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Resumo

Apresentamos o estimador de maxima verossimilhan¢a (MLE) para o parametro de drift de uma Equacio
de Langevin Generalizada (GLE) governada por um processo de Lévy observado continuamente no tempo.
Em geral, o MLE nfo tem forma explicita e apresentamos condi¢des suficientes para que o estimador seja
consistente, assintoticamente normal e eficiente. Em particular, mostramos que o experimento estatistico
associado a GLE satisfaz a propriedade de LAN (locally asymptotic normal). Propomos uma discretiza¢ao
do MLE utilizando filtro de grandes saltos (FMLE). Um segundo estimador discretizado € proposto
usando as mesmas ideias do FMLE, mas introduzindo uma dependéncia do processo de Lévy simulado.
Foram analisadas estimacdes de simulagdes do processo de Ornstein-Uhlenbeck generalizado do tipo
exponencial flutuante com trés pardmetros. Por fim, um caso particular do drift da GLE foi abordado, para

o qual o MLE tem uma forma explicita e o FMLE herda as propriedades do estimador a tempo continuo.

Palavras-Chave: Equacdo de Langevin Generalizada; Processo de Ornstein-Uhlenbeck Generalizado;
Estimagdo do Drift; Propriedade de LAN; MLE Filtrado.
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Abstract

We present the maximum likelihood estimator (MLE) for the drift parameter of the generalized Langevin
equation (GLE) driven by a Lévy process observed continuously in time. Generally, the MLE has a
non-explicit form and we present sufficient conditions for its consistency, asymptotic normality and
efficiency. In particular, we show that the statistical experiment associated with the GLE satisfies the
locally asymptotic normal (LAN) property. We propose a discretization of the MLE by filtering “big”
jumps (FMLE). A second discretized estimator is proposed using the same ideas of the former, but
introducing a path dependence of the simulated Lévy processes. Estimations from simulated paths were
done for the 3-parameter generalized Ornstein-Uhlenbeck process of the fluctuating exponential type.
Finally, a particular case of the GLE drift was considered, for which the MLE has an explicit form and the

FMLE inherits the properties of the continuous time estimator.

Keywords: Generalized Langevin equation; Generalized Ornstein-Uhlenbeck processes; Drift estimation;
LAN property; Filtered MLE.
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List of Abbreviations and Symbols

The next list describes several symbols and abbreviations that will be later used within the body of the

thesis

Abbreviations

GLE Generalized Langevin Equation
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GOU-FE Generalized Ornstein-Uhlenbeck of the Fluctuating Exponential type
LAN Locally Asymptotically Normal

MLE Maximum Likelihood Estimator

SDDE Stochastic Delay Differential Equation

SDE Stochastic Differential Equation

SIDFE Stochastic Integro-Differential Equation

Estimators

0(t) Maximum Likelihood Estimator

GAYFﬂ MLE Filtered Maximum Likelihood Estimator
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Measures

v Lévy measure

{1o+;(0,t) € © x [0,00)} Signed measures on [0, t]

{Py; 0 € ©} Family of probability measures on (2, F, {Fs;t > 0})
Pet The restriction of Py to the o —algebra F;

! . . .
Py < Py, Py is locally absolutely continuous with respect to Py, ; if Pj << Pgo forallt € R,
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Processes
b0, X)) = — fo s)pg.+(ds) Drift process of the GLE
7 Pt (X +) Likelihood function of X; Radon-Nikodym derivative
L = {L(t);t > 0} Lévy process
W = {W(t);t > 0} Wiener process
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X° Continuous martingale part of X
X: ={X(s);s <t} Pastinformation of X until the time ¢
Other Symbols
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(Q, F,{F;t > 0}) Filtered probability space
Ry  Positive real numbers (0, co)
F o—algebra on ()
Law (V' (t) | P) The distribution of the random vector V'(¢) under the measure P
Law (V (t) | P) — V The convergence in distribution under the measure P
Vf:RN — RY Gradient vector of a function f
0?f  Hessian matrix of a function f
0;f  Partial derivative of a function f
Py(t)  Zpo(t)
pe(t) Resolving function of the GOU process
AT Transpose of a matrix A
v Transpose of a vector v
S} Parameter space; subspace of RV
{Fi;t > 0} Filtration of sub-c—algebras on 2
aAb Minimum of ¢ and b

Dltg, 00) Cadlag functions on the interval [tg, c0)
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Introduction

Applications of Stochastic Differential Equations (SDEs) have been developed in many fields such as
physics, economics and chemistry since early 20th century. More recently, great interest has been arisen
in models with some memory effects, where Stochastic Integro-Differential Equations (SIDEs) can play
an important role. An example of SIDE is the Generalized Langevin Equation (GLE), proposed in the
1960s by Kubo [29] and Mori [51]. In such SIDE, the drift component takes into account the evolution of
the process up to a considered time ¢. Formally, the GLE can be written as

dX(t) = - /tX(s)fy(t —s)ds dt +dL(t), t >0
0
X(0) = Xo,

ey

where L = {L(t);t > 0} is a stochastic noise, X is a random variable independent of L, v(-) is a
deterministic function called Memory Function and the drift is — fg X (s)y(t — s)ds. It is worthwhile to
mention that if the memory function is a Dirac delta concentrated at the constant # > 0 and the noise is
the Wiener process W = {IW(¢);¢ > 0}, then the GLE becomes the widely known Classical Langevin
Equation
{ dX(t) = —0X(t)dt+dW(t), t >0, o
X(0) = Xo,

whose solution is the so called Classical Ornstein-Uhlenbeck (OU) process and is given by
t
X(t) = Xpe % + / e =)W (s), t > 0.
0

Results on existence and uniqueness of solution for certain classes of the GLE were obtained by
Kannan [24], Kannman and Bharucha-Reid [25], Medino et al. [49] and Santos [59]. Along the last two
decades, further theoretical matters and applications of the GLE have been performed by many authors
such as Di Terlizzi et al. [9], McKinley and Nguyen [48], Ottobre and Pavliotis [52], Pravliotis et al. [53],
Zhu and Venturi [66] and Zwanzing [67].

Concerning statistical inference issues, Kiichler and S¢rensen [33] investigate the maximum likelihood
estimation problem for the drift parameter of the classical Langevin equation only. On the other hand,
substituting the Wiener process in the noise term by a more general Lévy one in the classical Langevin
equation, non-Gaussian Ornstein-Uhlenbeck processes can be obtained as solution. This is the case in
the famous work of Barndorff-Nielsen and Shephard [3], who has been considered as building block for
important applications in finance. In such setting, Mai [42, 43] deals with maximum likelihood estimation

matters for classical OU processes driven by Lévy noises.



Issues concerining statistical estimation for the drift term of the GLE are important to better fit the
mathematical model to the potential real time series aimed to be modeled. They enable us to infer

predictions on future matters of the modeled time series based on accumulated information.

Statistical inference issues concerning the GLE also deserve attention since the relevance that such
equation can play in modelling phenomena with memory effects. Stein, Lopes and Medino [62] present
an alternative approach to the GLE which generalizes the previously used one. They consider a family
of finite signed measures {z;t > 0} instead of a memory function (). With this procedure, the GLE

becomes
dX(t) = —/tX(s)ut(ds)dt—f-dL(t), t>0
0
X(0) = Xo

Then, theoretical properties such as recurrence and autocorrelation structure of the solution processes
from classes of GLE were investigated, as well as simulation results were presented. For instance, a case
introduced by the authors, named Cosine Process, present non-stationary behaviour, with fluctuating paths

and oscillating decay for the autocorrelation function.

Inspired by ideas in Stein, Lopes and Medino [62], Alcantara [1] introduced a GLE based model for
domestic dollar interest rates time series, known as Cupom Cambial. A drawback in modelling Cupom
Cambial by classic OU processes is that their embedded time series exhibit characteristics of order 1
autoregressive models (AR(1)) and this does not fits to real data evidences. Thus, the author propose a
class of GLE based model which better adapts to Cupom Cambial time series. Briefly, such class of model

corresponds to a mixture of classical OU process and cosine process.

In this thesis we investigate properties from the Maximum Likelihood Estimator (MLE) for the drift
parameter of classes of GLE. That is, we consider a pre-specified vector parameter ¢ on which the memory
function ~(-) depends and a Lévy process L as the driving noise. We present sufficient conditions for the
consistency of the MLE (Law of Larger Numbers-LLN) as well as the asymptotic normality (Central
Limit Theorem-CLT).

Having established results on consistency and on asymptotic normality for the MLE, a natural
improvement is to search for information on the efficiency property of the estimator. In this direction, we
prove that the MLE is efficient in the sense of the Hijek-Le Cam Convolution Theorem, extending results
obtained by Mai [42, 43] for Lévy-driven OU processes. Precisely, we show that the statistical experiment
associated with the GLE satisfies the Locally Asymptotic Normal (LAN) property (see Theorem 2.3.4).
Such notion of efficiency is directly related to statistical experiments satisfying the LAN property and
avoids super-efficiency issues (cf. Ibragimov and Has’minskii [22]).

The LAN property is a useful instrument to study efficiency of statistical estimators. It was introduced
by Le Cam [35] and has been widely studied ever since. We refer the reader to Ibragimov and Has’minskii
[22], Le Cam and Yang [36] and Vaart [65] for further details on this subject. Recent studies on the
efficiency of estimators considering the LAN property have been performed in the specific case of SDEs,
see for example Benke and Pap [5, 6], Gloter, Loukianova and Mai [13], Gushchin and Kiichler [14, 16],
Kohatsu-Higa, Nualart and Tran [28], Liu, Nualart and Tindel [39], Mai [42, 43] and Tran [63, 64].

As we have mentioned, Kannan [24], Kannman and Bharucha-Reid [25], Medino et al. [49] and
Santos [59] explored issues on existence and uniqueness of solutions for certain classes of GLE. Under

mild conditions, a representation form for such solutions was first presented by Kannan [24] as a stochastic

2



process { X (t);t > 0} given by
t
X() = Xop(t) + [ plt = )dL(s),
0
where p(+) is a deterministic function satisfying the following Volterra integro-differential equation

At = —Ap@ﬂwwMa
p(0) = 1

3

Such representation form is called Generalized Ornstein-Uhlenbeck process (GOU) and we recall that the
classical OU process is the particular case corresponding to the exponential p(t) = e~

In this work, we present a detailed study for the Generalized Ornstein-Uhlenbeck of Fluctuating
Exponential type (GOU-FE) process. This class of solution was proposed by Alcantara [1] to model
Cupom Cambial time series. In the Alcantara’s work, a representation form is considered with function p
given by

p(t) = Ore %1 + (1 — 6) cos(61t),

where (01, 02) € R? is a two dimensional parameter to determine. As we also have pointed out, AlcAntara’s
model is a mixture of the classical OU process and the cosine process studied in Stein, Lopes and Medino
[62].

Our strategy is to allow the behavior of the exponential and cosine components depends on different

parameters. That is, we consider a GOU-FE process with

p(t) = 93679115 + (1 — 93) COS(QQt) 4

for (61,02,03) € © C R? x [0,1]. Similarly to Alcantara, we prove that the proposed process is a GLE
solution, that is, we found explicitly () satisfying (3). We also show that the discretized process behaves
as an order 3 autoregressive process. Through simulation studies, we evaluate the MLE’s performance in
estimating the parameters in GOU-FE process as well as in our modification.

To carry out a simulation study of the MLE performance, a discretized form of the likelihood is
required. The main problem in the discretization of the MLE is getting a good approximation for the
increments of the continuous martingale part X ¢ which is not observable. We discretized the MLE through
filtering "big" jumps of the process and we will call it FMLE (filtered MLE). The motivation for this
approach was Mancini [44, 45] —who studied the order of the X © increments and developed a technique
for identifying the times when jumps larger than a defined threshold occur— and Mai [43] and Gloter,
Loukianova and Mai [13] —who used a thresholding technique to approximate the continuous part. A
second discretized estimator was proposed using the same ideas of the former, but introducing a path
dependence of the simulated Lévy processes. The discretized estimators were compared using GOU-FE
process simulations with p(-) defined by (4).

To study the asymptotic behavior of the FMLE, we restrict our investigation to the GLE given by

N t

axw = -0 / X (s)y;(t — s)dsdt + dL (1), >0 s
=1 70

X(0) = X



where 07 = (61,--- ,0x) € © C RY. With this restriction, under suitable regularity conditions, we find
an explicit form from the MLE for # and we prove that the MLE inherits the same asymptotic behavior
of the MLE in the general case. We also show that the FMLE has the same asymptotic behaviour of the
theoretical estimator MLE.

This work is organized in four Chapters and one Appendix. In Chapter 1, we present basic notations,
concepts and properties that will be used in the development of the subsequent chapters. In particular,
we present the formalization of LAN property and a summary of recent statistical inference studies on
stochastic processes, especially those that are of our particular interest.

In Chapter 2, we explore the connection between the probability measures { Py; 6 € O} (induced by
X)) and the Radon-Nikodym derivative of Py with respect to Fy which allows us to write the log-likelihood

function as

1(0,X;) :=lo d—P"t(X) = 1/t b(0, X)dX (s) — 1/t52(9 X,)ds (6)
y At) - — gdpég t —0_2 0 s “Xs 20_2 0 y X5 )
where X; = {X(s);0 < s < t}, b(0,X;) = —ng(s)p,g,t(ds) and X¢ denotes the continuous

martingale part of X. Though, in general, we do not have an explicit form for the MLE {0(t); ¢ > 0},
we can bypass this difficulty by using versions of CLT for continuous-time multivariate martingales.
Our Theorem 2.3.4 shows that, under ergodicity assumptions and regularity conditions, {6(t); ¢ > 0} is
strongly consistent and asymptotically normal. Furthermore, we show that { Py; 0 € ©} satisfies the LAN
property, which in turns assures that {(t); ¢ > 0} is asymptotically efficient in the sense of Héjek-Le

Cam convolution theorem, that is
Law (‘P(t)_l (é(t) - 9) ‘ Pe) — I(0)"Y2N (0,Iy) as t — oo,

where ((t) is an appropriate normalizing function, N denotes the normal random vector with covariation
matrix Iy, () is the asymptotic Fisher information matrix, and Law (V' (¢) | Pp) — V denotes the
convergence in distribution under Fy. To overcome difficulties that arise from the discretization X ¢ we
make use of FMLE that filters the "big" jumps of the process X, that is

- 1 ¢ 1<
FMLE _ , , 2 A
HT = arg ené%)é {0_2 ; b(g, Xti)A1X1[|A¢X|§vM — @ ; b (6, th)Az} .
Simulation results of FMLE for some GOU-FE models are exhibited.

