Juc]2, and N/(N —2) < q < 2N/(N —2), then

[l PV = S35+ O(%), el = O~ =2)72), (3.22)
ase — 0.

Proof. Using the Mean Value theorem for ¢g(r) = r® and a simple computation, we
can check that
[A+0(")]" = A° + O(eh),

for any A, s, t > 0. Hence, we infer from (3.21) and the defintion of 2, that

vy - AN HOEIN Y A 0E) (AT
€ - 9. /2 N-2 = 52,(N-2)/2 2 \RB &)
[BA}‘/ —1—0(52)} By + O(e?) N

The first statement in (3.22) follows from the above inequality and Ay /By = Ss, 5.
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For the second one, we first notice that

—q/2
uc)|? = e W-2/2 / K(a) ()" da
‘ ry [|7//e? + (zn /e + 1)2aN=2)/2

1
< Gy I/ / N
S Bynry [[2/e]? + 1]aV=2/2

1
< O q(N—2)/2+N d
= 0 wy (g2 + 1272

where we have used the definition of u., 0 < ¢ < 1 and the change of variable y = z/e.
But

1 1
dy < Cy+ / T Y
/M [ly[? + 1]a(N=2)/2 BN\B, (0) |Y[1V 2

“+o0o
= 02+03/ sTIN=2)+(N ds<—i—oo
1
whenever ¢ > N/(N —2). Since |u.|3, = B]q\,/2 +0(1), as e — 0T, the result follows
from the above inequalities. O
We are ready to prove our second main result.

Proof of Theorem H. Arguing as in the proof of Theorem A we obtain p, @ > 0 such
that I(u) > «, whenever ||u|| > p. Moreover, it follows from (3.19) that

I (wg)
12+ - 2t2 -2

||¢8||2 12+ _9 ||¢€||9 meas(suppzﬁa) - _I@Z)sl

for ¢ > 0. Thus, there exists ¢ > 0 such that e = 1. satisfies I(e) < 0 and ||e]| > p.
If we set

>
Ce Hellf“ tem{g:;;} I(v(t)) > a,

where I' := {y € C([0,1], X) : 7(0) =0, v(1) = e}, we obtain from the Mountain
Pass Theorem [3] a sequence (u,) C X such that I(u,) — c¢. and I'(u,) — O.
If c. < ¢*, it follows from Lemma 3.3.1 that, along a subsequence, (u,) strongly
converges to a critical point © € X such that I(u) = ¢. > a > 0. Thus, u > 0 is a
nonzero solution of the problem.

It remains to check that, for some £ > 0 small, there holds c¢. < ¢*. In order to
do that, we set

M = Mmax I(ty,)

and notice that it is sufficient to prove that m, < ¢*. Let t. > 0 be such that
I(t1).). Since I'(t.1)-)Y. = 0 and |Y: ]2, = 1, we get

B =l - [ K@) ) de, (3.23)

30



The above identity and (f3) imply that
te < [l |72,

Since the function g : [0, +00) — R defined by g(t) := (t2/2)||v:||* — t* /2. is in-

creasing in the interval [0, ||.]|***=?)], we can use the above inequality and (3.22)
to get
me = g(ts> - K(I>F(tewe) dx
RY
||w€||2(N71) K F d
A/ AT 1y t€ £
+
= —Sé\:al O(e? K(z)F(t-e)d
— 2(N—1)+ (%) — o (x)F(tea).) de.

So, it is sufficient to prove that

lim 1 K(z)F(t.y).) de = 4o0. (3.24)

e—0+ &2 R?

First notice that, by (f1), (f2), (3.22) and p < 2%, it follows that

K () f(tetpe)ye d| < O(e?) + O(NPNI2) = o(1),

N
RY

as ¢ — 07. This, together with (3.22) and (3.23), implies that t. — S5";*/% > 0, as
e — 07. Thus, since (f3) implies that F' is increasing in [0, 4+00), we can use (3.21),
K > 1 and the definition of ¢ to obtain C'; > 0 such that

K(z)F(tap.) d / . <C L(N-2)/2 ) ) -
) (ty: ) doe > N |
RY B1(0)NRY 2 + (zy + )]V -2)/2

for any € > 0 small. If we call I'. the right-hand side above, the change of variables

y = x/e gives

N 1/e 5—(N—2)/2
Fa = £ / / F (Cl ) dO' dS.
0 9B, (0)NRY [ly/|2 + (yn + 1)2]V-2/2 y

Now, using the change of variable y = sz, with x € 9B1(0), the monotonicity of F'
and the inequality s%|2/|> + (szy + 1)? < 4(s? + 1), for x € 9B;(0), we obtain

r N / " / F (0 s ) N1y d
> ¢ hy——————— | 5" 'do,ds
) o JoBi(0nrY [s? 4 1JN=2)/2

N 1/e gf(N—Z)/Z No1
= 038 /0 F (02m> S ds
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with Cy = 4=V=2/2C, > 0 and C3 = C3(N). After rescaling, we obtain

1 vy (G e~(N-2)/2 N
g].—‘g Z 045 /0 F (m) S ds.

with Cy := CgCgN/ V=2 1t is easy to see that (3.24) is a consequence of the above

expression, (3.25) and hypothesis (3.2). The theorem is proved. O
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CHAPTER 4

A singular problem in RY

Consider the equation
1
—Au — §(xVu) = g(z,u), in RV,

with N > 3. As observed by Escobedo and Kavian in [44], if g(z,s) = As + |s[P"2s
and 2 < p < 2* := 2N/(N — 2), this equation naturally appears when we deal with

the associated heat equation
uy — Au = |ul"?u, in (0,00) x RY,

and look for solutions with the special form uy (¢, z) := tu(t~"/22), for A = 1/(p—1).
We quote the works [9,20,24,52,57,75,76] and references therein for information about
existence, nonexistence, decay rate and many other aspects concerning this subject.
We emphasize that, in all of those works, the function g(z,s) remains bounded as
s — 0. So, it is natural to ask what we can do in the singular case, that is, when
g(z,s) = +oo as s — 0F.

This chapter aims to give a first answer to the above question. More specifically,

we are concerned with positive solutions for the singular equation
1 .
—Au — 3 (z - Vu) = ph(z)u?™" + I+ u* 7 in RY,

where N > 3, A > 0, u > 0 is a parameter, 0 < ¢ < 1 and h has some somability
properties. Before presenting the condition on A, we need to say a few words about
the variational structure of the problem. We first notice that, after multiplying the
equation by K(x) := exp(|z|*/4), it can be rewritten as

—div(K (2)Vu) = pK (z)h(x)u?! + AK (z)u + K (x)u* 7!, in RY,

(Fy)
u>0, inRY.
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It is natural to look for solutions in the space X defined as the closure of C°(RY)

Julli= ([ K@vua) "

It was proved in [44] that X is a Hilbert space which is continuously embedded into

with respect to the norm

the weighted Lebesgue spaces

I (RY) = {u e @) < ull = ([ K@ras) " oo} ,

for any p € [2,2%].