Chapter 3 is dedicated to study the GOU process of Fluctuating Exponential type with function py(-)
given by (4). This process will allow us to model phenomena that present oscillations or seasonality or

autoregressive behavior. Our simulation results for the process

X(t) = Xo(0) (1= 82)e™" + 6 cos(6at) ) + /0 t (1= 020779 4 By cos(a(t — 9)) ) dL(s)

shows that despite the good results obtained when the perturbation of the OU process is small, i.e.,
02 | 0, issues such as computational time and improved estimation in some regions of parametric
space require a little more care when 65 is not small. This led us to propose a more general "memory"
function by introducing the parameter 3 as in (4). Worth pointing out that this process will allow us
to model phenomena that present oscillations or seasonality or higher autoregressive behavior. In fact,

our Proposition 3.2.2 shows that a discretization of this new process has an order 3 autoregressive form,

4



which is a consequence of the OU and cosine recurrences. Moreover, based on the recurrent structure of
the model and making use of the simulated noise and the real expected drift, a new modified FMLE is
proposed (Section 3.3),
OpTMLE = arg min [1(0, Xt,) — (60, X¢,)]
0€0g

where 6 is the true value of the unknown parameter and {t1, - - - , ¢, } is a convenient partition of the time
interval. Simulation results for mFMLE and its performance is compared to that of FMLE in Section
3.3. Our Theorem 3.2.1 shows that the corresponding process is indeed a solution of the GLE with the
associated family of signed measures {/9+; 60 € ©, t > 0} satisfying the Volterra integro-differential
equations (3). Also, the Theorem 3.2.6 shows that if the "memory" function py(-) satisfies a recurrence
relation, then the corresponding GOU process will have autoregressive representation of general order m.
Thus the same discretization technique could be applied. Extension for the case when L is a symmetric
a—stable Lévy process with 1 < o < 2 is considered in Proposition 3.2.7.

In Chapter 4, we will consider a particular class of GLE for which the drift function satisfies

t N .
b(0, X1) = —/0 X (s)po(ds) and pgp = > O’
j=1

where the signed measures u%j ) are finite at intervals [0, ¢]. These restrictions appear naturally when we
analyze the OU, cosine and stochastic delay (SDDE) processes. For this type of processes the parameter
0 can be linearly separated and depends exclusively on the process history X;. Moreover, for this class
of GLE the Radon-Nikodym density of Py with respect to P takes up a much simpler form and we can
derive an explicit expression for the MLE,

R t

0(t) = ang puas ff;ﬁgm — St A,
where the matrices S(¢) and A(t) are properly defined functions of the drift function b(, X;) and the
continuous martingale part X ¢. Based on this and under much milder assumptions than those of Theorem
2.3.4, our Theorem 4.2.4 establishes for é(t) the strong consistency, asymptotic normality and asymptotic
efficiency in the sense of Hdjek-Le Cam Convolution Theorem. Its proof is less technical and basically
requires a version of the CLT for continuous time martingales. In Section 4.3, we study the asymptotic
behavior of the corresponding discretized and filtered approximation éﬁ MLE .— G—1A, where S,
and A, are approximations of S(¢) and A(t) respectively. As shown in Theorem 4.3.2, with a good
convergence rate for some stochastic integrals approximations by Riemann sums, the FMLE will have the
same asymptotic behavior as that of MLE.

For the convenience of the reader and aiming a work as self-contained as possible, in Appendix A
we recall some concepts from the theory of stochastic processes and statistical inference we have used
through the Thesis. We also present a survey of results from related publications which are fundamental

for the development of this work.






Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we present preliminary concepts that are used throughout this thesis. We start with Section
1.2 setting the basic notations, defining the Locally Asymptotically Normal (LAN) property for a statistical
experiment associated with a continuous time stochastic process. We also present examples and establish
the connection between LAN property and the notion of efficiency for estimators, in the sense of Hajek-Le
Cam convolution theorem.

Section 1.3 is dedicated to present some classes of Lévy-driven stochastic differential equations and
its recent statistical inference results. These processes are particular cases of the generalized Langevin
equation (GLE) which is presented in Definition 1.3.7 using the approach of Stein, Lopes and Medino
[62], that is, changing the memory kernel of the Mori [51] and Kubo [29] definition by a family of signed
measures. The sense of Kannan’s solution for the GLE named generalized Ornstein-Uhlenbeck process
(see [1, 24, 49, 59, 62]) is also presented. Although it is not a particular case of GLE, the last class
of processes presented (which was studied by Gloter, Loukianova and Mai [13]) gives us an idea of
techniques to be used to obtain the behavior of the drift estimator in Chapter 2. In Section 1.4 we state the
problems that will be studied in Chapters 2, 3 and 4.

Finally, we emphasize that the reader who is familiar with statistical inference for Stochastic Dif-
ferential Equations can skip this chapter and go straight to Chapter 2, referring to this chapter only for

occasional citations.

1.2 Notations and Basic Definitions

We start this section by setting some notations. Let us denote the distribution of the random vector V()
under the measure P by Law (V (¢) | P) and

Law (V(t) |P) =V, as t — oo,

denotes the convergence in distribution.
Let A = (a;i)nxn € RV be a positive semi-definite N x N-matrix. Denote A2 and det(A) its
positive semi-definite square root and its determinant, respectively. Let v = (v1,--- ,v,) € RV be a

vector. We denote

(diag A)" = (a11,a92, - ,ann)



the diagonal vector of A and diag v the diagonal N x N-matrix with v as diagonal.

For f : © — R twice continuous differentiable, we denote its gradient column vector and the Hessian
matrix, respectively, by Vf : © — RY and 9 f = <a€2¢0]~ f ) N

Consider Py and Py, two probability measures on the filtered measure space (€2, F, {F;;t > 0}). We
say that Py is locally absolutely continuous with respect to Py, and write P l<0<c Py, if Pet << Pgo for
all t € Ry, where P} := Py|r, denotes the restriction of Py to F;.

1.2.1 Locally Asymptotically Normal Property

An important condition to study the asymptotic efficiency of estimators is the Locally Asymptotically
Normal (LAN) property. This theory was introduced by Le Cam [35] and has been widely studied
ever since. Several authors have shown that, under the ergodicity condition, the statistical experiment
{Py; 8 € O} associated with a stochastic process X = {X (¢);¢ > 0} satisfies the LAN property (see for
example [13, 32, 42, 63, 64]).

In this section we summarise the importance of the LAN property and the notion of asymptotic
efficiency used in the main results of Chapters 2 and 4. For a more detailed study on this subject we
suggest [22, 36, 65]. We start with a basic motivation.

Let X1,---, X, be a sequence of independent and identically distributed random variables on a
probability space (€2, F,P) and let © C R be a parameter space.

Consider a parametric statistical experiment (X", B (X™),{P;’ € ©}) such that

X = (X1, , Xp) 1 Qx © = A"

Here P} is the probability measure on (X", B (X)) induced by X under 6.
We are interested in finding an estimator 7;, : X" — O with a “good” asymptotic behavior. Denote
the Maximum Likelihood Estimator (MLE) by

- - ) ary
en = en(Xla T aXn) = argreneaéx dun

(Xl’ - ’Xn).

Here the likelihood is the Radon-Nikodym derivative of the measure FPy' with respect to the Lebesgue
measure " (or the counting measure in discrete experiments). In general, under suitable regularity
conditions, it follows from the LLN (law of large numbers) and CLT (central limit theorem) that the MLE
is consistent and asymptotically normal.

A natural question that we would like to answer is: If 7}, : X" — O is another sequence of estimators
for 6 with similar asymptotic behavior, which one should we use?

A famous result in statistical inference that helps us to answer this question is the following. Its proof

can be found, for example, in Ibragimov and Has’minskii [22, Theorem 1.7.3].

Theorem 1.2.1 (The Cramér-Rao Inequality). Let { Py; 0 € ©} be a regular parametric statistic model
and the statistic T : X — R¥ is such that E, (]T — 0|2> is bounded in a neighborhood of the point
0 € ©. Assume that the Fisher Information matrix 1(0) is invertible for all 6 € ©. Then the bias

b(0) = EgT — 0

is continuously differentiable in this neighborhood of 0 and the following inequality is satisfied

-
Ey(T—6)(T—06)" > <J + 82%”) 1(6)! <J + az;;o) +b(0)b(0) T,



where J denotes the unit matrix.

In particular, if T is an unbiased estimator of 0, then
Eg(T—6)(T—0)" >1(6)"". (1.1)

This result gives us an idea to study estimators with minimal variance. The following definition makes

this motion more precise.

Definition 1.2.2. 1. We say that an estimator T : X — © is efficient if the equality in (1.1) is
satisfied.

2. An estimator 0,, : X™ — © is called asymptotically efficient in the Cramér-Rao sense if it is

asymptotically normal, and its covariance matrix achieves asymptotically the Cramér-Rao lower

bound.

Remark 1.2.3. As described by Ibragimov and Has’minski [22], the term asymptotically efficient
estimator was introduced by R. Fisher to describe asymptotically normal estimators with minimal

asymptotic variance.

The Fisher’s idea was to show that the MLE #,,, under natural regularity conditions, satisfies that
NLD (én - 9) is asymptotically normal with parameters (0, (6)~1) and if T}, is another sequence of
asymptotically normal estimators, then

lim Ey [n (T, — 9)2} > 1(0)7), g eo.

n—oo

Example 1.2.4 (The well known Hodges’ counterexample). Let X1, -- , X, be a random sample of
N(0,1). Consider 0,, = X,, the MLE of 6 and set

B e A
" 0, }Xn’ < n~1/4,

Then T, is a super-efficient estimator for = 0 (in the sense of Ibragimov and Has’minskii [22, Equation
(1.9.1)]).

Le Cam [35] in the 60s introduced a concept that combined with Hajek [18, 19] in the 70s allows us
to redefine the class of efficient estimators. Consider the Radon-Nikodym derivative of the measure P
with respect to the Lebesgue measure v (or the counting measure in discrete experiments)

dPy

v

f(z;0) = —(x), v € X-

Let

denotes the normalized likelihood ratio.

Theorem 1.2.5 (L. Le Cam). Under suitable regularity conditions, for all h € RY,

Zno(h) = exp 1Z<1ogf 0, h) — L)) + op (1)

n
Jj=1



where
)
Law 25 log f (X;;0)| Py | = N(0,1(6)).
Here (-,-) denotes the Euclidean inner product.

Proof. See Ibragimov and Has’minskii [22, Theorem II.1.1, p.114-117].

After this result, it becomes natural to study statistical experiments in which the likelihood ratio
satisfies (locally) a quadratic expression like in Theorem 1.2.5, but with less restrictive dependence
between the random variables associated.

Below, we present the notion of asymptotic efficiency in the sense of Hijek-Le Cam Convolution
Theorem in the context of continuous times stochastic processes (see Ibragimov and Has’minskii [22,
Theorem 11.9.1], Le Cam and Yang [36, Theorem 6.3] or Vaart [65, Theorem 8.8]). For this, we first
present the definition of LAN statistical experiment and some examples of stochastic process satisfying

this property and then we state the asymptotic efficiency.

Definition 1.2.6. We say that a parametric statistical experiment {Py;6 € ©} on (Q, F,{F;t > 0})
satisfies the Locally Asymptotic Normal (LAN) property at 0 € int © if there exists an invertible
N x N-matrix p(t) and a positive definite N x N-matrix I(0) such that, for any h € RY, the following
limit holds true

dp!
Law <log ?th(t)h
0

P9> — h"N(0,1(8)) — %hTI(G)h, as t — oo, (1.2)

where N (0, 1(0)) is a N-dimensional Gaussian random vector with covariance matrix 1(6).

At the reader convenience the remaining of this subsection may be skipped for latter reading. Es-
sentially, we present a list of examples of processes satisfying Definition 1.2.6 and define the notion of

efficiency based on the LAN property.

Remark 1.2.7. Note that, in Definition 1.2.6, the vector 6 + p(t)h does not have to belong to © for all
t > 0. However, since 0 € int ©, it will belong to © when t is large enough, for each h € RY.

An equivalent form to define the LAN property is stating when the statistical experiment { Py; 0 € ©}
is locally quadratic and mixed normal. This definition is particularly interesting because when { Py; 0 € ©}
does not satisfies the LAN property, we can still study the local properties of the Radon-Nikodym
derivatives (see, for example, Gushchin and Kiichler [16, Tables 1 and 2]).

Consider a statistical experiment { Py; 8 € ©} on the filtered space (Q, F A F;t >0} )

Definition 1.2.8. We say that {Py; 6 € O} is

1. Locally Asymptotic Quadratic (LAQ) at 6 € int © if there exists a N-dimensional random
process {Zy(t);t > 0} and a family {Iy(t);t > 0} of symmetric positive semi-definite random
N X N-matrices such that

¢
log M)‘z__‘j’t‘t)h BT Ip(0)Y2 Zy(t) + %hTIQ(t)h = op, (1),
0
for every h € RN, where {¢(t);t > 0} is a family of positive definite matrices satisfying p(t) — 0

ast — oo,
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2. Locally Asymptotically Mixed Normal (LAMN) at 6 € int © if it is LAQ and
Law(Zg(t),Ig(t) | Pg) — (Zg,[g) as t — oo.

Here Iy is a Py-almost sure positive definite N x N -matrix such that, conditionally on Iy, Zy is a

N-dimensional random vector standard normal distributed;
3. Locally Asymptotic Normal (LAN) at 6 € int © if it is LAMN and Iy is deterministic.

Examples of continuous time stochastic processes satisfying the LAN property can be found in Benke
and Pap [5, Proposition 4.1], Benke and Pap [6, Theorem 3.1], Gloter, Loukianova and Mai [13, Theorem
5.3], Gushchin and Kiichler [16, Proposition 2.1], Ibragimov and Has’minskii [22, Theorem I1.7.1], Liu,
Nualart and Tindel [39, Theorem 1.7], Mai [42, Theorem 4.2.7] and Mai [63, Theorem 2.4.2]. We present

some of them bellow.

Example 1.2.9 (Theorem I1.7.1 in Ibragimov and Has minskii [22]). Consider a process of observations

defined by the stochastic equation
dX(t) = S(t,0)dt +dW(t), 0<t<T,

where W (t) is a standard Wiener process, fOT S2(t,0)dt < oo, € © C RN. The measures {P};0 € ©}

are absolutely continuous for different 0 and satisfies

Then {Py; 6 € O} satisfies the LAN condition at all § € int ©.

Example 1.2.10 (Mai [42, 43]). Consider a Ornstein-Uhlenbeck process
t
X(t) = e %X (0) + / e 9=9)4L(s), t € Ry,
0

where L(t) is a Lévy process with Lévy-Khintchine triplet (b, 02, 1) (cf. Appendix A.3) and 0 € © = R,
The Ornstein-Uhlenbeck process exhibits a modification with cadlag paths and hence it induces a

measure Py on the space D0, c0) of cadlag functions.
The likelihood function is given by (cf. [42, Proposition 3.2.4])

dpP} _ o [ . 0> [t
0 —exp{—JZ/O X(s)dX (S)_%?/o X (s)ds}

Then, under the existence of solution and ergodicity conditions, { Py; 0 € O} satisfies the LAN condition
atall 0 € int ©.

Example 1.2.11 (Gloter, Loukianova and Mai [13]). Consider the process given by
t ¢
X)) = X(0)+ / b(0, X (5))ds + / o (X (5))dW (s)
0 0

t
+ /O/RW(X(S ))zN(ds,dz), t € Ry,

where W (t) is a one-dimensional Brownian motion and N(.,.) is the Poisson random measure (cf.

Applebaum [2, Section 2.3]) on Ry x R associated with the jumps of the Lévy process.

11



The log-likelihood function is defined as

B P0(0,X(3) e 1 (1520, X(s))
10, X;) = exp{/o de (s) — 2/0 (IQ(X(S))dS}'

Then, under the existence of solution and ergodicity conditions, { Py; 0 € O} satisfies the LAN condition
atall 0 € int® C RY.

Example 1.2.12 (Tran [63]). As the previous examples, similar results are obtained for the processes
X = {X(t);t > 0} that are solution (via Malliavin Calculus) for the following stochastic integral

equation

Xo(t) :/0 b(@,X(t))dt+/0 U(X(t))dW(t)—k/R V(X (t7),2)(N(dt,dz) — v(dz)dt).

To redefine the notion of efficiency, as mentioned above, studies on Héjek [18, 19] are very important.
We started presenting a version of the Hijek-Le Cam Convolution Theorem which was stated in Kiichler
and S¢rensen [33, Theorem 8.5.2]. First, recall an experiment to satisfy the LAMN property in Definition
1.2.8.

Theorem 1.2.13 (The Hajek-Le Cam Convolution Theorem). Suppose that the filtered statistical space
(Q, F,{Fi;t > 0},{Py; 0 € ©}) satisfies the LAMN property at 6 € int © and let {é(t), t> 0} be a
family of estimators for 0 that are Fi-measurable and for each h € RN

Law (971(8) (6(6) = 0 = 6(OR )| Poypion) = V(6)

ast — oo, for some N-dimensional random vector V (). Then, there exists a stochastic kernel K )
such that
Law (V(0) | 1(0)) = K1, * N (0,1(8)7"),

where x denotes the convolution function.

Proof. See Ibragimov and Has’minskii [22, Theorem 11.9.1], Le Cam and Yang [36, Theorem 6.3], Vaart
[65, Theorem 8.8].

As summarized in Tran [63], the Theorem 1.2.13 guarantees that the random vector V' (#) can be

decomposed as a sum of two independent random vectors, i.e.,
V(0) L 1(6)"Y2N (0, Iy) + R,
where R is a random vector independent of N (0, I). For h = 0, the Convolution Theorem implies that
Law (go_l(t) (é(t) - 9) ] Pg) S I(0)"Y2N (0, Ix) + R,

as t — oo. This suggests the notion of asymptotic efficiency of estimators in terms of the minimal

asymptotic variation, when R = 0. This justifies the following definition.

Definition 1.2.14. Assume that the family { Py; 0 € ©} satisfies the LAN property at 0 € int ©. We say

A~

that a family of estimators {H(t); t> 0} is asymptotically efficient at 6 in the sense of Hajek-Le
Cam convolution theorem if

Law (w(t)*l (é(t) - 9) ‘ P@) S I(0)" V2N (0,1y) as t — oo, (1.3)
where Iy denotes the N x N —identity matrix.
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We conclude this section by recalling Hajek’s minimax theorem Héjek [19] in the context of continuous

time stochastic processes.

Theorem 1.2.15 (Minimax Theorem). Let {Py; 6 € ©} be LAMN at any 6 € int © and suppose that 0(t)

is any estimator for 0. Consider w : RN — [0, 00) a bowl-shaped loss function, that means,

3. the set {z;w(x) < c} is convex in RN for any ¢ > 0.
Then
lim liminf sup Ejp, [w ((p_l(t) (é(t) - 9(]))} >FE [w (I(Q)_l/QZﬂ ,
00 =00 1g_gg|<s
where Z ~ N (0, Ix) is independent of 1(6).
Proof. See Ibragimov and Has minskii [22, Theorem I1.11.2 pp.160-161].

Remark 1.2.16. 1. The Theorem 1.2.15 yields an asymptotic minimax bound from below for an

arbitrary loss function;

2. If {Py; 0 € O} satisfies the LAN property at 0, defining the class of asymptotically efficient as
the estimators which attain the asymptotic minimax bound, then Ibragimov and Has minskii [22,
Theorem I1.13.3.] states that this estimators cannot be superefficient at this point for any loss

function w.

1.3 Related Literature

This section is dedicated to present some classes of Lévy-driven stochastic differential equations and
its recent statistical inference results. For the reader’s convenience, the definition of Lévy process is

presented below.

Definition 1.3.1 (Lévy process). Let L= {L(t);t > 0} be a stochastic process defined on a probability
space (2, F,IP). We say that L is a Lévy process if

Li. L(0) =0 (a.s.);

L2. L has independent increments, i.e., L(to), L(t1) — L(to), - - L(tn) — L(t,—1) are independent
random variables for every 0 < tg <11 < --- < tn_1 < t,, and for all positive integer n;

L3. L has stationary increments, i.e., for all t > 0, L(t + h) — L(t) has the same distribution as L(h)
forall h > 0;

LA4. L is stochastically continuous, i.e., for all 5 > 0 and s > 0

lim B (|L(t) — L(s)| > 8) = 0;

L5. L has cadlag paths.
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1.3.1 Langevin Equation

Consider a Lévy process L = {L(t);t > 0} on the filtered probability space (2, F, {F;;t > 0},P). Let
© = R be a parameter space. The Langevin Equation is given by

(1.4)

dX(t) = —0X(8)dt +dL(t), t >0,
X(0) = Xo,

where the initial solution Xy is independent of L. The solution of (1.4) is the well-known Ornstein-
Uhlenbeck process X = { X (t);t > 0} which is written as

t
X(t) = Xoe % + / e =9dL(s), t>0. (1.5)
0

Kiichler and S¢rensen [33] presented the study of maximum likelihood estimation of the drift
parameter when a Wiener process is the noise of (1.4). Using a Lévy process as noise in the Langevin
Equation, a non-Gaussian OU-process is obtained as a solution and its important application in finance is
well known as a building block of Barndorff-Nielsen and Shephard [3]. For a Lévy a—stable noise, Hu
and Long [20] proposed an asymptotically consistent least squares estimator which converges to a stable
distribution, when it is properly normalized. Mai [42, 43] presented a maximum likelihood estimation
study for (1.5).

The parametric statistical experiment associated with (1.5) is (X = DI[0,00),B (X),{FPy € ©}).
Here Py is the probability measure induced by X on DJ[0, c0), the space of cadlag functions on [0, 00).
Under certain conditions (see Mai [42, 43]) the measures { Py; 0 € ©} are locally equivalent and the
Radon-Nikodym derivative (likelihood function) is given by

dP}

dPt(Xt) exp{—/ X (s)dX®(s /X2 } (1.6)

where X ¢ denotes the continuous martingale part of X, X; = {X(s);0 < s < ¢} and P} denotes the
restriction P} = Py|z,.
The maximum likelihood estimator (MLE) of 6 is given explicitly by
t
. X(s)dX(s
Jo X2(s)ds
The asymptotic behavior of the MLE é(t) was studied by Mai [42, 43] who proved (under conditions that

ensure ergodicity), for § € R, the consistency
0(t) = 0 Py—a.s.

and the asymptotic normality
Law (\/7? (é(t) — 0)’ Pg) — N,
for a zero mean normal distribution N. Furthermore, he showed that the statistical experiment { Py; 6 € ©}
is locally asymptotically normal, as in Definition 1.2.6. Then, the MLE is asymptotically efficient in the
sense of Hajék-Le Cam convolution theorem.
Another problem studied by Mai [42, 43] is how to obtain a discretization of (1.7) since the continuous

martingale part X ¢ is not observed. Inspired by the previous work of Mancini [44], Mai [42, 43] used
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a thresholding technique to approximate the continuous part of the process. This technique consists of
deleting increments that are larger than a threshold v,, > 0 and filtering increments that most likely contain
jumps. Thus, for a discrete time process Xy, - - , Xy, , observed from a path of (1.5), the discretized

filtered MLE is

6, = i1t X AiX 1A X<,

Zz lX (H‘l )

where A; X = Xy, ., — Xy,. Furthermore, under suitable conditions, he proved asymptotic normality and

efficiency.

1.3.2 Stochastic Delay Differential Equation

Consider a Lévy process L = {L(t);t > 0} on the filtered probability space (2, F,{F;;t > 0}, P).
Gushchin and Kiichler [17] studied necessary and sufficient conditions for the existence of a stationary

solution to the stochastic delay differential equation (SDDE)

{ dX(t) = [i_.qX(t+w)a(du)dt +dL(t),

(1.8)
X(t) = XO(t)v te [_Ta 0]7

where a is a finite signed measure and r > 0 is a fixed number. The solution of (1.8) is uniquely pathwise

given by
0 ¢
X(t) = xo(t) Xo(0) + / / Xo(s)xo(t +u— s)ds a(du) + / xo(t — s)dL(s),
—7,0] Ju 0
where g : [—r, 00) — R is the fundamental solution, i.e., zo(t) = 0 for t € [—r,0), 2o(0) = 1 and
z((t) = / xo(t + uw)a(du)- (1.9)
[—T,O}

The explicit form of z((t) is given in Gushchin and Kiichler [17, Lemma 2.1].
The following particular case of (1.8)

{ dX(t) = (1X(t) + 60X (¢t —1))dt +dL(t), >0 (1.10)

X(t) = XO(t)7 te [_170]7

is obtained by taking » = 1 and a(du) = 610(du) + 020_1(du), where ¢ 4(du) is the Dirac measure and
67 = (01,62) € © C R2. In this case, (1.9) becomes

.%'6<t> = (91.%'0<t) -+ (92:(}0(75 — 1)-

If 63 = 0, then (1.10) is the Langevin equation.
As in the previous subsection, it is known that X = {X(¢);t > —1}, the solution of (1.10), induces a
parametric family of measures { Pp; 6 € R?} on the space of the cadlag functions D[—1, 00) and that the

likelihood function is

ary L fo $)AX(s) | 1,7 Jo Xe)ds [y X(5)X(s = D)ds ),
ar; ~ P JEX(s—1dxes) ) 20 \ [IX()X(s—1)ds  ['X%(s— 1)ds
(.11

where X ¢ denotes the continuous FPy—martingale part (cf. Mai [42]).
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Mai [42] showed that for an ergodic version of X satisfying suitable conditions, the MLE é(t) of the
parameter 6 is strongly consistent and asymptotically normal, that is, as ¢ — oo

O(t) — 0 Py—as.

and

Law (\/7; (é(t) - 0) ‘ Pg) — N,
in which NV is a 2—dimensional zero mean normal distribution. Furthermore, observing the solution X of
(1.10) at discrete times ¢ < --- < t,, Mai [42] showed that the discretized MLE, using jump filtering as
in the Langevin case, is asymptotically normal with the same limit distribution as the continuous time
MLE.

Gushchin and Kiichler [16] studied (1.10) when it is driven by a Wiener process W = {W (t);t > 0}.
They showed local asymptotic properties of the likelihood function and its strong dependency on the true
value of the parameter § T = (1, 6>). As a consequence, the asymptotic efficiency of the MLE is obtained
for the true parameter belonging to some O C R? (cf. Kiichler and S¢rensen [33, Section 9.4]).

We finalize this subsection highlighting that statistical inference problems for SDDE have been
extensively studied in several theoretical aspects (cf. [5, 6, 4, 14, 16, 15, 30, 55, 56]).

1.3.3 Generalized Langevin Equation

The generalized Langevin equation (GLE) was proposed by Kubo [29] and Mori [51]. In this stochastic
differential equation (SDE) the drift is a stochastic process which can depend on the whole process up to

the present time ¢. This SDE is given by

t

dX(t) = —/ X (s)y(t —s)ds +dL(t), t>0

0
X(0) = X,

where L = {L(t);t > 0} is a noise, X is a random variable independent of L and ~(+) is the memory

function. The Langevin equation becomes a particular case when we take y(t) = —60dy(t).

Assuming that all processes have finite quadratic mean, Kannan [24] studied the solution of GLE. The

author showed that any mean square solution process X = { X (¢);¢ > 0} of GLE has the form

X(t) = Xo(0)p(t) + /Otp(t —s)dL(s), t >0, (1.12)

where p(+) satisfies the Volterra integro-differential equation

70 = = [ oot =i
p(0) = 1

This process is called Generalized Ornstein-Uhlenbeck (GOU) process.

Santos [59] proved that (1.12) is also a solution for the GLE when L is an «-stable Lévy process
with 1 < o < 2. Furthermore, Medino et al. [49] showed that (1.12) remains a solution using stochastic
integration in the sense of convergence in probability. As mentioned above, the Lévy-driving OU-process
can be seen as a particular case of (1.12), then it is natural to be interested in extend estimation results for
the GLE.
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Stein, Lopes and Medino [62] presented a new approach to the GLE, which generalizes the one
previously used. They considered a family of finite signed measures {x;; ¢ > 0} instead of the memory
function ~y(-). Thus, the GLE becomes

t
dX(t) = —/ X (s)ue(ds)dt +dL(t), t>0
0
X(0) = X,
and the function p(-) in the Kannan’s solution (1.12) satisfies
t
o) = = [ plowutas).

p(0) = 1

Changing the function p(-) in (1.12) changes the self-dependence structure of the process. Furthermore,

(1.13)

Stein, Lopes and Medino [62] study the maximum likelihood estimation procedure to estimate the
parameters of the discretized process arising from some classes of continuous-time processes that are
solution of the GLE. They present results for p(t) = e~% (the Ornstein-Uhlenbeck process), p(t) =

cos(6t) (the Cosine process) and for p(t) = e, Below, we summarized some of their results.

Example 1.3.2. If, for all & > 0 and each t > 0, p(ds) = 606o(t — s)ds is a Dirac measure, then
p(t) = e~ satisfies (1.13). Thus, the obtained process

t
Xg(t) = Xpe " +/ e 0U=9)dL(s)
0

is the well-known OU-process.
Consider discrete times 0, h, 2h, - -- ,kh (k € N and h > 0 fixed) and the process X observed at this

times. It is well known that the OU-process is a stationary autoregressive process satisfying
X((k+1)h) = e "X (kh) + &,
where &, j, = kgfﬂ)h 6*9((’”1)}“de(3).

Example 1.3.3 (see Proposition 4.1 in Stein, Lopes and Medino [62]). If, for all 8 > 0 and each t > 0,
19.1(ds) = 02ds, then the solution of the GLE is a process of the form (1.12) with py(t) = cos(6t). This
process is called Cosine Process and it is written as

X(t) = Xocos(0t) + /Ot cos (0(t — s))dL(s).
If L is an a—stable Lévy process, then one discretization form of this process is given by
X((k+1)h) =2cos(6h) X (kh) — X ((k — 1)h) + & p,
where &y, 1, is an a—stable S, <(2 foh | cos(fs)|*ds)/, 0, O) random variable.