Due to the difficulties related to the operator and the singular nature of the
nonlinearity at the origin, we do not expect to find regular solutions. Hence, as usual
in the literature, we call v € X a solution for problem (P,) if it satisfies u > 0 a.e.
in RY and, for any ¢ € X, we have that h(z)u?'¢ € L}, (RY) and

- K(z) [(Vu-V¢) — ph(z)u?™' ¢ — g — u* ~'¢] dx = 0. (4.1)

In our first result we obtain a solution when the parameter p > 0 is small. More

specifically, we shall prove the following:
Theorem I. Suppose that A < N/2 and h > 0 satisfies
(h) h € LL(RY) N L% (RY).
Then there exists p* > 0 such that problem (P,) has a solution, whenever p € (0, ).

In the proof, we apply a minimization argument for a perturbed (nonsigular)
problem. We notice that condition A < N/2 is necessary for the existence of a
solution. Indeed, it is proved in [44] that the linearized version of equation (P,) has
the pair (\,u) = (N/2,¢;) as a solution, where ¢;(z) = exp(—|z[*/4) > 0. So, if

ug € X is a solution, we may pick v = ¢; in the integral formulation to get

N *
(— - /\) K(x)up, dx = K(z) [ph(z)u’ o1 +u* o] da > 0,
2 RN RN
from which it follows that A < N/2.
In our second result, we obtain another solution under an additional lower bound

on the value of \. More specifically, we prove the following:

Theorem J. Suppose that max{1, N/4} < X\ < N/2, h > 0 is continuous and satisfies
(h). Then there exists 0 < pu,. < p* such that problem (P,) has at least two solutions,
whenever p € (0, i)
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To obtain the second solution, we apply the Mountain Pass Theorem to a per-
turbed functional, together with a limit process. The extra assumption on \ is related
with the range of existence of positive solution for the nonsingular problem (F,) ob-
tained in [44]. It is worth mentioning that the continuity of h may be replaced by
the weaker condition that the infimum of A is positive in any ball.

We end this introduction with some general comments about the singular problem
—Au=g(x,u), in €, u>0, in €, u € Hy (),

where N > 3, Q € RY is a domain and g(z,s) — 400, as s — 0. There is a vast
literature concerning this kind of problem, mainly due to its applications in bound-
ary layer flow, fluid dynamics, non-Newtonian fluids, reaction—diffusion processes,
chemical heterogeneous catalysts, in the theory of heat conduction in electrically
conducting materials and in other geophysical and industrial contexts (see for in-
stance [22,33,68,80]).

Although it is impossible to give a complete reference, it seems important to
quote the pioneering works of Stuart [89] and Crandall, Rabinowitz and Tartar [34],
who considered a general second order operator instead of the laplacian and used
some topological arguments to get solutions. Later, Lazer and McKenna [65] proved
existence and regularity results for g(x,s) = h(x)s?"!, where h is Holder continuous.
Their result was generalized in different ways by Lair and Shaker [63,64] and Zhang
and Cheng [95]. Also in the bounded domain case, we quote the paper of Boccardo
and Orsina [16], where the Laplacian is replaced by the operator u +— div(M (z)Vu),
with M being a bounded elliptic matrix, g(z, s) = h(x)s?!, with & > 0 belonging to
some Lebesgue space or even being a Radon measure. Some results for quasilinear
operators can be found in [5,78,79]. For the case of the whole space, we refer the
reader to [62,64,85], where it is supposed that g(z,s) = h(z)s?™! + f(x,s), h is
continuous and f has some mild conditions.

The results presented in this chapter complement the aforementioned works since
we deal here with the whole space case and consider a different operator. The rest
of the chapter is organized as follows: in the next section we prove Theorem I while

the last one is devoted to the proof of Theorem J.

4.1 Proof of Theorem 1

Along all this section we write only [ f to denote [n f(2)dz, where f € L'(RY). For
any s € R, we consider s™ := max{s,0} and s~ := sT — s. Before starting the proofs,

we need to say a few words about the linearization of the problem (P,), namely

—div(K (2)Vu) = AK (z)u, in RY.
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Its spectrum was completely characterized in [44], where it is proved by a Fourier

approach that the first eigenvalue is given by

M_m{/mmww:/K@MRJ}_g

From this, we infer the following Poincare type inequality:
A1 K(z)|uf? do < / K(z)|Vul? dz, Yu € X. (4.2)
RN RN
Since we are going to obtain solutions for small values of the parameter 4 > 0, it
is important to consider the limit problem

—div(K (2)Vu) = AK (2)u + K(z)|ul* 2y, in RY, (Po)

and its associated C'-functional given by

1 A 1 .
To(w) = 5l = Sl I = -t we X,

From now on, we assume that h € LL(RY)N L% (RY). Hence, we can use interpo-
lation to conclude that h € LY (RY), where  := 2/(2 — q). For any u € X, it follows
from the Holder’s inequality that

3 / K(a)h(a)(ut)t < énhnenwu% < Culull, (4.3)

Thus, we may add the singular term to I, and obtain the functional associated with

the problem (P,), namely

@@p:ﬂ@-%/K@u@mw,uex

It is clear that [, is a well-defined continuous functional in X. In our first result

we study its behavior near the origin.

Lemma 4.1.1. There exists p* > 0 such that, for any p € (0, u*), there holds
I,(u) > p, YueXNoBg(0),

with p, R > 0 independent of .

Proof. Given u € X, we can use (4.2) and the embedding X < L% (RY) to get

* > Cyllull?, (4.4)

1 A
o) 2 5 (1= 3 ) Il = Gall

if C3=(1—-A/A\1)/4 and

Il < R = (%)”(2*2’.



This and (4.3) imply that
Cs

Lu(u) = [[ull® (Cs[lull™ = pCh) = p o= R,
whenever ||u|| = R and
Cs
0<pu< — R*7Y,
o<yt =3¢,
The lemma is proved. O

Let p*, R > 0 as in Lemma 4.1.1 and p € (0,p*). By picking a nonnegative
function p € C°(RM) \ {0}, we get

lim K(x <0,
Jim 257 = =4 [ K
and therefore there exists ¢y > 0 small in such a way that ||to¢|| < R and I,,(top) < 0.