Example 1.3.4 (see Proposition 4.2 in Stein, Lopes and Medino [62]). Consider p;(ds) = 26(1 — 20(t —
s5)2)ds, for @ > 0. By solving the differential equation (1.13) we obtain p(t) = e, Then, for an

a—stable Lévy process L, the resulting process is

t
X(t) = Xoe +/ e_g(t_s)QdL(s)-
0
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This process has a discretization form given by
X((k+ 1)h) = e PCRFDR X (kR 4 &,
where &, , is So (ag, 0, 0) with

(k+1)h efae((khfs)Q—2$h+(2k+1)h2)ds'

kh o
U? :/ efae((kh—s)2+(2k+1)h2) (629571_ 1) ds—i—/

0 kh

Remark 1.3.5. Note from Langevin equation (1.4) and Examples 1.3.3 and 1.3.4 that all the unknown
parameter information 6 € © in the GLE is contained in the signed measure ji;(ds) (or, in the memory
function ). By this reason, we will index by 6 all the measures 9 +(ds) to make clear this parameter

dependence. Similarly, we will index the function py(t) in the Kannan’s solution (1.12).

Alcantara [1] was interested in modeling the cupom cambial time series. However, the difficulty in
modeling the cupom cambial via classic OU-process is that this time series presents characteristics of
an order grater than 1 autoregressive model. Based on this, the author proposed a new class of models
satisfying (1.12), when

po(t) = (1 — Ba)e " + 6, cos(6:t), (1.14)

0 = (61,02) € Ry x [0, 1], and named generalized Ornstein-Uhlenbeck of the fluctuating exponential
type process (GOU-FE). He also showed that the proposed process, besides being a solution for the GLE,

can be used in the statistical modeling of the cupom cambial.

Example 1.3.6 (see Alcantara [1]). Consider 8" = (01,602) € © =R, x [0,1] and t > 0. Let ot be a

signed measures on [0, t] satisfying (1.13) which has the following decomposition

po.(ds) = 01 (1 — 02) ) (ds) + go(t — 5)ds, (1.15)

where uélt)(ds) = 0o(t — s) is a Dirac measure and go(t) is given by

e—0102t/2 (o cos (O1v1t) + ag 1 sin (61v1t)) , vy > 0,
go(t) = e 01021/2 (o cosh (61v1t) + ag 1 sinh (61111)), vy <O, (1.16)
e—0162t/2 (a1 + Ozzpt) , vy = 0,
for constants (functions of 0) given explicitly by vy = 1 — 03 — 03 /4, v1 = /||, a1 = 6263,
1 03 032
= 2 |-——-24(1-90 -2
021 1 [ oL o +( 2) <V1 1 )|
1 03 02
4 o= |-+ 24 (1=0) [ —1n -2
Q2,1 1[V1+2V1+( 2)<V1 )|
1—09)02 02
o = (020 9

Alcantara [1] also showed that the process X satisfying (1.12) has pg(t) given by (1.14). Furthermore,

the process has a discretization form
X((k+1)h) = k1(0) X (kh) + k2(8) X ((kE — 1)h) + &k p,
for an a—stable random variable &j j,.
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Another well-studied class of SDE (see [3, 6, 16, 17, 42]) is the class of processes that are the solution
of a SDDE. We summarize some inferential results for this process in the Subsection 1.3.2. Now, observe
that the drift in (1.10) can be rewritten as

OX(1)+0X(E—1) = / X (5)(=0180(t — 5))ds —/ X () (=0s80(t — 1 — 5))ds
= [ Xmoctas), (1.17)
0
where € © C R? and pg(ds) = —016;(ds) — 626;_1(ds) is a linear combination of two Dirac

measures. Motivated by these arguments, we finish this subsection presenting formally the notion of GLE.

Definition 1.3.7. Let L = {L(t);t > 0} be a Lévy process. Consider Xg = {Xo(t);to < t < 0}
an initial solution process with cadlag trajectories and independent of L. We write the Generalized
Langevin Equation as

dX(t) = b0, X,)dt +dL(t), t >0 1)
X(t) = Xo(t), te€ lto,0] .
where X; = {X(s);0 < s <t} and b(0, X}) is defined as
b(0, X;) = / X (s)pp,t(ds), (1.19)

where 1+ is a signed measure on [0, t], for each t > 0 fixed and each parameter § € © C RY.

Note that, if the family {9 ;¢ > 0} is such that b(6, X;) = b(6, X (¢)) (in other words, process b
depends on X only at time t), then we can use Applebaum [2, Theorem 6.2.9] to ensure that there exists a
unique cadlag adapted solution to (1.18). But, this Theorem cannot be applied if b(6, -) depends on all
information from X until time ¢. Based on the GLE solution existence studies presented in [24, 49, 59],

we present the following definition.

Definition 1.3.8. Ler X = {X (t);t > to} be a stochastic process and py(-) be a deterministic function,
for each 0 € ©. We say that the pair (X, pg) represents a class of solutions to the Generalized
Langevin Equation (1.18) if X is given by

X(t) = Xo(0)po(®) +/Ot polt — $)dL(s), t> 0, (1.20)

and py(-) satisfies the integral equation (1.13), where {jig+;t > 0 and 0 € ©} is a family of signed
measures, L = {L(t);t > 0} is a Lévy process and X(t), t € [to, 0], is the initial process assumed to be
independent of L. The stochastic process X is called Generalized Ornstein-Uhlenbeck Process.

The problem of finding an explicit solution for some variations of the GLE has been extensively
studied. We have already mentioned [1, 49, 59, 61, 62] who studied the Kannan’s solution (1.20) (cf.
Kannan [24]) for some cases of GLEs. Fox [12] obtained, via Laplace transform, for a GLE with a
Gaussian noise, an explicit solution very similar to Kannan’s solution (1.20). Moreover, he discussed
about Fokker-Planck-like equations and how they can lead one to the erroneous conclusion that the process
is non-stationary, Gaussian and Markovian. McKinley and Nguyen [48], observing that the relationship

between the mean-squared displacement (MSD) and the memory structure of the GLE have never been
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fully characterized (in particular, the special cases where explicit solutions exist), they established a class
of memory kernels for which the GLE is well-defined, investigated the associated regularity properties of
solutions and proved that large-time asymptotic behavior of the particle MSD is entirely determined by
the tail behavior of the GLE’s memory kernel. Slezak [60] studied the stationary solutions of the Langevin
equation and the GLE. He showed in Slezak [60, Proposition 3.4.1] that if there exists a stationary solution
for a GLE, then it has a spectral representation in terms of Fourier transform of the kernel and the spectral
representation of the noise. Di Terlizzi, Ritort and Baiesi [9] also studied explicit solutions for a class of
GLEs. They introduced a generalisation of the Laplace transform as a useful tool for solving this problem.

Other topics of GLE studies also arise from several types of phenomena (physical, biological, eco-
nomic, among others). Zhu and Venturi [66] presented a new method to approximate the Mori—Zwanzig
memory integral in a class of GLEs for systems with local interactions. They showed that the proposed
method is effective in computing autocorrelation functions. Pavliotis, Stoltz and Vaes [53] worked with a
simple quasi-Markovian GLE, that is, the GLE is equivalent to a finite-dimensional system of Markovian
SDEs. They studied the longtime behavior of solutions and scaling limits of the effective diffusion
coefficient associated with the dynamics. Lim, Wehr and Lewenstein [37] studied homogenization for a

class of GLEs with state-dependent coefficients and exhibiting multiple time scales.

1.3.4 Other Class of Continuous Time Stochastic Process

Consider a compact subset © C RN . Gloter, Loukianova and Mai [13] studied statistical inference for the
parameter § € O based on an observed path Xy = X = {X (¢);¢ > 0} which is solution of the integral

equation

X(t):X(O)+/O b(9,X(s))d8—|—/0 a(X(s))dW(s)—f—/() /R'y(X(s))zN(ds,dz), (1.21)

where ¥ () is a one-dimensional Brownian motion and N (., .) is the Poisson random measure on R4 x R
associated with the jumps of the Lévy process.

The parametric statistical experiment associated with (1.21) is (X = D[0,00),B (X),{Py € ©}) in
which Py is the probability measure induced by Xy on D|0, co). Gloter, Loukianova and Mai [13] defined

the log-likelihood function as

th(0, X(s . 1 [10%(0, X (s
10, Xy) :/0 (I(Q(X((s))))dX (3)—2/0 U(Q(X(i)i)ds. (1.22)

The choice for the log-likelihood differs from the logarithm of Radon—Nicodym derivative by the multi-
plicative factor not depending on 6.

Under conditions on existence of ergodic solution and Holder continuity of the drift (0, X (¢)), the
gradient Vyb(0, X (s)) and the Hessian 97b(6, X (s)), the authors showed that the MLE 6(t) of 6 also
maximizes (6, X;), that is
0(t) := 0(X,) € argmax (0, X,)-

0cO

Observe that, unlike the Langevin equation or the SDDE, this MLE is not given explicitly. Then, in
order to study the asymptotic behaviour of this estimator, a uniform version of the law of large numbers
for martingales is needed. Thus, Gloter, Loukianova and Mai [13] proved the consistency of the MLE
Py—as

A~

O(t) — 0 as t — o0
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and the asymptotic normality

Law (\/Z (é(t) - 9) ’ P@) 5 N(0,1748)), as t — oo, (1.23)

where [(0) is the asymptotic Fisher information. Furthermore, they proved that the statistical experiment
{Py;0 € O} satisfies the LAN property at all § € int ©. Consequently, the MLE is asymptotically

efficient in the sense of Hijek-Le Cam convolution theorem.

Based on discrete high-frequency observations X (¢g),--- , X (t,) of the process (1.21), Gloter,

Loukianova and Mai [13] constructed an efficient and asymptotically normal estimator for the drift

parameter with minimal conditions on the jumps behaviour and in the way how A,, = max{t; —t;_1;1 <

i < n} converges to zero. An important problem to be considered is how to obtain a discretization of

Jo 006,

X (s))o™2(X(s))dX¢(s) in (1.22). For this, they used a jump filtering technique to propose the

following filtered MLE (FMLE)

N —2
O € argmax [;U(X(ti)) b(0, X (ti-1)) AiX 1A, x|<0s,

D o) b6, X (1)1~ 1)
=1

where v!, is the cut-off sequence depending on A,, and the past information X (¢1),--- , X (¢;_1).

The Theorem 3.2 in Gloter, Loukianova and Mai [13] proves that, under suitable conditions, the
FMLE én has the same limit distribution as the continuous time MLE in (1.23), that is

Law (m (én . 9) ‘ Pg) 5 N(0,I71(9)), as tn — oo

1.4 Addressed Issues

Below, we present the main addressed issues in the remaining chapters of this thesis.

1.

We extend the studies on estimators for the Langevin equation and SDDE. More precisely, we
study MLE for the drift parameter of the GLE observed continuously in time. We show that with
appropriated convergence assumptions we have a consistent and asymptotically normal MLE which

is also efficient in the sense of Hdjek-Le Cam convolution theorem.

A filtered MLE is proposed for cases where the GLE is observed on discrete times. We evaluate the

results of this discretization via studies of simulations of the GOU-FE process.

. A new version of discrete time estimator for GLE is proposed.

. In order to analyze the behavior of the new version of the estimator via simulations, a new class of

solution for the GLE is proposed. The process solution of this new class extend the GOU-FE.

. The two versions of proposed discrete time estimators have so far been studied only through

simulations. A more rigorous study of theoretical properties is done for a particular case of GLE.
Firstly, the continuous time properties are derived for this particular case of GLE, but with less

restriction convergence assumptions than topic 1.

Issues 1 and 2 are studied in Chapter 2. Issues 3 and 4 are covered in Chapter 3. Finally, Chapter 4

address issue 5.
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Chapter 2

MLE for the Drift Parameter of the GLE

2.1 Introduction

In this chapter we study MLE for the drift process b(6, X;) associated with the solution process of a

Lévy-driven GLE observed continuously in time

dX(t) = b0, Xy)dt +dL(t), t>0 @1
X(t) = Xo(t), te€[to,0] '
where {L(t);t > 0} is a Lévy noise, X; = {X(s);0 < s <t} and b(f, X;) is defined by
t
b(0, X;) = —/ X (s)pot(ds), (2.2)
0

in which yi9; a signed measure on [0, ¢], for each ¢ > 0 fixed and each parameter § € © C RN,

In general, the MLE of 8 does not possess a closed and explicit form, yet our Theorem 2.3.4 provides
sufficient conditions for its consistency, asymptotic normality and efficiency. In particular, we show
that the statistical experiment associated with the GLE satisfies the locally asymptotic normal property
(LAN as in Definition 1.2.6). A discretization of the MLE is proposed by filtering the "big" jumps
and simulation results for FMLE (Filtered MLE) of the generalized Ornstein-Uhlenbeck process of the
fluctuating exponential type (GOU-FE) are presented.

Estimation for GOU-FE type processes have been studied by other authors. Alcantara [1] derived a
recurrence formula to express a two parameter GOU-FE and obtained estimations via methods used in

autoregressive moving average (ARMA) models. Also, for particular cases of the solution process

X0 = XoOm(0) + [ it = L), ¢ 23)

estimation results can be found in Alcantara [1], Stein [61] and Stein, Lopes and Medino [62]. More
specifically, the processes given by Examples 1.3.3 and 1.3.6. We study the estimation issues under a
more general setting by considering the GLE.

In Section 2.2 we describe the statistical experiment associated with the GLE. For the probability
measures {Py; 6 € ©} associated with the class of solutions X = {Xy; 60 € O} of (2.1) we explore the
likelihood functions (Radon-Nikodym density process of Py with respect to Fy/) to obtain some needed

l
proprieties. Propositions 2.2.2 and 2.2.4 give locally absolutely continuous (<O<C) results for { Py; 0 € O}
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and can be viewed as a variant of Girsanov’s Theorem for the family of measures induced by the solution
process X (see Appendix Theorem A.4.3).
In Section 2.3 we state the asymptotic proprieties for the MLE of 6 (the true value),

= X
0(t) := arg g)relagél(@, t);

where Qg is a convenient subset of © and (see Proposition 2.2.2)

dP}

1/t 1 t
-0 N Clg) — — 2
P! (X3) 2/0 b(0, Xs)dX(s) 3 2/0 b°(0, Xy)ds,

1(0,X;) :=log
in which X ¢ denotes the continuous martingale part of X . Theorem 2.3.4 provides sufficient conditions
for 6 (t) to be consistent, asymptotically normal and efficient in the sense of Hdjek-Le Cam Convolution
Theorem (recall the Definition 1.2.14).

In Section 2.4 we make use of the fact that, under regularity conditions, we have { Py; 0 € ©} locally
equivalent and the Radon-Nikodym derivative is (2.1). To overcome difficulties that arise from the
discretization X © we make use of FMLE that filters the "big" jumps of the process X as in [13, 42, 43, 44,
45]. Simulation results of FMLE for some GOU-FE models are exhibited.

The last section is dedicated to the proofs of the results. The main tools used are a version of Girsanov
Theorem for semimartingales and properties of Hellinger processes (Jacod and Shiryaev [23, Chapters III
and IV]) to obtain the likelihood function and the sufficient condition for absolute continuity.

For the asymptotic behaviour of the MLE, Arzela-Ascoli Theorem, Multivariate Taylor Expansion,
Uniform Law of Large Numbers (Loukianova and Loukianov [40]), Central Limit Theorem for continuous
time martingales (Kiichler and S¢rensen [34] and Crimaldi and Pratelli [8]) and Wald’s method (Vaart
[65, Section 5.2]) are used.

2.2 The Statistical Experiment

Consider that the GLE (2.1) is driven by a Lévy process L = {L(t);t > 0} on the filtered probability
space (2, F, {F;;t > 0},P) with characteristic triplet (b, o2, v/).

The class of solutions {Xy; 0 € O} of (2.1) induces a family of probability measures { Py; 6 € ©}
on the space D[ty, o0) of cadlag functions on the interval [tg, c0) for some fixed ¢y. The parametric
statistical experiment associated with the GLE (2.1) is the triplet (X = D[ty,00),B (X),{Py € ©}).
Here X is the sample space (the set of observations) and B(X) is the Borel o-algebra generated by the
Skorohod topology (see Billingsley [7, Chapter 3] or Jacod and Shiryaev [23, Chapter 6] for details).

Consider 6y € © being the true value of the parameter corresponding to the observed path of X and
let P} be the restriction P} = Py|r,. As pointed out in (2.1) there is a close connection between the
probability measures { Py; 6 € ©} and the log-likelihood functions (Radon-Nikodym derivatives).

Understanding the behavior of the Radon-Nikodym derivative of Py, with respect to some Fy will
be important to formulate estimates for the parameter 6y and study its asymptotic properties. In order
to establish the likelihood function for the process X, solution of the GLE (2.1), it is necessary to make

some technical hypotheses for the drift process.
Assumption 2.2.1. We assume that

1. foreach 0 € ©, b(0, X}) is a predictable process (Appendix Definition A.1.6);
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2. fg b(0, Xs)ds is a finite variation process.

Now, we establish a version of Girsanov’s Theorem for the family of measures induced by X. This
result will be proved in Section 2.5 and its proof essentially uses the same arguments as in Proposition
3.2.4 from Mai [42].

!
Proposition 2.2.2. Under Assumption 2.2.1, if Py £<C Py and the initial measures satisfies Pe0 < PQO/,
then the Radon-Nikodym density processes of Py with respect to Py is Py -a.s. given by

1
202

dpPt  dPY 1
0 _ [ p {

apj, ~ apy 02/0 (b(6, Xa) — b(8, X.)) AX“(5) /0 (b(eva)b(G’,Xs))2d8}.

2.4)

Here X € denotes the continuous martingale part of X under Py.

Observe that the likelihood function of the OU process (1.6) and of the SDDE (1.11) become particular
cases of (2.4).

loc
The next assumption will gives us sufficient conditions for Py < Fy.. Thus, the Proposition 2.2.4 is a
generalization of the absolute continuity of the measures induced by the Ornstein-Uhlenbeck processes

and can be seen as a variant of Theorem 3.2.1 from Mai [42].

Assumption 2.2.3. Let {jg+;t > 0} from (2.2) be a family of signed measures associated with the
function pg(-) by the Volterra relationship (1.13), for each 6 € ©. For all t > 0 we assume that

1. pg(+) is a continuous function on [0, t];
2.5 [ po,s(du) € L' ([0, 1], ds);
3. sfos upg s(du) € Lt ([0,t],ds).

Note that Assumption 2.2.3 is not particularly restrictive, it holds for Examples 1.3.2, 1.3.3, 1.3.6.
Indeed,

() If pg(t) = e 9,60 > 0,¢ > 0, then p(A) = 054(t), where A € B(R,) and §4(t) is a Dirac

measure. Then,

s / " gs(du) € L1 ([0, 4], ds). 2.5)
0
Moreover,
3/ upg,s(du) < 32/ o s(du) € L ([0,],ds); (2.6)
0 0

(i) If pp(t) = cos(6t), 6 > 0,t > 0, then g +(ds) = #*ds. We obtain that

/ o,s(du) = 025* € L* ([0, 1], ds)
0
and

s/ uptg s(du) = 923/ udu € L' (]0,1],ds);
0 0
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(i) If pg(t) = (1 — O2)e™"* 4 Oy cos(01t), t > 0,07 = (61,609) € Ry x [0,1], then we have a
decomposition of 11y, as (1.15). By continuity of gy(-) on [0, ¢] and from the (2.5) and (2.6), we

have

s/ po.s(du) = s/ uéls)(du)-i-s/ go(s —u)du € L' ([0,],ds)
0 o

0

and
s/ uptg s(du) = (1 — 92)915/ u,ugz(du) + s/ uge(s — u)du € L ([0,1],ds) .
0 0 0

We finish this section ensuring that Assumption 2.2.3 is a sufficient condition for the absolute
continuity of Pg with respect to ng. We also emphasize that this is the only result of this chapter in
which the Kannan’s solution (2.3) is used explicitly. For all other results, we require only the differential

equation form of the process X as in (2.1).

Proposition 2.2.4. Let Py and Py be two solution measures for the GOU process (2.3), that is,

X (1) = Xo(0)p(t) +/O p(t — $)dL(s), t> 0.

Assume that the initial distributions satisfy Pe(r) < P(g), and that Ey (Xg) < 00, for each 6 € ©. Then
l
Assumption 2.2.3 is sufficient for Py < Py

For the proof in Section 2.5 we make use of the Hellinger process associated with the process X. We
briefly review this topic in Section A.5 of the Appendix and refer the reader to Jacod and Shiryaev [23,
Chapter IV] for a more detailed reading on the subject.

2.3 The MLE and its Asymptotic Behaviour

Having established the Radon-Nikodym derivatives (2.4) by assuming sufficient conditions on the process
X and on the statistical experiment associated, we are now ready to start the study of statistical inferences
for the drift process of the GLE.

Aiming at the addressed issues of statistical inference covered in this chapter, let us assume the general
version of the drift process b(6, X;) as defined in (2.2), that is,

GXt /X ,U,gtdS

In Chapter 4 we will consider b(, X;) having a particular decomposition form,
b(0, X;) Z 0,b;(Xy), 2.7)

where b;(X;) € L?(dPy x dt) and 87 = (61,---,0n) € © C RY. It means that all parameter
information can be isolated from the process information. In this case, we will see that the MLE has
an explicit form and its asymptotic behavior results from the law of large numbers (LLN) and from the
central limit theorem (CLT) for martingales. Such approach cannot be used directly when we consider

(2.2), since the MLE does not have an explicit form. In this case uniform versions of these results need to
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be used. For this, further assumptions are required. One must consider a compact subspace of parameter
set ©, Holder continuity for the drift (6, X;) and conditions on its gradient Vyb(6, X;) and Hessian
matrix 97b(6, Xz).

Now, let ©g 3 0y be a compact subset of © such that int®q is non-empty. The Equation (2.4) from
Proposition 2.2.2 gives us the log-likelihood function of a solution process for the GLE and it is given by,

dP} 1

! c 1 ! 2
0= [0 x0ix ) - o [ xgas 28

1(0,X;) :=log ~ 5,9

The MLE of 6 is given by

0(t) := argmax (0, Xy). (2.9)
(ASSH)

Expected properties from é(t) are consistency (satisfies a Law of Larger Numbers), the distribution of
its error (a version of Central Limit Theorem) and some choice criteria to compare it with other estimators.

We adopt the criterion of asymptotically efficient in the sense of Hijek-Le Cam (see Definition 1.2.14),
Law (gp(t)*l (é(t) - 9) ‘ Pg) S I(0)7Y2N (0,Iy) as t — oo, (2.10)

where 1(#) is the information matrix and Iy the identity matrix. To establish (2.10) one needs to show
that the statistical experiment satisfies the LAN property (Definition 1.2.6). Conditions to assure the
LAN property are, in general, very complex. Typically one needs ergodicity of the process and a version
of Central Limit Theorem for continuous-time multivariate martingale. We will make use of CLT for
martingales given by Kiichler and S¢rensen [33, 34] (for extension of this result see Crimaldi and Pratelli
[8]). As for the ergodicity, Masuda [46, 47] gave a set of conditions under which a multidimensional
diffusion with jumps fulfills the ergodic theorem and Kulik [31] gave sufficient conditions for exponential
ergodicity of a Markov process defined as the solution to a SDE with jump noise. Other references in this
matter include Gloter, Loukianova and Mai [13], Kohatsu-Higa, Nualart and Tran [28], Mai [42, 43], Liu,
Nualart and Tindel [39] and Tran [63, 64].

We consider that there exists a positive increasing function ¢(¢) 1 co. In order to get asymptotic

results, it is necessary to assume some technical restrictions on b(6, X;), ©¢ and ¢(t).

Assumption 2.3.1. Let O¢ > 0y be a compact subset of © such that intOq is non-empty and assume that

there exists a positive increasing function p(t) T oo satisfying,

1. forall 6 € ©g, we have

) /Ot (b(0, X,) — b(f, X,))* ds — 52(6), @.11)

Py, —a.s. ast — oo;

2. the drift process (2.2) is Holder continuous on 0, i.e. for all x € D|0, 00) there exists K () such
that for all 6,0" € ©¢ we have

’b(&,xt) — b(gl,l‘t)‘ S K(il]t) ‘9 — Hl‘ﬁ,
where 0 < k < 1 and ﬁ fot K?(z5)ds — %2 < ooy

Assumption 2.3.2. Assume that:
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1. forall x € D[0,00), b(-, z) is twice continuous differentiable with respect to 0 and Vb(-, z;) and
0?b(-, ;) are Holder continuous with respect to 6. That means, for all 0,0" € int O,

[Vb(0, ) — V(O 21)| < Ki(xe) [0 — 6]

and
|0%0(0, 1) — 02b(0, 1) | < Ko(:) [0 — 0'|,

where 0 < k1, k2 < 1 and ﬁ fg Kf(ms)ds — E%(j < oo, forj=1,2;

2. forallj € {1,--- N} and each 0 € Oy we can interchange the following orders of differentiation

and stochastic integration

%, / (506, X,) — b(6o, X)) ds — 2 / " (b(0,X,) = b(60, X.)) 9,000, X, )ds
0 0

and . .
0, [ 406, .) = b6 X)W (s) = [ 00,46, X)W (),
- Jo 0

where W = {W (t);t > 0} is the Wiener process in the Lévy-It6 decomposition of L;

3. the asymptotic Fisher Information 1(0) = (1;;(0)) and the technical matrix {(0) = (&;(6))
(which appear in proof of Theorem 2.3.4) satisfy the limits

1 1 [t
— | — 0p.b(0, Xs)0y.b(0, Xs)d 1(6 2.12
o(t) <02/0 bub ) b ( ) S) 1<ij<N —10) ( )
and .
L (12 [ v6.5.) - 60, ) azievbw,xs)ds) el @D
o(t) \o? Jo ’ 1<i j<N

Py, —a.s.ast — oo-

See Hutton and Nelson [21] and the references therein for sufficient conditions for the item 2 in
Assumption 2.3.2 holds true. The item 3 in the Assumption 2.3.2 has a technical importance for the
general case of b(6, X;) because the covariation matrix of the MLE’s limit distribution will be I(6p)~*.

Magdziarz and Weron [41, Theorem 1] presented an ergodic theorem that can be applied for the GOU
process, that is, taking a appropriated Lévy process for which the correlation function of X decays to zero

as t — oo and for a suitable f, the temporal and ensemble averages coincide, i.e.,

T
7| e,

provided that E[f] < co- It becomes a sufficient conditions for the convergences assumptions in (2.11),
(2.12) and (2.13).

Assumption 2.3.3. /. Assume that
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2. forall h € RN and u,u' € [0,1],

1 t

o) / Vb0, X,)Vb(60, X.)T = Vab(B + heo(t) ™/ 2u, X,)Wab(Bo + hio(t) /2, X,)T | ds
0

converges to zero Py,—a.s. as t — oc.

Finally, we can state the main result of this chapter.

Theorem 2.3.4. Under the hypotheses of Proposition 2.2.2 and assuming that the Assumptions 2.3.1,
2.3.2 and 2.3.3 are satisfied we have,

1. the MLE (2.9) is strongly consistent and asymptotically normal, that is,
0(t) = 6 Py, — a.s. as t — oo

and

Law (go(t)l/2 (é(t) - 90) ‘ P(,O) 5 N(0,171(8)) as t — oo;

2. the statistical experiment {Py;0 € O} is LAN for each 6 € int ©¢ with the Fisher information
matrix I1(6) defined in (2.12) and rate of convergence o(t)~'/%. That means, for all h € RY,

APt
O+he(t)—1/2
Law | log ————~
( aP!

1
P9> — h"N(0,1(8)) — 5hTI(a)h, as t — oo-

Furthermore, the MLE {é(t);t > 0} is asymptotically efficient in the sense of Hdjek-Le Cam

Convolution Theorem.

We point out that the Theorem 2.3.4 generalizes results from Mai [42, 43] for the Langevin equation
and a class of SDDE. Our proof borrows the ideas from Gloter, Loukianova and Mai [13] and Loukianova
and Loukianov [40]. In Chapter 4, we will prove a similar result but for the case when the drift process
satisfies (2.7). In this case, less restrictive assumptions will be required.

Using autoregressive decomposition and spectral density for an observed path of the GOU process
(2.3) at discrete times, it is possible to use time series modeling for this type of processes (see, for example,
[1, 62]). However, as far as we know, there is no studies in the literature on statistical estimation for the
drift of a GLE solution process observed continuously in the time interval [0, ¢]. Furthermore, we do not
need the explicit form of the Kannan’s solution (2.3) to derive Theorem 2.3.4. This is important because,
since (2.3) is not necessarily a solution for the GLE, it depends on the sense of integration used and on the
conditions over the noise L (see (1.10), for example).

Also, Theorem 2.3.4 allows us to model processes with presence of oscillations or seasonality, as
occurs in several physical and climatic phenomena, among others. Just make the proper choice of 114 ; or
po(t) and modification of the autocorrelation structure of the process arises. In several cases it is possible
to obtain processes with oscillatory decay of the autocorrelation function. Oscillations can also occur in the
paths of the process itself as in the GOU-FE process when we take pg(t) = (1 — 02)e%t 4 05 cos(1t).
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2.4 The FMLE and Simulation Results

The aim of the this section is to evaluate the applicability of the MLE (2.9) via estimation in simulated
processes. We propose a discretization form of é(t) based on Gloter, Loukianova and Mai [13], Mai
[42, 43] and Mancini [44, 45] by filtering big jumps to approximate some stochastic integrals. Then,

Monte Carlo simulations are done for the GOU-FE process

X(t) = Xo ((1 — fy)e 0 40, cos(elt)) + / t ((1 — 02)e= (9 4 0, cos(By (t — s))) dL(s)

’ (2.14)
in order to answer the following questions: how good the joint estimation of §7 = (61, 65) is? Does the
estimator have the same behaviour in different regions of the plan, contained in R4 x [0, 1]?