This shows that

m, = inf [ < 0.
<R ulu) <

Since I, maps bounded sets onto bounded sets, we have that m, > —oo.

Even if we prove that m,, is attained in Bg(0), the singular term of the equation
gives rise to a difficulty. Actually, since 0 < ¢ < 1, the term [ K(x)h(z)(ut)? is
continuous but not differentiable, and therefore it is not clear that minimizers are
solutions of our problem. However, using a direct calculation, we may prove that this

hold, as we can see from the next result.

Lemma 4.1.2. Ifu € Bg(0) is such that I,(u) = m,,, then u is a solution for problem
(P)-

Proof. Let 1) € X be a nonnegative function. Since ||u|| < R, we have that ||u+ty| <
R, for any ¢ > 0 small. If we divide the inequality /,(u) < I,(u + t) by ¢t > 0 and
take the limit as ¢ — 0T, we obtain

ghminf/K [((u+te)") = @)1 _

q t—0+ t -0

Since ¢ > 0, we have that (u + )" > u™. Then, we can use the Fatou’s lemma to

obtain

I (u)y — u/K ut) ) >0, Yy eX, >0 (4.5)

By setting ¢ty := (R/||u||) —1 > 0, a straightforward computation shows that
|(1 +t)u|| < R, whenever t € (—1,%,). Hence, the function

(@) = L((L+ ), e (=1,1t),
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attains its minimum value at t = 0. Thus,

V(0) = Iy(w)u — g / K (2)h(x)(u")! = 0. (4.6)

Pick ¢ > 0, ¢ € X and define QF := [u™ 4+ c¢ < 0]. By using (4.5) with

= (ut +e¢p)" we get, after some computations,

0 < —u I+ Tywyu — p / K (@)h(z)(u*)"

bell(u _EM/K e — [ K@)V Vet +e6) de
QJr
+ [ K(z)(u" +e¢) Mt + ph(z)(wh)™ + (u7)> ] da.
Q+
Hence, it follows from (4.6) that
0 < eli(u —su/ﬁ( uN) o — | K(2)[Vu-V(u' +e¢)]de
QJr
< {1’ o u/K Wy lg— [ K@)V Ve do
Q+

If we divide the previous expression by € > 0, take the limit as ¢ — 0" and notice
that

lim 15+ (z) =0, a.e. in RY,
e—0t

where 1+ stands for the characteristic function of the set F, we can use Lebesgue

theorem to conclude that
I} (u)p — M/K ut) g >0, Vo e X.

Since this inequality also holds with write —¢ instead of ¢, we conclude that v € X
satisfies the integral equation (4.1). Moreover, by picking ¢ = u in the above equality,
we obtain ||u~|| = 0, which shows that u > 0 a.e. RY.

It remains to be proved that u > 0 a.e. RY. In order to do that, we consider
Q2 C RY an open bounded set and ¢ € C5°(R”) such that ¢ > 0 in RY and ¢ =1 in
Q. Since K(x)h(z)ui™'¢ > K(z)h(x)u?' > 0 for a.e. x € Q and

/K qldm<—|—oo

we conclude that K (z)h(z)u?! is finite a.e. in €, from which it follows that u > 0

a.e. in €. Since () is arbitrary, the lemma is proved. O]

We now notice that I, is not of class C'!, and therefore we cannot perform standard
minimization arguments. So, instead of a direct approach, we are going to consider

the following perturbation process: for each k € N, we define X, : R — R as

wor [ (o ) = e ) (Y] () an
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and the functional

Lop(u) = Io(u /K (W), weX.

Since
1\
X]é(s) = (S+ + E) y S &€ R, (48)

it is clear that I, € C'(X,R).
We are going to show that I, ;, attains its minimum at u;, € Bg(0) and the desired
solution will be obtained passing to the limit as £k — +oc. The details can be found

in the next proposition.

Proposition 4.1.3. Let u*, R > 0 be given by Lemma 4.1.1. For any p € (0, u*)
there ezists u € X such that ||u|| < R and I,(u) = my,. In particular, the problem

(P,) has a solution with negative energy.

Proof. Since Xy(s) < [5(tT)7tdt, we have that I, (u) > I,(u), for any u € X and
k € N. It follows from Lemma 4.1.1 that I, > p on 0Bg(0). Thus, since 1, ;(0) = 0,
we can define

my k= inf 1, (u)
My My )
lull<R

and use the Ekeland Variational Principle to obtain a sequence (uy,x)nen C Br(0)
such that

S Tyl ) = g Ty = 0

Up to a subsequence, we have that, as n — +o0,

Upf — Uk, wealy in X,
Un kg —> U, stronlgy in L3 (RY),
(4.9)
up o (r) — (), ac nRY,
| Junk(z)] < gs(z), ae inRY,
for any s € [2,2*) and some g, € L} (R"). By noticing that
Is|
|&@ﬂg/ Etdt = k7 s|, s €R, (4.10)
0

we infer from (4.9) that

K@@ < (§) K@),

a.e. in RY. Since the right-hand side above belongs to L'(R"), we can use the

Lebesgue Theorem to obtain

n—-4o00
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Setting vy, g := Uy —ug, we can use the above inequality, (4.9) and the Brezis-Lieb

lemma [18] to get
mukr = Ind(Und)—i‘On(l)

1 1
= gllonsll® + Sllul® - _Huk I3 — /K ) X () (4.12)

g [ K@~ g [ K@ o)

where 0,(1) stands for a quantity approaching zero as n — +oo. Recalling that

|lunkl] < R and using the weak convergence, we obtain

limsup gl < R+ [l =2 lim /K(@(Vun,k.wk)
N—~400 n—-+o0o

— R~ u? < R~

This shows that ||v,, || < R, whenever n > ng(k). Hence, it follows from (4.4) that

plonl? = o0 [ K@@ 20, 2 no(h)
which combined with (4.12) imply that
myk Z Iu,k(uk) + On(l)'

Passing to the limit as n — +o00 we conclude that m,, ; = I, x(ux). Moreover, since
myr < 1,5(0) =0and I,; > p >0 on dBg(0), we have that [ju| < R.
For any ¢ € C>*(R”), we have that

1

‘K(m)h(av) (u:k(m) + E) : ()| < EIK(2)h(z)|o(z)], a.e. in RY,

By using the pointwise convergence and Lebesgue’s theorem, we obtain

lim_ K(x)h(x)(nk+ ) /K ( +%)ql¢.