We start this section by setting some notations that were used here and in the figures and table of the
simulation results.

Let f : [0, 7] — R be a real function, with final time 7" > 0. Consider a discretization in n + 1 steps
of the interval (0,77 as (t, = (k — 1)T/n)g=1.... n+1. The increment of f on [t;,t;11] is denoted by
A;f = f(ti+1) — f(t;) and the interval increment is A; = T'/n.

We consider a Lévy process L = {L(t);t > 0} given by

L(t)=oW(t)+ »_Yi, (2.15)

where o > 0 is fixed, {W(t);t > 0} is a Wiener process and { N(¢);¢ > 0} a Poisson process with rate
A > 0and {Y;}i—0,... o is a sequence of i.i.d. random variables with common distribution N (0, 2).

Let X = {X(¢);t > 0} be a solution process of the GLE (2.1). Denote all the past history of the
discretization until the time ¢; by X, = {X (¢;);7 < i}.

The main problem in the discretization of é(t) defined in (2.9) is getting a good approximation of the
increments of the continuous martingale part X ¢, because it is not observable. Under Fy,, (cf. Jacod and
Shiryaev [23, Theorem 1.4.18 and Proposition 1.4.27]) X ¢ is given by

XO(t) = oW (t) + /0 t b(0o, X,)ds,

where W = {W (¢);¢ > 0} is the Wiener process in the Lévy-Itd decomposition of L.

In general, the increments A; X ¢ are of the order A,ll/ 2 (cf. Mancini [44, 45]). Thus, based on Gloter,
Loukianova and Mai [13] and Mai [42, 43], we approximate the discretization of the stochastic integral
fg b(0, X)dX(s) by increments of X filtering “big” jumps, i.e.

n
Z b(0, Xt,) Ai X 1A, x|<vi]>

=1

where the cutoff sequence is given by v/, = a; A5, for 8 € (0,1/2) and a; being a measurable function of

the past information of the process. Thus, the filtered maximum likelihood estimator (FMLE) is defined as

. 1 o RS
GZEMLE = arg grel%)é {0—2 Z b(ev Xti)AiX1[|AiX|§U%] o ﬁ Z 62(97 th)Al} ’ (2.16)
i=1 i=1
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For the applications in this section, we consider the GOU-FE process which is defined in (2.14).
Alcantara [1, Theorem 5.1] stated that, for 7 = (61,62) € © = R, x [0,1] and ¢ > 0, the signed
measures fi9, on [0, t] satisfying

t

) = = [ ools)uos(as)
pe(0) = 1
have the following decomposition
Ho.1(ds) = 01(1 = 02)pg') (ds) + g (t — s)ds,

where uélt) (ds) = do(t — s) is a Dirac measure and gg(t) is given by

e 0102t/2 (041 CcOos ((911/1t) + a9 1 sin (Qlult)) , vy > 0,
go(t) = { e 01021/2 (o cosh (61v1t) + g1 sinh (61011)), 19 <O,
e=0192t/2 () + agt), vy =0,
for constants (functions of #) given explicitly by vp = 1 — 03 — 02 /4, v, = \/|vo|, a1 = 0262,
1 03 03
= B |l-——24+01-96 -2
021 1 [ o 2 +( 2) <V1 )|
1 62 03
2 2 2
PR T G T R
Qg 1 07 [ ” + 5 + (1 —69) < 41 41/1)] )

azg = 6} <(1 492)0% + 02% + 1) .
Thus, the parameter space has tree regions in which the process changes its self-dependence that is
either Ry x [0,2v/2 — 2), Ry x {2v/2 — 2} or Ry x (2v/2 — 2, 1]. Furthermore, the Euler-Maruyama
discretization of the GOU-FE were given in Alcantara [1, Equation (5.65)].

Figure 2.1 shows the oscillatory paths of the simulations from GOU-FE processes for ' € {10, 50}
and for different values of 6T = (01,02). As expected, for small 05 values, the process has less oscillation.
But keeping 65 fixed and increasing 1, we have more frequency of oscillations.

Figure 2.2 shows some simulations paths of the GOU-FE as the corresponding Lévy process and its

decomposition (2.15). That means, the left graphics have plotted:
1. the simulated Lévy process (with the legend /p) L(t) and its decomposition (2.15);
2. the corresponding Brownian motion (wp) W () ;
. . N(t) .
3. the jump process (jp) J(t) =>_,_ ' Vi
4. the corresponding GOU-FE X (t) for the Lévy path L(¢) with the fixed parameter 6.

The autocorrelation functions of those GOU-FE are also plotted and have oscillating decays with
frequency depending on the 8 value. The decay of the autocorrelation function shown in the Figure 2.2 is
expected for classes of solution of the GLE, even when considering other GLE variants (see, for example,
Alcantara [1, Figures 5.2, 5.4, 5.6, 5.8 and 5.10], Morgado et al. [50, Figure 1], Slezak [60, Figure 6.6] and
Zhu and Venturi [66, Figures 3 and 4]). That kind of decay of the autocorrelation function indicates that
these processes are autoregressive with order greater than 1. In Chapter 3 we explore the behaviour of the

autocorrelation function proving that a 3-parameter GOU-FE has an order 3 autoregressive decomposition.
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Figure 2.1: Simulation of the GOU-FE process with fixed values ¢ = 1, A = 1, n = 1000 and
;26 {10, 50} for different values of 7 = (1, 62).
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Table 2.1: Mean, standard deviation and absolute error of the FMLE HA{%](\)/[ LE for 500 Monte Carlo
simulations of the GOU-FE with n = 1000 and 0 = 1.

A O 0 mean(él,T) std dv(éLT) |9A17T — 64 mean(ég,T) std dV(9A27T) |92’T — 69|
1 1 0,1000 1,0062 0,0284 0,0062 0,1012 0,0347 0,0012
5 1 0,1000 1,0077 0,0236 0,0077 0,1047 0,0346 0,0047
1 5 0,1000 4,7340 0,0690 0,2660 0,1299 0,0109 0,0299
5 5 0,1000 4,6853 0,0632 0,3147 0,1293 0,0101 0,0293
1 1 0,3000 1,0007 0,0048 0,0007 0,2195 0,0344 0,0805
5 1 0,3000 1,0010 0,0069 0,0010 0,2233 0,0399 0,0767
1 5 0,3000 3,0000 0,0000 2,0000 0,3186 0,0055 0,0186
5 5 0,3000 3,0000 0,0000 2,0000 0,3187 0,0049 0,0187
1 1 0,8284 1,0000 0,0000 0,0000 0,2794 0,0768 0,5490
5 1 0,8284 1,0000 0,0000 0,0000 0,2454 0,0695 0,5830
1 5 08284 3,0000 0,0000 2,0000 0,3208 0,0038 0,5077
5 5 0,8284 3,0000 0,0000 2,0000 0,3202 0,0018 0,5083
1 1 09000 1,0004 0,0037 0,0004 0,2990 0,0885 0,6010
5 1 0,9000 1,0000 0,0000 0,0000 0,2588 0,0743 0,6412
1 5 09000 3,0000 0,0000 2,0000 0,3408 0,0052 0,5592
5 5 0,9000 3,0000 0,0000 2,0000 0,3390 0,0059 0,5610

Table 2.1 is obtained following the step-by-step bellow: For each line in the table

1. columns 1-3 present the fixed parameters of the simulations, in which A is the rate of the Poisson
process N (t) in the decomposition of the Lévy (2.15) and #; and 65 are the drift parameters of the
GLE;

2. fix a search region O for the FMLE;

3. itis simulated 500 Lévy processes;

4. it is obtained the 500 corresponding GOU-FE processes;

5. for each simulation, the parameter §' = (61, 65 is estimated, according to the FMLE (2.16);

6. the remaining columns (4-9) present the mean, standard deviation (std dv) and absolute deviation of

the estimated parameters.

The results obtained in Table 2.1 were programmed in the language and environment for statistical
computing R and compiled on a server with 32 cores, in addition to using parallel computing to generate
the 500 samples of the parameter settings described in each row of the table. The average computing time
was 17 hours per line.

Table 2.1 shows that the rate of jumps A has no influence on the 6 estimation. Also, éﬂ)](\)/[ LE
estimates well for small 6o, i.e., good estimates occurred only in the a subset of the first region Qg =
R, x [0,2v/2 — 2). To make the estimator applicable to R, x {2v/2 — 2} and R x [2v/2 — 2, 1], more
sophisticated methods of optimization are required, such as introducing the dependence on a simulated
Lévy path or techniques such as VNS (Variable Neighborhood Search).

For 65 values greater than 0.1, Table 2.1 shows some standard deviations equal to zero, in some

estimations of #;. That means, the local search algorithm used has reached the minimum of the searched
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region. If we took a larger search region, the algorithm would stabilize the estimation around some value
from the initially estimated. Even so, the estimates when §; = 5 would not be good, even increasing
the search region. This indicates that for large values of 61, we may not be able to verify some of the
convergences assumed in the previous section, when de perturbation parameter 6 is greater than 0.1.

In Chapter 3, we propose a new discrete time estimator for y in order to improve the estimation for
"large" values of 6. For this, we introduce the Lévy path’s information in the estimator, since in (2.16)

we used only o2 which is associated with the the Gaussian part of the Lévy process.

2.5 Proofs

Our proofs essentially join and repeat the arguments from [13, 40, 42, 43], adapted to our needs. We refer
to Sections A.1, A.2, A.3, A.4 and A.5 for the technical terms that have not been defined so far in this
chapter and are used in proofs of Propositions 2.2.2 and 2.2.4.

Proof of the Proposition 2.2.2

Proof of the Proposition 2.2.2. Let L = {L(t);t > 0} be a Lévy process with characteristic triplet
(b,0%,v). It is well known that the semimartingale characteristic of L is given by (bt, o%t, v(dz)dt),
where dt denotes the Lebesgue measure. When X = {X(¢);¢ > 0} is solution of the GLE, by the

Lévy-Itd decomposition we have
t
X(t) = / b0, X, )ds + L(t)
0

¢
= / b(8, Xs)ds + bt + oW (t) + / xN(t,dx) + / xN(t, dz),
0 |z|>1 |z|<1

where N (t, dx) is a Poisson random measure associated with the jumps of the Lévy process and N (¢, dz)
its compensated Poisson random measures.
Under the Assumption 2.2.1, fot b(0, X)ds is of finite variation. Thus, it follows from Applebaum [2,

Section 2.7] that the semimartingale characteristic of X is given by

t
(bt + / b(6, X,)ds, o*t, y(d:z)dt) . (2.17)
0

Let (B,C,v) and (B’,C’, V') be the semimartingale characteristics of X under Py and Py, respec-
tively. We have that

t t
B = bt+/ b(0, Xs)ds and B' = bt+/ b(0', Xs)ds.
0 0
It follows that
t
B=H +/ (b(8, X5) — b(¢', X)) ds.
0

We define the processes

/B(t) = 6(07 0,7 Xt) = b(ev Xt) - b(elv Xt)

K(t) = K(0,0, X)) = /Ot <5(S)>2ds.

g

and
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Since b(0, X) is a predictable process for each § € © and 3%(t) is a non-decreasing process, we conclude
that K (¢) is a predictable process and has non-decreasing paths. Moreover, { K (¢);t > 0} does not jumps
to infinity.

Define a sequence of stopping times {7},; n € N} by

T, = inf{t e R; K(t) > n}

and let A = | J[0, T},] be a predictable set. Note that K (t) — oo a.s. under Py and Py as t — oo, which
n
implies that

A=R, (2.18)

Ppy- and Py -almost surely.

Let © denotes the compensator of v on Q=0x R4+ x R. Asin (A.2), by Jacod and Shiryaev [23,
Proposition II.1.17], there exists a version of 7 such that o(w; {t} x R) < 1. We define a predictable
process a = {a(t);t > 0} by

a(w,t) = o(w; {t} x R).

For each measurable function Y on Q we define

. / Y(w,t,x)0(w; {t} x dx) if this integral converges,
Y(w,t) := R
+00 otherwise.

According to Girsanov’s Theorem A.2.5 (cf. Jacod and Shiryaev [23, Theorem III.3.24]), we have
V(wi{t} xR) = [ Y (w,t,2)0(w; {t} x dx). It follows from semimartingale characteristics of X that

Y =landY(t) = i(w;dt x R) =l a(w, t). Thus, given a stopping time S, we obtain

Y —a N
(Y -1 1—a1[a<1]> 1[0751 * (V — I/) =0.

We concluded from Proposition A.2.7 (cf. Jacod and Shiryaev [23, Proposition I11.5.10]) that there exists
aprocess U = {U(t);t > 0} such that for all stopping time S the stopped process U (.S) is given by

S
U(s) = / B(s)dX(s).
0

Thus, U is a continuous process and

[T +AU(s)e a0 =1,

s<t
forall t > 0.

By applying Theorem A.4.3 (cf. Jacod and Shiryaev [23, Theorem I11.5.32]), for all ¢ > 0, it allows

us to write the density process of Py with respect to Py as

arj _ dpy L AU
= Ut) — = ds¢ [ 1+ AU (s)
dpéfl dPQO, eXp ( ) 2 /0 /8 (3) S s<t( + (S)) € )

which proves the proposition.

36



Proof of the Proposition 2.2.4

In order to apply the Proposition A.5.4 to determine a version of the Hellinger process associated with the

measures Py and Py, the following notation will be needed,
1. oo :RZ = Ry (a€(0,1))

Ya(u,v) = au+ (1 — a)v — u®v' ™%

2.C=c-AandC' = - A, for A= {A(t);t > 0};
3. \is a predictable random measure on R x R¢ such that
(Jz]* A1) * M\ < 00, VE < o0,
v< Xand VvV <\
4. U ={U(t);t > 0} is a non-negative predictable function such that

v=U-\

5. X is a predictable random set such that
S = {(w,t); [M(z)(U = U")| * My(w) < o0},
where h is the truncation function;
6. a(w) = v (w; {t} xRY) = [U(t,z)A({t} x dz) < 1.

Under this notations, taking v = v/ = \, wehavec = ¢ =02, U =1, U =1, = Q xRy,
0a(U,U)=a+ (1 —a)—1=0and p,(1 —a(s),1 —d'(s)) =0.

Lemma 2.5.1. Suppose that local uniqueness holds for the martingale problems s (X\ PY: B, C, 1/) and
S (X| Pg,; B, C, 1/). Then, under Assumptions 2.2.1, a version of the Hellinger process H(«; 0,0") =
{H(c;0,0',t); t > 0}, a € (0,1), corresponding to the solution measures Py and Py of the GLE (1.18)

is given by
a(l—a) 1

t
H(a; 0,0 t) = 5 2/ (b(eva) - b(eleS))ZdS’
o= Jo

provided that H(1/2;0,60") does not jump to infinity.

Proof. Denote by (B, C,v) and (B’,C’, V') the semimartingale characteristics of X under Py and Py
and let Pg and Pg, be the initial distributions, respectively. By Proposition A.5.4 the problem of finding a
measure to the GLE (1.18) is equivalent to solve the martingale problem s (X|7; B, C, v).

For each pair 6, ¢’ € O, define the predictable processes

B(t) = B(t) - B'(t) = /Ot (b0, X,) — (e, X.))ds

and o .
B(t) = (6.0, x,) = XX~ VO KD),

g
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Assuming that local uniqueness holds (see Definition A.4.2) for the martingale problems s (X| Pe0 B, C, 1/)
and s (X| Py; B',C,v) and H(1/2;6,6") does not jump to infinity, since v = v/ = X, by Equation (A.7)
in Proposition A.5.4, we have that a version of the Hellinger process is given by

a(l—a) 1

t
Hia:0,0,1) = “0 2/(b(e,XS)—b(eQXS))%Eds,
= Jo

where ¥ = 2 x R,..
[

Lemma 2.5.2. Consider a family of measures { Pp; 0 € ©} induced by (1.18). Let L = {L(t);t > 0} be
a Lévy process with characteristic triplet (b, 02, 11). Under Assumption 2.2.3, for all pair (6,0') € ©2, we
have that

3/05 </0u o (1 — U)dL(v)>2u9/7S(du) € L1([0,4] x O, ds x dP).

Proof. We recall that by Lévy-It6’s decomposition, the Lévy process L can be written as a sum of a
martingale { M (¢);¢ > 0} and an adapted process of finite variation V- = {V'(¢);¢ > 0} such that

L(t) = (UW(t) +/|<1xﬁ(t,d:c)) + (bt+/|>lmN(t,daz)> = M(t) + V(1)

where {W(t);t > 0} is a Wiener process, M (t) = oW (t) + f|$|<1 oN(t,dz) and V(t) = bt +

f\xlzl xN(t,dx).
Since py(-) is predictable, for each u > 0, by [2, Section 4.3], [, pg(u — v)dL(v) can be defined as

/Ou por(u —v)dL(v) = /Ou por(u —v)dM (v) + /Ou por(u —v)dV (v).

It follows from (A.12) in Burkholder-Davis-Gundy’s inequalities that

( IR v)dM<v>)2

Ey

< | [ - vamo)]

IN

Cxswp BB | [ ()]

yE[O,t]
/ a:N(',dx)] <u>])
lz|<1

= CaEy[[M](u)]
= O (Ee
= Co | ®u+ By | > (AL©))* Ljarw)<i)

- O <02u + u/01x2u(dx)>

< Cu, (2.19)

[cW](u) +

where in the second inequality we have used py/(+) is a continuous function in [0, ¢] and u < ¢. Thus

Cy = Cy sup pgo (y) is a positive (finite) constant. And in the last inequality we have used the fact that
ye[0,1]

w is a Lévy measure, so the integral of 22 A 1 with respect to this measure is finite. Here C'is a positive

constant.
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Under Assumption 2.2.3, for all ¢ > 0, the inequality (2.19) implies that

S
S/E@
0

It follows from Fubini’s Theorem that

(/Ou por(u — ”)dM(U)>2] po s(du) < Cs /Os upg s(du) € L' ([0,1], ds) .

s/os (/Ou oo — v)dM(v)>2 o o(du) € LV ([0,4] x Q. ds x dPy) .

Finally, since V is of finite variation, we have that V() is locally bounded. Thus, V' (u) < Cs < C} for
positive constants Cs < Cy, where u € [0, s] C [0, ¢]. Again by the continuity of py, (-) and Assumption

2.2.3, we obtain that
2 t s u 2
/ o[ < | owtu=vave >) m)/,s(dU)dSI < sk | [ 5] ( / dv<v>) Ata/,s(du)dS]
[0,1] o Jo \Jo
t s
= suppa Ey [/ s/ V2(u)du9/75(u)ds}
[0,1] o Jo

t
< sup p; C7 By [/ Sue',s([oﬁ])ds]
[0,¢] 0

N

Eq

t
< suppgC? | spe ([0, s])ds < oo,
[0,¢] 0

for all fixed ¢ > 0, which concludes the proof of the lemma.
[ |

Remark 2.5.3. 1. IfL =W = {W(t);t > 0} is a Wiener process, by [2, Lemma 4.3.11], we have

that
/f JaL(s (/!f \dS) t>0.
</Oupef(u—v)dL(v))2] :/OU‘PG’(“—’U)!de<oo

and we can show the statement of the Lemma 2.5.2 more easily.

Thus, for all u > 0,

Eq

2. In general, fo s)dL(s) cannot be defined as a Stieltjes integral. Actually only the continuous
martingales that are of finite variation are constants (cf. Applebaum [2, p.138]).

For all € © and ¢ > 0, we have that p ; is a finite measure. This property assures us that we can
apply Jensen’s Inequality to obtain the Proposition 2.2.4.

Proof of the Proposition 2.2.4. By Theorem A.5.2, taking T = ¢, we have to show that Py—almost
sure H(1/2;0,0',t) < oo and H(0;6,6’,t) < oo. Lemma 2.5.1 gives us that H(0;6,6’,t) = 0 and

H(1/2;0,0't) = 04(12_&)012 /Ot B%(s)ds

where 3(s) = B(6,0', X,) = b(#, Xs)—b(#', X;). Itis enough to show that 3 € L? ([0,t] x £, ds x dPy).
By the definition of the function (-, ), it suffices to prove that for every fixed pair 6,6’ € ©, we have
b(s) = b(@', X,) € L2 ([0, 1] x , ds x dPy).
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By (2.3), for each u > 0 and each ¢’ € O,
X(u) = Xg/(u) = Xopg (u) + /OU po (u — v)dL(v).
it follows that we can rewrite the function b(6’, X) as
Wo' X = = [ X
- X / o o(de) = [ [ gt = )L o (a0
= Xopp (s / / Py (u — v)dL(v)pgr s(du),

where in the last equality we used (1.13). Thus,

20X = (Xorl(s) / [ owta= )iz, <du>)
2X3 (ply(s))” +2 (/ / py(u — v)dL(v)pgr s (du))

= 2 (o) 2 (2 [ [ oo <du>)
< x5 Ghio w2k [ [ potu— e >) o)

S

IN

— 22 (s (5))* + 25 /O s ( /0 "ol — v)dL<v>) L. @20

where the second inequality is obtained applying Jensen’s Inequality for finite measures.
Both terms in the right side of (2.20) are functions in L' ([0,t] x €, ds x dPy). Indeed, the second
term in (2.20) is guaranteed by the Lemma 2.5.2. For the first term, note that

By | X3 (o())°] = (dr())” B0 [X3]
Thus,
/ Ey [Xg (plgl(s))z} ds = Ey [X{] / (p’el(s))2ds < 00
0 0

and applying Fubini’s Theorem, we conclude that

Ey [/Ot X2 (pg,(s))st} < 00,

which proves that X3 (p’e,)2 € L' ([0,t] x ©,ds x dPy) and concludes the proof of the proposition.

Proof of the Theorem 2.3.4

We have divided the proof of the Theorem 2.3.4 in a sequence of lemmas. This prove is based on Gloter,
Loukianova and Mai [13].
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Lemma 2.5.4. Let M = {M (t);t > 0} be the continuous local Py,—martingale defined by

M(0,1) - /b@X)—b(GO, AW (s),

where W = {W (t);t > 0} is a Py,-Wiener process. Define the function

£(0: X0) := M(0,0) — L [MO)](1), 2.21)

in which [M (0))(t) denotes the quadratic variation of M. Then

f(t) € arg maxﬁ(@ Xi)-

0€0g

Proof. Under P, the continuous martingale part of X is given by

t

Xe(t) = oW (1) + / b(0, X.)ds- (2.22)

0
The quadratic variation of M is
I 9
(M) = — ; (b(0, Xs) — b(0o, X5))" ds-
Being 6y the true value of the parameter corresponding to the observed path of X, by (2.8) and (2.22), we
have
10, X,) = /bex)dW( ~|—/b0X)b(90, /mx

1 t
- / b(@,Xs)—b(Oo,Xs)dW(s)—QQ/ (b(&,XS)—b(GO,XS))st
0
T /beo, YW (s) + /b2<eo, X,)ds
1 1ot
= ‘C(gaXt) b(007 )dW(S)—{_ig b (HOaXS)dS'
a.Jo 9= Jo
Thus, the difference [(6, X;) — £(0, X;) does not depend on 6, which implies 6(t) € arg max L6, Xy).
€00

Lemma 2.5.5. Suppose that Assumption 2.3.1 holds. Then, Py,—a.s. on any compact K C ©g not

containing 0,

1
lim sup |—L(0, X;) — L(8)| =0 (2.23)
s e X0 - <o)
where, by the limit in (2.11), we define L(6) := — %i (9)-

Proof. Let us first prove that the family

1
{5oer @0 e oo x|

is bounded and equicontinuous on 6, Py, —a.s. Indeed, by Assumption 2.3.1, Py, —a.s.

. . __1¥2 _. )
Jim 5 MO0 = ~35°(0) = £(0) (2.24)
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Furthermore, since O is compact, there exists a constant C' > 0 for which all 8,6’ € © belong to a ball
of radius C' and center 6. Under Assumption 2.3.1, for every € > 0 take 6 = d(€) = CKZQ > 0 such
that, for all 6,0 € ©, if |§ — 0'|" < 4, then

)

t
[MO)](t) — [M@)(#)] = /0 (b6, X4) = b(00, X.))” = (b0, X,) = b(0o, X,))* | ds

which implies

1

/ 1 ! _ / — S
(P(t)HM(H)](t)—[M(@)](t)\ < 0290(75)/0 [6(0, Xs) — b6, X:)| [b(9, X) — b(6o, Xo)|d

1 , /
+ (W/O |b(6, X,) — b(8/, X,)| [b(¢, Xs) — b(6o, X,)| ds

IN

|k o K o K 1 ! 2
10— 6" (16 — 6o|™ + 6" — 6o )U%(t)/oK(X ds

K t
< |o-01" 20 /K2(X8)d.s
o?p(t) Jo

20”

< 16— 9'[” Y% < forall t >0, Py —a.s

where E%( is given in Assumption 2.3.1, and this proves our claim. It follows from Arzelad-Ascoli Theorem
that Py, —a.s.

1
lim sup |———=[M(0)](t) — L(8)| = 0- (2.25)
Jim sup |5 s 010 - £0)
Moreover,
1 t
MO) = MO0 = o [ (6060.X) ~ 00, X)) ds < ViDlo - 0
9% Jo
where V (t) fo K?(Xs)ds 1 0o Py,—a.s. Thus, the conditions of Theorem A.7.6 are satisfied. Then,

the family {% (0,t) € © x R+} satisfies the uniform law of large numbers on any compact
K C ©g not containing 6, that is

M(
lim sup “ =0 Py, —a.s. (2.26)
t=o0 e | [M(0)](t) ’
Observe that by (2.25) and (2.26) we obtain
M6t
lim sup‘ ®, )‘ =0 Py, —a.s. 2.27)

©(1)

Therefore, by (2.21), (2.25) and (2.27), the limit (2.23) holds true.

t—o00 PeK

Before we establish the next lemma, we will recall a version of the Taylor’s theorem for multivariate
functions.
Let f : RV — Rbea (k + 1)—times continuously differentiable at a point € RY. Then

1
@ =f@r Y D@ Y @) [(1-9"D"f (ot sla - @)ds,

aeNN:1<|al<k aeNN;|al=k+1



N T N N N  aj
where for z € R™ and o' = (a1, -+ ,an) € NV, we denote o! = [[}T; a;l, 2 = [[}T; 2,7,

ja = X, a and
|ex]
DO f(z) = L(x).

- ai aN
Ox{™" -+ 0xy

Lemma 2.5.6. Under Assumption 2.3.2 we have the decomposition

L[ e (o O(t) —00),X¢)d D (0(t) — 60) = — VoL (9, X) - (228
sy 7 (o (000 — ) ) s Vo (30) - t0) = Vot 0 X 228
Furthermore,
1
Law ( WVGE (00, Xt) P90> — N(0,1(6p)), as t — oo, (2.29)

where I(6) is defined in (2.12).

Proof. 1t follows from Assumption 2.3.2, interchanging the derivation with respect ¢ and the integrals in
(2.21), that
VoL (0, X:) = (00, L (0, Xs) - ,0on L (0, X0)) ",

where, foreachj =1,--- | N,
1 [t 1 [t
0o, L(0. X)) = — / (b(6, X) — b(B, X)) 0p,b(0, X.)ds + - / 0o, b(6, X)W (s)-  (2.30)
g% Jo 0 Jo

By doing a Taylor expansion of Vy£(-, X;) around 6 and applying it in 6(t) we obtain (2.28). Actually,
foreachj =1,---, N and each 6 € int O,

N 1 2
B
Do, L(0, X;) = 09, L (00, X¢) + ;(ei — 00.) .0 L (6o + s(6 — b)) ds,
which implies
1
VoL(0,X:) = VoL (0o, Xi) + / O?L(By + 5(6 — 60), Xy)ds x (6 — 6p)- (2.31)
0

Since 0(t) € arg maxgee, £(0, X;), we have VL (é(t), Xt) = 0 and, therefore, applying (2.31) in
0(t), (2.28) follows.

Furthermore, foreach j =1,--- | N,

1 t
00,L(00, X) =~ / 3o, b0, X )dW (s),
0

that yields

t
L 9L (00, X)) = — / V{00, Xo)dW (s), (2.32)
o(t) o\ e(t) Jo

therefore, (2.29) follows from Assumption 2.3.2 and the CLT for N-dimensional martingales A.7.4 taking
K(t) = o(t)"/2Iy and M (t) = VoL (A, X) -
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Proof of Theorem 2.3.4. We divided the proof in tree steps.

Step 1. Strong consistency of 6(%).

By Lemma 2.5.4 we know that the MLE 6(¢) of 6, also maximizes the function £(6, X). Furthermore,
Lemma 2.5.5 proves the almost sure uniform convergence of (t)~1L(0, X;) to £(6). By the Wald’s
Method for proving consistence of estimators (cf. Vaart [65, Theorem 5.7] for a simple version of this
method), it suffices to show that for all € > 0

lim  sup  o(t)"1L(0, X;) < L(6o): (2.33)

100 9.19_g|>e

Indeed, by (2.24) we have that £(#) < 0 and £(#) = 0 if and only if § = 6. Thus,

sup  L(0) < L(6p)- (2.34)
6;10—60|>¢
Then, (2.33) follows from (2.23) and (2.34). Hence, for P, almost all w € €2 fixed and for all ¢ > t(w)
large enough we have supg,|g_g,|>- o(t)1L(0, X;) < L(6p, X¢), which implies ’é(t) - 00‘ < ¢ for
t > t(w).
Step 2. Asymptotic normality.
By (2.30), for all (i,j) € {1,--- ,N}?