This inequality, (4.9) and a standard density argument imply that I}, ; (uy) = 0.
We are going to show that

kglf L,k (ug) = my,. (4.13)

Since 1, (ug) > I,(uy) > my,, it is sufficient to verify that

limsup 1, 5 (ur) < my,. (4.14)

k—+oco
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In order to do this, let (w,) C Br(0) be such that I,(w,) = m,, as n — 4+o00. Then

@ww:=mew+u/meumwm»—§/K@mwmww
(4.15)

> mpt [ K@h@)Xawn) -2 [ K@)y

Fixed n € N, we can use that X, (w,)(z) — w;(2)7/q for a.e. x € RN, as k — +o0,
and (4.10), to obtain

/K %w@M::/K@M@W

RN

— é/K(x)h(:c)(w:{)q—I—Ok(l)~

By combining this expression with (4.15) and taking the limsup as k — 400, we
obtain

I,(wy,) > limsupm,, = limsup I,, 5 (uy).
k——+o0 k——+o0

Once again, passing to the limit as n — +o0, we immediately obtain (4.14).
We are now able to prove that m, is attained. Since (uy) is bounded, along a
subsequence u;, — u weakly in X. As before, we can prove that

lim [ K(x)h(z)Xx(ug) /K ut)e

k——+o0

Hence, we can use (4.13) and the same argument used to prove that I, ;(ux) = m,k
(but now considering the limits in the index k) to conclude that I,,(u) = m,. We
omit the details. O

4.2 Proof of Theorem J

Now we have obtained a first solution, we are going to apply the Mountain Pass
Theorem for the perturbed functional and obtain a second solution as a limit process.
First, we present some important facts about the problem (F) stated in the beginning
of the previous section. In order to describe some results proved in [44], we redefine

the associated energy functional as

Io(u) ——|| ||2——|| ||2__|| ’

5, u€X.
The least energy level of (P) is defined as

co := inf Io(u),

uENo
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where Ny := {u € X \ {0} : I\(u)u = 0} is the Nehari manifold. In [44], the authors
obtained ground state solution for (P,) using the minimization problem

ol = A3

SVK) = f ———————
AE) wex\ (0} [|lut |3
They proved that 0 < S)(K) < Se«, when max{1l, N/4} < A < N/2. As a con-

sequence, the above infimum is attained by a positive function ug € X N C?*(RY).

Since the problem is homogeneous, a scaling argument provides 7 > 0 such that the

function wy := 72 ~2ug is a solution for (Py) with Iy(wy) = ¢y We finally mention

that, since ug = 722w, and wy € N, we have that
[uol|* = Mluoll3 _ [lwoll* — Allwoll3 2 2\ 2/N
Sy > S\(K) = = = (lleoll® = Alflwol| :
T i 2

which leads to the following useful inequality
1 1
NSQZ/Z >~ (lwoll* = Allaoll) = To(wo) = co. (4.16)
From now on, we are going to look for a second solution for problem (P,) as a
positive energy critical point of
Ik (uw) = Ip(u) — p K(z)h(x)X(u)dx, ue X,
RN
with I, redefined as before. It is clear that its critical points are weak solutions for
the (nonsingular) problem
h(z)
(u+1/k)t—a

In our next result we prove that such solutions are, indeed, zero or positive in RV,

—div(K (z)Vu) = K(x) +FAK (z)u + K(2)|ul* 2u, inRY.  (P,)

Lemma 4.2.1. If u,, € X is a nonzero critical point of 1,1, then it is a positive weak
solution for (P,x).

Proof. 1t is clear that u, weakly solves the problem. Moreover, computing
0= I,y (ur)uy = [Jug I = Al 13 = uk‘l_q/K(l“)h(x)UE,

we conclude that u; > 0 a.e. in RY. In order to prove that w; > 0, we consider
¥ C Bg(0) a compact subset of RY. Using that K, \ > 1 and the relation

(s +s5 71 + Zmin{l,%}, Va>0,s>0,

a
(s+1)t-a
we conclude that, for a.e. € Bg(0), there holds

—div(K(z)Vu(z)) = AK(x)u(z)+ p ;1_[1 + K(z)u(z)*

V
=
-2
+
=
=
S

L
+
=

v
5
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where

21—q
On the other hand, using the Lax-Milgram theorem, we obtain a nonnegative v €
H}(Bgr(0)) such that

in, b
Cr := min {1, ,umm <5r(0) (as)} > 0.

—div(K (z)Vv) = Cg, in Bg(0).

Following the ideas developed in [44, Theorem 3.12], we can prove that v € C?(Bg(0)N
C(Bgr(0)) and therefore the Strong Maximum Principle ensures that v > 0 in Bg(0).
Thus, there exists a constant Cy, > 0 such that v(z) > Cy, for any x € X.

Since div(K (x)Vu) < div(K(z)Vv) in Bg(0), we have that

K(z)(Vu-V)dz > K(z)(Vv-Vv)dz, V¢ € Hy(Bgr(0)).

Br(0) Br(0)

If we ¢ := max{v — u,0} and use K > 1 again, we obtain

eBgonon < [ K@IVoPdr < [ K@)(V(-u)- Vo) ds 0.
[v>u] Br(0)
from which we conclude that ¢ = 0 or, equivalently, v > v a.e. in Bg(0). Hence,
u > v > Cyx > 0 in the (arbitrary) set ¥ and the lemma is proved. O

Remark 3. In the above proof, we have used the continuity of h to guarantee that
Cr > 0. So, it is clear that the same result is true if we just assume that, for any
R > 0, there holds

inf h(x) > 0.

z€BR(0)

If d € R, we say that (u,) C X is a (PS)4 sequence for 1, if

lim 1, .(u,) =d,  lim I}, (u,) = 0.

n—-+oo n—-+00

The functional 1, j, satisfies the Palais-Smale condition at level d if any such sequence
has a convergent subsequence. In what follows, we prove that our functional satisfies

this compactness condition in an appropriated subset of R.

Lemma 4.2.2. There exists My = My(q, A\, N, ||hllg) > 0 and My = Ms(q, ||h]]1) > 0
such that, for any p > 0 and k € N, the functional I, satisfies the Palais-Smale

condition at any level

1 N/2 0 My
d < NSQ* — MLLL — E,u

Proof. Let (u,) C X be a (PS)q sequence for I, ;. In order to verify that it is a

ap = % (% - QL) (Alg A) (4.17)
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and use (4.2) to get

4+ 0,1+ u]) = fukwn)—;*f;k( Vi
> ag]u|f? — g / K (2)h () X (1)
+% K (2)h(2) X (1) un

It follows from the above expression and (4.7)-(4.8) that

4+ on ()1 + ) 2 200l = £ [ K 2)hie) ( n %) (4.18)

Since (a + b)? < Cy(a? 4 b?), for some C; > 0 and any a, b > 0, we can use the
Young’s inequality to obtain, for each € > 0, a constant C. , > 0 such that

"R (2)n(z) (u;(x)+l)q < ngK(a:)h(:c) [(ur)(x) + k7]

< K (z)un(x)? + Oy K (x)h(z) + C’qu(x)h(x),

for a.e. z € RY. Picking ¢ = A1, we can use the above expression, (4.18) and (4.2),
to obtain

d + 0, (1)(1 + [[unll) > avollunl® = Mip” — Mqu

where

C,
M, = Cegllhlly, My = thHl-

Thus, (u,) C X is bounded.
Up to a subsequence, we may assume that u,, — u weakly in X and an analogous
of (4.9) holds. Arguing as in the proof of Lemma 4.1.3, we can prove that I/, ; (u) =0

and
lim [ K(z)h(x)X(u,)un /K (u)u.

n—+oo

Moreover, the former computations provide

L) = L) — T p(w)u > aolfull® — Mypt® — Myt

5ol o (4.19)

Hence, if we set v, := (u, — u), we can use (4.9) and the Brezis-Lieb lemma to get
0n(1) = I 1 (n)un = [lvn|* = [Jvall3e — I, (w)u + 0a(1),

from which it follows that

lim o> =1 = Tim ol

n—-+00

for some [ > 0.
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Suppose, by contradiction, that [ > 0. Then we can use the definition of S« to

conclude that { > Sé\i/ ?. On the other hand, using Brezis-Lieb lemma again, (4.11)

and (4.19) we obtain

1 1 .
d+ 0n<1) = Iu,k<un) = 5”“71”2 - ;Hffn %* + [M,k(u) + 0n<1)
> Dol = Lol + aollull — Mup® — My 40, (1),
-2 2% ka

Taking the limit as n — +o00 and recalling that [ > Sé\i/ 2, we obtain
L N2 %
dz NSQ*/ —MLLLO—MQE,

which contradicts the hypotheses. Hence, [ = 0 or, equivalently, u,, — u strongly in
X. m

We solve in the sequel the modified problem.

Proposition 4.2.3. Let pu*, p > 0 be given by Lemma 4.1.1. Then, there exists
kv = ki(q,h) > 0 and p. = p.(q, N, h) < p* such that, for any k > k. and p € (0, ),
the functional 1, has a positive critical point w, € X verifying I, x(ux) > p > 0.

Proof. Let My, M, be given by Lemma 4.2.2. Recalling that the function wy obtained
in the beginning of the section is positive, we obtain I, (twy) < Io(twp), for any t > 0.
Since Iy(twy) — 0, as t — 01, we can find ¢, > 0, independent of p and k&, such that

o 6 H
Zax I, k(two) < 5 <~ Myp® — Mgﬁ, (4.20)

whenever
< mi {1 0 }
min<1l, ———— 5.
a 2(M, + M)

Moreover, since the function t — twy(z) [two(x) + 177"

is increasing in [0, +00),

a change of variables provides

/t“O(x)“/’“ 117 ir > two(x) _
1/k T [swo(z) + 1/k]
two ()
[two(z) + 1)
towo(x)
[two(x) + 1]

Xk (two (33)) ==

(4.21)

1—q?

for any = € RY and t > t,. Hence, if we define

Wo

(tswo + 1)1

Chy = 1. / K (2)h(z)
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we can use (4.21) and that Jy(wy) = max;>q lo(twp) to obtain
Iuk(two) = I() two /K Xk two) < Co — Ch,q,ua t Z ty. (422)

We now notice that, if

then

q
RS2 MY
This inequality, together with (4.22) and (4.20), imply that

sup I, x(two) < co — T Mgﬁq,

4.23
ur ? (4.23)

whenever k > k, and

0 < p < py:=min< 1, , 4 .
p=p { 2(M; + M) <2M1> }

lim —[“’k(iwo) <
t—+o00 t2 -

Since
5 <0,

—§||W0

there exists 7" > 0, independent of ;1 and k, such that | Twy| > p and I, x(two) < 0,
for any ¢t > T'. Thus, we can use Lemma 4.1.1 to define the Moutain Pass level

cui = 1inf sup 1,,(v(1)),
vel’ o<i<1

where I' := { € C([0,1], X) : 7v(0) =0,7(1) = Two}.
The definition of I and (4.23) imply that

Cuk < Co — Mlﬁbe - MQﬁu

o (4.24)

whenever k£ > k, and pu € (0,p,). Using Lemma 4.2.2 and the Mountain Pass
Theorem we obtain a critical point u; € X such that [, z(uy) > p. By Lemma 4.2.1

this solution is positive and the proposition is proved. O
We are ready to prove our final main result.

Proof of Theorem J.. Let u* > 0 be given by Proposition 4.2.3 and 0 < pu < p*.
Using Proposition 4.1.3, we obtain a first positive solution with negative energy. In
order to obtain the second one, we denote by (ux)r>k+ C X the sequence of positive
solutions given by Proposition 4.2.3. As in Lemma 4.2.2, we can prove that

=1

1
c ok (Ur) — ?I,/Lk(uk)uk > apllug|? — My — M2

.k

ka’
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where oy > 0 was defined in (4.17) and M;, M, come from Lemma 4.2.2. The above
inequality and (4.24) imply that (ux) C X is bounded.

Up to a subsequence, we may assume that u, — u weakly in X, as k — +o0, and
an analogous of (4.9) holds. Arguing as in the proof of Lemma 4.1.3, we can prove
that I L(u) = 0. Moreover, for each compact set ¥ C RY, it follows from the proof
of Lemma 4.2.1 that ug(z) > Cs, for some Cx, > 0 independent of k. Thus, we infer
from the pointwise convergence of (uy) that u > Cx, > 0 a.e. in the (arbitrary) set
¥, and therefore u is a solution for (P,).

In order to guarantee that w is different from the first solution, we shall prove
that [,(u) > 0. We first notice that, arguing as in Lemma 4.2.2 and using u # 0, we
get

L(u) > agllul|* — Myp® > — Ml (4.25)

By setting vy := uy — u, using Brezis-Lieb lemma, I,(ux)ur = 0 and repeating the

calculations of Lemma 4.2.2, we obtain

0r(1) = lowll* = [lvell3 + I, (w)u + 0x(1),

and therefore, for some [ > 0, there holds

2*
P

lim |logl*=1= lim |
k—+o00 k—+o00

Thus, we can use (4.24) and the same argument employed in the proof of Lemma
4.2.2 to obtain

1
Co — Mlue — Mz% > Imk(uk) = Nl + IM(U) + Ok(l).

If I > 0, then [ > Sg/z and we can pass to the limit as K — +o0, use (4.16) and
(4.25) to obtain

1
Co — Mllua 2 NS;{N + IM(U) > Cco — Mlue,

which does not make sense. Hence, [ = 0 and therefore u; — u strongly in X. This
implies that
p < Lup(ur) = Lu(w) + ox(1),

and therefore I,(u) > p > 0. The theorem is proved. O

97



CHAPTER b

Indefinite problem with exponential critical growth in R?

We are concerned with the equation
1
(Ps) —Au + é(x -Vu) = a(z)f(u), x¢cR?

where a is a sign-changing potential and the nonlinerity f has an exponential crit-
ical growth at infinity. The operator in (Ps) naturally appears when we look for
self-similar solutions for homogeneous heat equations, namely solutions of the form

w(t, ) =t~/ P2y (t=1/2z) for the evolution equation
w; — Aw = |wP2w, in (0, +00) x RY.

More specifically, w is a solution for the above equation if, and only if, the profile u

is a solution for the elliptic equation
1
—Au — 5 (z-Vu) = Xu+ |[uff?u, z€RY,

There is a vast literature concerning the above problem with several types of
nonlinearities for bounded domains, the whole space R and even the upper half-
space Rf . Without intention to present a complete list of references, we could
cite [9,20,24,44,52,57,72,75,76] and references therein. In these works the authors
find results about existence, nonexistence, multiplicity, decay rate, among other prop-
erties of solutions via ODE techniques or variational methods. As far as we know,
Escobedo and Kavian [44] were the first to treat this operator in a variational way
and particularly inspired works as [49,51], that considered problem (P5) with sign-
changing nonlinearity having a concave-convex prototype.

In this chapter, we deal with an indefinite potential a. More specifically, we

follow [2] and assume that
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(a1) a:R? — R is a bounded sign-changing continuous function;

(ag) if
Q= {z e R%a(x) >0}, Q :={zrcR?%a(z) <0},

then dist(Q+, Q~) > 0;
(ag) there exists R > 0 such that a(z) < 0 for |z| > R.

We are interested in the case that f is superlinear both at the origin and at

infinity, namely

(fo) f € C(R,R) and there exists ap > 0 such that

2 = .
s—+oo0 4 +oo if  a < ag;

0 { 0 if a>ap,

(f1) }gi_g%f(s)/s =0.

In order to present the other conditions on f we need to say some words about
our functional space. So, we set K (x) := exp(|z|*/4) and notice that div(K (z)Vu) =
K(z)[Au+ (1/2)(x - Vu)], in such way that we can use a variational approach and
look for solutions in the space X defined as the closure of C°°(R?) with respect to

ul| == (/R K(w)|Vu|2dx) "

Given s > 2, it is proved in [50] that X is compactly embedded into the weighted

the norm

Lebesgue space L3 := L*(R?, K(z)). Hence, we can define the constant

Sy = inf{ K(z)|Vul*dz K(z)|u|* do = 1} :
R2

RQ

Since QF is far from Q-, we can find ¢ € C*(R?,[0,1]) such that

(=1, in QF, (=0, in Q, M :=sup |V(| < oco.
R2
Our technical assumptions on f can be stated as follows:

-1
f2) there exist v > 2 and 0 < 0 < v |2 1+ MS;? such that, for F(s) :=
2
Jy f(7)dr, there holds

0 < 5F(s) < f(s)s, ¥ls| >0
(f3) there exist Ky, Ry > 0 such that
0 < F(s) < Kol|f(s)], Vls| > Ro;
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(fa) if 2o € Q7 and r > 0 are such that a(xy) = maxg+ a and a(z) > (maxg+ a)/2
in B,(zg), then

2 et
lim sf(s)e " > B, > e — 4+ — ).
s—-+00 f(s) 2 fo apr? - maxo+ @ P ( 8 512)

We prove the following existence result:

Theorem K. Suppose that (a1)—(a3) and (fo) —(f1) hold. Then problem (Ps) admits

at least a weak nontrivial solution.

In the proof we apply the Mountain Pass Theorem. Since the potential a changes
it sign, it is not so easy to prove that Palais-Smale sequences are bounded. Conditions
(ag) and (f2) are important in this issue. Condition (f3) has first appeared in [36]
and provides a compactness property for the Palais-Smale sequence. With the aim of
overcome the difficulties imposed by the lack of compactness, since we are dealing with
the whole space R?, we invoke a version of the Trudinger-Moser inequality together
with assumption (fy) and the Moser’s functions to find the correct localization of the
mountain pass level. We notice that (fy) is weaker than limg_, o f (s)se‘aos2 = 400,
which have been used in some former papers (see (g5) in [2] for instance). It is not
difficult to see that, if we pick ¢ > /6, then the function

£(s) = (qls]77%s + 2ap]s[7s)e 0l

satisfies all the conditions (fy) — (f1) above.
We finish this introduction quoting the paper [14], where the authors considered

—Au+u=a(z)f(u), in Q Bu =0, on 01,

in a bounded domain, Bu = du/dv or Bu = u, a € C(2,R) is a sign-changing
potential and f is a power type subcritical nonlinearity. The N-laplacian case is
considered in [2] for an exterior domain 2, Dirichlet boundary conditions and f
having exponential critical growth. Theorem A is a complement of these papers since
we deal with the whole space case and a different operator.

The chapter contains two more sections. In the first one, we present the variational
framework to deal with (Ps) and some auxiliary results. Theorem K is proved in
Section 5.2.

5.1 Variational framework and technical results

We start by quoting a Trudinger-Moser type inequality proved in [50].
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Theorem 5.1.1 (Trudinger-Moser). Ifu € X, 8> 0 andp > 0 then K (z)|u[>t?(e?* —
1) € LY(R?). Moreover, if ||u|| < M, with BM?* < 4m, then there exists a constant
C =0C(B,M,p) >0 such that

K (@)|u|*?(e™ — 1) da < Clful***.
R2

Let a > ap and ¢ > 1. It follows from (fy) that

lim f(s)

|S|~)+OO |S|l—q(€a32 _ 1)

=0.

Hence, we can use (f1) to obtain, for any given € > 0, a constant C. > 0 such that
max{| f(s)s], | F(s)[} < es” + Ccfs|*(e" = 1), (5.1)

for any s € R. Since a € L>*(R?), we can use the above estimates and Theorem 5.1.1
to show that the functional I : X — R given by

() = 3l - / K (@)a(a) Flu) dr

is well-defined, it belongs to C'(R? R) and its critical points are weak solutions for
problem (Ps).
Let 2o € Q1 and r > 0 be given by condition (f;). We define a slight adaptation

of the Green’s function considered by Moser in [71], namely

K(r/n)~'?(logn)/?, if |z — x| < r/n,

V() e _ipplog (r/lx —ml)

M, (z) := T K(z)™V logr) 12 it r/n<l|x—x <,
0, if |z — x| >

As we shall see, the location of 2y € R? does not play any role in our next calculations.
So, we assume with no loss of generality that zo = 0. We have that M, € H'(R?)

and supp(M,,) = B,(0). Moreover, it is proved in [50, Lemma 4.6] that there exists
a sequence (d,) C R such that

— 2 A
MP=1+— (242 )_a,  lim d,logn=0. 5.2
IMall” =1+ 1502 (8 N 512) noseo I 0BT (5:2)
In particular, ||M, | — 1, as n — +oc.

Lemma 5.1.2. Suppose that (a1) — (a3), (f2) and (fy) hold. If M, = Mn/HJ\N/an,
then there exists n € N such that

max I(sM,) = max {%2 — | K(z)alz)F(sM,) da:} <

s>0 R2 (7))
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Proof. For each n € N, consider the function g,(s) := I(sM,,), for s > 0. From (f2),
we obtain Cp, Cy > 0 such that F(s) > Cy|s["/? — Oy, for any s € R. Thus, since
supp(M,,) C QF, we have that

2
G- Cys/° K(x)a(z)M"/ dx + C, K(z)a(x) d.
2 Q-+ o+

[N

gn(3>

Recalling that v/0 > 2, we obtain g,(s) — —o0, as s — +o0o. Hence, g, attains its

global maximum at s,, > 0 which satisfies 0 = ¢/,(s,,) or, equivalently,

52 = K(z)a(x)f(s,My)s, M, dx. (5.3)
B, (0)

Suppose, by contradiction, that the result of the lemma is false. Then g,(s,) >
(27)/cy and we can use the definition of g, supp(M,,) C QT and F > 0, to get

s3> . (5.4)
Let By > 0 be given by (fs). If 0 < e < By, there exists R. > 0 such that
sf(s) > (B — €)e™*", ¥|s| > R.. (5.5)

Using the definition of M, (5.4) and ||M,| — 1, as n — 400, we conclude that

M, e /) [4rlogn
= Sni = > ~
[ Myl ([ M| (o

> R.,

S M, ()

for any |z| < r/n and n large. Hence, it follows from (5.3), (5.5), K > 1, the choice
of r > 0 in (fy), the previous inequality and the definition of M,, that

s > / K(x)a(x) f(spM,)s, M, dx
Br/n(o)

> co(Bo — E)/ exp(ap(s,M,)?) dx
Br/n(o)

—r2/(4n?) |
= ¢o(fo — 5)/ exp (awi%) dx
Br/n(0) 2m|| My |

r? e~/ 4n) Jogn
= Co(ﬁo — 5)—2 exp Oé()Sif2 s
n 2 || M, |

where ¢ := (maxg+ a)/2. Using that 1/n? = exp(—2logn), we obtain

6—T2/(4n2) ao
S,i Z Co(ﬁo — 8)7]'7“2 exp 2 WESZ —1 logn s (56)
and hence, recalling that exp(s) > s, we get that
—r?/(4n?)
s2 > 2c(By — &)mr? [eH]/\\[—H?%(Si - 1] logn. (5.7)
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Since e"*/Un))|| M, |72 — 1, we conclude from the above inequality that (s,,)

2
n

is bounded. Hence, up to a subsequence, s; — v > 4n/ag. If v > 47w /ag, we
obtain a contradiction after passing (5.7) to the limit. Thus, v = 47/ag. Combining

inequalities (5.4), (5.6) and Lemma 5.2, we obtain

1My ]2

Si > co(Bo — 8)7T7“2 exp { (HMnHz — €_T2/(4"2)) log n}

Passing to the limit in n, using (5.2) and a straightforward computation, we obtain

A r2 ot
7 — &)mr? ().
o 2 co(Bo — e)mr” exp ( (8 + 512))

Letting € — 0 and recalling that ¢y = (maxq+ a)/2, we finally conclude that

By < 8 r? n r
exp | — + —
0= aor? - maxg+ a P 256 )’

which contradicts assumption (fy). The result is proved. O

We prove in the sequel that I has the Mountain Pass geometry.
Lemma 5.1.3. Suppose that (a1) — (a3) and (fo) — (f2) hold. If n € N is given by

Lemma 5.1.2, we have that

(1) there ezist & p > 0 such that I(u) > &, for any u € X, ||ul| = p.

(1) there exists so > 0 such that ||soM,| > p and I(soM,) < 0.

Proof. Given o > o and ¢ > 0, it follows from (5.1) (with ¢ = 3) that

K(z)a(x)F(u)dr < K(z)a(x)F(u)dr < €HCL||L°°(Q+)HUH§

R2 Q+

+ ||a||Loo(Q+)CE /N K(:L‘)|u|3(eau2 _ 1) do.
R

If 0 < M < 1 is such that aM? < 4w, we can use Theorem 5.1.1 to obtain C} =
C1(M,«) > 0 such that
K(2)a(a)F(u) d < ellal 1 S5 lulla + Cllul®
R2
whenever ||u|| < M. Hence, picking £ > 0 in such a way that (1 —2¢||al|f=@+) S5 ") =
Cs5 > 0, we get that

1 _ &
10 2 50 = 2elallim@o S5 ul? = Colul® =l (Z - culul).
and item (i) clearly holds for p := Cy/(4C}) and ¢ := p?Cy/4. The second statement
is a direct consequence of the proof of the last lemma, where we have that I(sM,) —

—00, as s — +00. ]
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The above result ensures the existence of a Palais-Smale sequence at the mountain
pass level [3] (see also [93, Theorem 1.15]), that is, a sequence (u,) C X such that

. / _ : _
S Tl =0 L Hm) = ener

where

2
carp = inf max I(7(s)) € (0, —W> ,

€T s€[0,1]
and I' := {v € C([0,1],X);7(0) = 0, v(1) = e}, with e := soM,, € X given by
Lemma 5.1.3. Notice that the path v(s) := ssoM, belongs to I' and therefore we
really have that ¢y, < 27/ay.

Lemma 5.1.4. There exists ug € X such that, up to a subsequence, u, — ug weakly
mn X.

Proof. 1t is sufficient to prove that (u,) is bounded in X. Computing I(u,) —
(0/v)I'(u,)(Cuy,) and using the properties of the function ¢ we get that

¢+ on(1) +on(Dlunl = %HMIIQ—/RzK(x)a(x)F(un)dflf

_ g /R K (@) [V (Ctn) = a() f (n)Cun) de

1 0 OM
(5-5) el = 20 [ K@) o
R2

v

v

+ | K@) [9 Flun)un — F(un)] dx

Q+ v
and therefore we can use (f3) to obtain

1 40

0
¢+ on(1) + op(1)|Jun|| > <— — —) ||un||2 — ﬂ/ K(x)|Vuy||u,| dx. (5.8)
2 v Vo g2

It follows from Holder’s inequality and the continuous embedding that

0 0 —1/2
P2 k@I Tuallualde <
v R2 14

which together with (5.8) lead to

1 6 oMmS, "2
¢+ 0n(1) + 0, (1) ||ug|| > <— — - —2>

By (f2), the term into parenthesis above is positive, which implies that (u,) is
bounded in X.
]
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Since X is compactly embedded in L3 (R?), it follows from the above lemma that
u, — ug strongly in L*(R?),
un(r) — wup(x) a.e. in R?, (5.9)
lu,(z)] < hg(z) a.e. in R?
for any s > 2 and some h, € L3 (R?).

Lemma 5.1.5. Suppose that (ay)—(a3) and (fo)—(f1) hold. If a*(x) := max{+a(z),0}
and ug € X is given by Lemma 5.1.4, then K(z)a*(x)f(u,) — K(x)a*(z)f(ug) in
L} (R?).

loc

Proof. Fixed o > 0, we can compute I (u,,)—(o/v)I'(u,)(Cu,) and argue as in Lemma
5.1.4 to obtain

1 MS;
¢+ 0,(1) + 0p(V)l|un]| > <5 - - "—) a1
+ (% — g) - K(x)a(x)f(un)u, dx

-1
Choosing 0 > v [2(1 + MS’;UQ)} > 0 and recalling that (u,) is bounded, we
obtain

K(x)a(z) f(un)u, de < Cy.

O+
Moreover, since I’(u,)u, = 0, we have that

. K(z)a(z)f(un)u, dx < - K(x)a(z) f(un)u, dz = ||uy]| + 0,(1) < Cs.

Let 2 C R? be a bounded set. Given ¢ > 0, is is clear that
lf(s)] <ef(s)s, V|s| > R.:=1/e.
Consequently,

/ K(z)a* (z)|f(u,)| dx < 5/ K(2)a™ () f (up)uy do < eCs,
[lun|>Re]N2

[un|>R:]NQ
(5.10)
with C3 := (C] + C3). Thus, from the pointwise convergence and Fatou’s lemma, we
obtain

/ K(z)a™(2)|f(u)| dv < eCs. (5.11)
[|UO‘>R5]QQ
On the other hand,

| E@a @)~ sl < [ K@) e
K(2)

“
[lun|>R]NQ

K(z)a® ()| f(u,) — f(ug)| de.
+/“ (2)a* ()| () — f (o)
10

a* ()| f (un)| dz

U |<R:]NQY
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Thus, we infer from (5.10) and (5.11) that

/K )| fun) — flug)|dx < 2503—1—/ K(z)a™(2)|f(uo)| dx

$p,eNQ

K (x)a™(2)]f(un) — f(uo)| du,
i /“un<R€]mQ () <>|f( ) f( )|

with X, . := [Jlug] < R N[|lun| > R.]. Passing the above inequality to the limit
as n — +oo, using that €2 is bounded, Lebesgue’s theorem and the arbitrariness of

g > 0, we obtain

lim K(z)a®(2) f(un, dx—/K ug) dz,

n—-+oo Q

and the lemma is proved. O

5.2 Proof of Theorem K

We prove in this section the main theorem of the chapter. The idea is proving that
the weak limit ug given by Lemma 5.1.4 is a nonzero solution of (Ps). First notice
that, since I'(u,) — 0, as n — 400, we can use Lemmas 5.1.4 and 5.1.5 to conclude
that I'(ug)p = 0, for all p € C°(R?). A density argument shows that ug is a critical
point of I.

Suppose, by contradiction, that uy = 0. Using condition (f3), the continuity of f
and that QT is bounded, we obtain C; > 0 such that

K(z)a(z)F(u,) < Cy + KoK (2)a(z)|f(uy,)|, forae xeQF.

As a byproduct of the proof of Lemma 5.1.5, we see that the right hand side above
goes to zero. So, we can use the pointwise convergence and Lebesgue’s theorem to
conclude that [, K(z)a(x)F (u,)dz — 0. Hence,

carp +0,(1) = 1) = gl = [ K(z)ale)Fun)da
> gl = [ K@a@)F(u) o = 3l +o,(1),

from which we conclude that limsup [|un||* < 2cyp < 47/ag. This provides m, ng >

n—-+o0o
0 be such that

4
]l < m < a—:, Vi > no.

We now claim that [o, K (x)a(z) f(un)un, = 0,(1). If this is true, we can use I' (uy, ) u, =
on(1) and (5.1) to get

P = [ K()ale) flunendo -+ 0,(1) = 0,(1),
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which implies that I(u,) — 0. But this is impossible because I(u,) — cyp > 0.
Then, ug # 0 is the desired solution.
In order to prove the claim, we pick o« > o, ¢ > 2 and s > 1 to be chosen later,

and apply (5.1) together with Holder’s inequality to write

K(z)a(x) f(un)un dr < Czl\un!\igﬁ(?a/ K () |un|* (e — 1)da
R2

R2

< Collually
) 11/
+ Cyllunl?,. [ ()] (e 1) ] ,
R2
Using the inequality (1 + a)® > 14 a® with a = e — 1, we get (e! —1)¥ < e — 1.

So, setting v, = u,/||u,| and noticing that asu? = aslju,|]*|v.|> < asm|v,|?, for

n > ng, we obtain

K(z)a(z)f(up)undz < Collunllzs

1/s
S asmvn2
+ Caflunll?,. {/ K(z)|v,|? (e [on _1” :
K R2

Since asm — agm < 47, as a — ap and s — 17, we can choose «, s, ¢ close to

R2

the numbers «ay, 1, 2, respectively, and use Theorem 5.1.1 to guarantee that the term
into brackets above is uniformly bounded. It is sufficient now to recall that u, — 0

strongly in the weighted Lebesgue spaces to obtain

K(z)a(z)f (un)un < Cilluallzs + Csllunll?,. = 0a(1),
R2 K

and we have done.
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