1 t
R £0.X) = — /0 (b(0, X4) — b(B, X)) 3B 9, b(6, X, )ds

1/t 1/t
- = /0 0.b(0, X 5)0p;b(0, Xs)ds + — /0 07,0,b(0, Xs)dW (s)-  (2.35)

By the same arguments as in the Lemma 2.5.5’s proof, we can show that under Assumption 2.3.2 the

families

1 t

{w) / (b(0, X;) — b(00, X)) Dy,0,b(0, Xs)ds; (t,0) € Ry x @0}
0

and {ﬁ fg 0p;b(0, X5)09,0(0, Xs)ds; (t,0) € Ry x @0} are pointwise bounded and equicontinuous

on 0 Py,—a.s. Then they converge uniformly. Moreover, the uniform law of large numbers Loukianova

and Loukianov [40, Theorem 2] yields

1
sup |——
0€Bg So(t)

0o, £00.X0) ~ (65(0) ~ ;) >0 Py~ s,

which, together with £(6y) = 0 from (2.13) and the consistence of §(t), implies

1, R
521[101?1] maeﬁ (90 + 5 (0(t) - 90) ,Xt> + 1(60)| = 0
and 1
1 ) R
o(t) /o %L (90 ts (0(t) - 90) vXt) ds — —1(0o), (2.36)

Py,—a.s. ast — oo- Therefore, the asymptotic normality of the estimator follows from (2.36), Lemma
2.5.6 and Slutsky’s lemma.
Step 3. LAN property.

44



Due to (2.29), for all 6y € ©¢ and h € RY it is sufficient to show that, under Py,

X,) " hds

Xs)dW (s)

dp? T
O+h(t)—1/2 h /
1 = L (0, X, b(6 Vob(0 dsh 1
8 gpi mve (00, Xt) — 2090 Vob(6o, X5)Vob(0o, Xs) " dsh + op, (1),
where VoL (6y, X;) is given in (2.32). Actually, (2.4), (2.22) and (2.32) gives us
dpt T t
O+hep(t)~1/2 h 1 / T
1 = 0o, X¢) — ——— h b(6p, X b(8o,
0g ap; w(t)veﬁ( 0, Xt) 20%0(1) Jo Vgb(0o, X5)Veb(o
+ Ri(t) + Ra(t),
where
Ri(t) = 1/tb<90+h4p(t)_1/2,Xs> — b(Bo, X )dW (s) hTVQb (6o,
0 Jo o\ @
and
1 LT T
t) = h b(6p, X b(6y, Xs) ' hd
Ralt) = 5oz | 0T Vabl00, X Vob(0o, X,) s
1 t
n J/ (b(00+h<p(t)_1/2,Xs)—b(GO,XS)> b(0o, X)ds
0
1 t(b(& ho(t) ™2, X,) — b(6) X))Zd
T 22, ot e y Xs) — 0(0p, As s

Observe that, for 8y, € © and s > 0,

hT

Vee(t) Jo

b (60 + hp(t) ™%, X, ) — b(6, X)) =

implies, for a constant C' > 0,

242K t
iy (R o)) < P | [ Kby

which converges to zero. Then, the Markov inequality implies that Ry (¢) = op, (1).

| Ra (1))

1 t
507000 / hTVgb(g, Xs)Veb(0o, Xs) " hds
0

1
/ Vb (90 + h(t) V2, XS> du

(2.37)

1,1
- 20210(15) / / / thob(QO +h90(t)_1/2U,Xs)Veb(90 + ho(t)™ 12, , X )Thdudu ds
0

IN

|h|2 1 1 1 t T
= — | |Vob(8y, Xs)Veb(60, X
252 /0 /0 @(t) A ‘ ( 0 ) ( 0 )

— Vb(Bo + hep(t) ™Y ?u, X, )Veb(0 + hep(t) ™Y/, X)) 7| dsdudu’-

Therefore, R2(t) = op, (1) and the LAN property holds true.
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Chapter 3

A Three-Parameter GOU-FE Process
and a Modified FMLE

3.1 Introduction

In Chapter 2, we studied the FMLE

- 1< 1O
FMLE ._ , ) 2 :
01 = arg gxggg { 3 ;:1 b(0, X, ) Ai X L[a, x| <vi] — 5,7 ;:1 b (6, Xti)Az} (3.1)

for the drift parameter of a GLE for which the solution is the GOU-FE process. Our simulation results for

the process

X(t) = Xo(0) ((1 — f)e 0t 1 0, Cos(ﬂgt)) + /0 t ((1 — 0o)e (=) 1 9, cos(Ba(t — s))) dL(s)

showed that despite the good results obtained when the perturbation of the OU process is small, i.e.,
A2 } 0, issues such as computational time and improved estimation in some regions of parametric space
O require a little more care, so that this estimator can be applied to model real data via GLE.

In this chapter, we propose a new form of discretization for the MLE é(t) = argmaxgpeo, (6, X).

By considering all the past information of the process X until the time ¢, that is,
th = {X(t1>7 T ﬂX(tk>}7

one can consider a discretization of the likelihood function using the jump filtering technique to approx-
imate the increments of the continuous martingale part X°. This will lead us to introduce a modified
FMLE (mFMLE). In Section 3.3, we propose the new estimator mFMLE that make use of the information
of the past simulated noise and the real expected noise,

GmFMLE _ oo min [1(0, X, ) — (60, X3, ,
0€©9

where 6 is the true unknown parameter value and {¢1,--- ,¢,} is a convenient partition of the time
interval. Simulation results for mFMLE and its performance is compared to that of FMLE

In Section 3.2, we generalize the GOU-FE process, in the sense that we give more freedom for the
exponential and cosine functions in pg(t) = (1—02)e~%* 40, cos(f;t). Then, we study the corresponding

Kannan’s solution .
X(0) = XoOplt) + [ polt = dLs), >0, (32)
0
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with
po(t) = (1 — 03)e™ " + 3 cos(6at),
where 87 = (01,60,03) € © C R?x [0, 1]. Asin Alcantara [1], our Theorem 3.2.1 shows that this process

is indeed a solution of the GLE with the associated family of signed measures {yg;60 € ©, t > 0}

satisfying the Volterra integro-diferential

pyt) = — /0 po(s)pe.(ds),
po(0) = 1.

(3.3)

Our Proposition 3.2.2 shows that a discretization of this new process has an order 3 autoregressive form,
which is a consequence of the OU and cosine recurrences (see Stein, Lopes and Medino [62, Example
4.1 and Proposition 4.1]). Also, the Theorem 3.2.6 shows that if the "memory" function p satisfies the
Assumption 3.2.4 then the corresponding OU process will have autoregressive representation of general
order m. Thus the same discretization technique could be applied. Extension for the case when L is a
symmetric a—stable Lévy process with 1 < o < 2 is considered in Proposition 3.2.7.

The last section is dedicated to the proof of the results of this chapter. The main tool used to prove the
Theorem 3.2.1 is the Laplace transform and its properties. The autoregressive properties are obtained,
as mentioned above, by direct applications or by a careful review of some proofs from Stein, Lopes and
Medino [62].

3.2 A New Class of Solution for the GLE

In this section, we extend the parameter space of the GOU-FE process from a subset of R? to a subset of

R3. The new process takes the form of the Kannan’s solution (3.2) where
po(t) = (1 — 03)e~ " + 03 cos(6at), (3.4)

07 = (61,02,05) € © C Ry xR x [0,1].

Taking 63 = 0, 83 = 1 or #, = 61, we obtain, respectively, the processes Ornstein-Uhlenbeck, cosine
(1.3.3) or the GOU-FE. As for these examples , the proposed GOU process with pg(-) defined in (3.4) is a
solution of a GLE’s.

Theorem 3.2.1. Let L = {L(t);t > 0} be a Lévy process with finite second moment or cv—stable with

1 < a < 2. Then, the process X = {X (t);t > 0} given by (3.2) with py(-) defined in (3.4) is a solution
for the GLE

dX (t) = <91(1 —05)X () — /tX(s)Fg(t - s)ds) dt +dL(t), t >0, and X(0) = Xy, (3.5)
0

where
e~t0193/2 (151 cos (vt) + ko sin (v)), v >0,
Ty(t) =< e t93/2 (1 cosh (vt) + kg1 sinh (vt)), v <0,
e~ t010s/2 (K1 + K2,0t), v =0,

48



for the constants

v = 0103/2,
v o= fyg + 0%(1 —03),
K1 = 0303 —201(1 — 63)wp,
1
Ko1 = ; (919% — 1 (9%93 — 91(1 — 93)2V0) — 91(1 — 93) (1/3 + I/)) ,
1
Fo1 = - (0105 — v (0305 — 01(1 — 03)200) — 61(1 — 03) (g — V),

Koo = 91(9% — (9%93 — 61(1 — 63)21/0) — 61(1 — 93)Vg-

)

We point out that the proof of the Theorem 3.2.1 uses basically Laplace transform and finding the
relations (3.3) between the memory function and pg(-). The same result could be obtained via power series
and Picard iterative method, as were done in Stein [61, Examples 2.2 and 2.3] for the cases py(t) = cos(6t)
and py(t) = e .

Few notation will be needed. Denote the processes OU and cosine by { A(¢);¢ > 0} and { B(t);t > 0},
respectively. As mentioned in Examples 1.3.2 and 1.3.3, from Stein, Lopes and Medino [62, Example 4.1

and Proposition 4.1] the following recurrence properties hold,

A((k +1)h) = e P A(kh) + eapi1, (3.6)
and
B((k + 1)h) = 2cos(62h)B(kh) — B((k — 1)h) + e g1, (3.7)
where
(k+1)h
capn= [ eI (3.8)
kh
and

kh
_/( cos (02((k —1)h — s)) dL(s)

k—1)h

EBk+1
(k+1)h
+ /kh [2 cos(f2h) cos(Ba2(kh — s)) — cos (A2((k — 1)k — s))] dL(s)- (3.9

Similarly, we will show that a discrete time path of the solution process of (3.5) satisfies a recurrence
form as given in the next Proposition. This result can provide us with a third simulation method: the GLE

can be simulated by Euler-Maruyama and the integral process (3.2) can be simulated by Riemann sums.

Proposition 3.2.2. Let X = {X(t);t > 0} be a process satisfying (3.2) with pg(t) defined in (3.4). For a

fixed increment size h > 0 the process X satisfies the recurrence relations

X((k+1)h) = g1 X (kh) + o2 X ((k — 1)h) + ¢3 X ((k — 2)h) + xp (3.10)
where
¢1 = e " 1 2cos(6ah),
¢y = —1—2cos(fh)e "
¢3 = e "t
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and, for € A .41 and € g j. 1 given respectively by (3.8) and (3.9),

Ek,h = (1 — 63)5A,k+1 — (1 — 93)2 COS(GQh)EAJg + (1 — 93)6,471?_1

—6ih
+ 03eB 41 — 03¢ e

Note that the errors ¢y j, are not i.i.d., much less a white noise, hampering the use of classical
estimation techniques for autoregressive processes. Alcantara [1] worked around this by decomposing the
error ¢y, ;, and noting that the process would have characteristics of an ARMA (autoregressive moving
average) model.

We now want to obtain a general form of recurrence for a GOU process satisfying (3.2). Note that
the recurrence of the processes OU and cosine were obtained by Stein, Lopes and Medino [62] using
the recurrence of the function py((k + 1)h) in the exponential and cosine cases. However, Alcantara [1]
obtained the recurrence of the GOU-FE through the previously established recurrences of OU and cosine
processes. This approach, despite being natural for the construction of the GOU-FE, is more difficult to
be generalized for a GOU process. Thus, we would like to obtain a recurrence form for the GOU (3.2)
requiring conditions only in the discrete form of py(-).

The following example was implicitly used by Stein [61] and Stein, Lopes and Medino [62] in the
proofs of the recurrence forms for the studied processes. It gives us an important idea of what type of

property to require in order to get recurrence relations for the GOU process (3.2).
Example 3.2.3. 1. If py(t) = e, then
po (k+1h—s) = e " pg (kh —5);
2. if pp(t) = cos(0t), then
pa ((k+ 1)h — s) = 2cos(6h)pg (kh — 5) — pg ((k — 1)h — )
3. if po(t) = e, then
po ((k+ 1)h — s) = e O(@FDI=2hs) (g )

Note that 3 in Example 3.2.3 gives us the idea of how to use a similar form of a recurrent function,
that is, to accept that the recurrence constants can depend on k and h. Consider that py(-) satisfies the

following condition.

Assumption 3.2.4. For fixed values of m,k € N, h, s € Ry and 0 € O, there exists a non-null constant
a;(s) = a;(0,(k+ 1)h — s) such that

m

po (b +1)h = 5) = 3" ay(s)pp (b +1= ) —5).
j=1
Remark 3.2.5. Observe that if py(-) is a function which the respective discretization has a recursive form,

then aj(s) = a;.

Example 3.2.3 satisfies the condition imposed in Assumption 3.2.4.

The next result establishes that the decomposition in Assumption 3.2.4 allows us to write the process
as an autoregressive process of order m in which the error also depends on the functions «;(s). This
theorem, along with the previous example, generalizes Stein, Lopes and Medino [62, Example 4.1 and
Propositions 4.1 and 4.2].
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Theorem 3.2.6. Let X = {X (t);t > 0} be defined by (3.2) with py(-) satisfying the Assumption 3.2.4.

One discretization form for this process is given by
((k+1)h Z% ((k4+1—=j)h) + &.n,

where h is the discretization step size and

m

(k+1)h
e = Z [/ a;(s)pe (k+1—j)h —s)dL(s)
+ 1o

j=

(k+1—j)h
_ aj(())/o po (k+1— )h — 5)dL(s)| - 3.11)

Note that, up to now, we have used the explicit form of Kannan’s solution (3.2) only in Proposition
2.2.4, Theorems 3.2.1 and 3.2.6. The estimations and the asymptotic study of the estimator (Chapter 2)
depend only on the GLE

{ dX(t) = b0, Xy)dt +dL(t), t>0 (3.12)

X(t) = Xo(t), te€lto,0]
where b(6, X;) is defined as

(9Xt /X [Lgt dS

We conclude this section highlighting that, as in Alcintara [1] and Stein, Lopes and Medino [62],
adding an a—stable hypothesis to the Lévy process L will help us determine the distribution of error &.
A very practical result from the point of view of numerical simulations, since instead of working with the

exact form of the error, we can just simulate its distribution.

Proposition 3.2.7. In addition to the hypothesis of Theorem 3.2.6, if L is a symmetric a—stable Lévy

process with 1 < a < 2, we have

m 1/a
Een ~ S (Z/ |gk7u(s)|ads) 0,0, (3.13)
u=0" Fr.u

where
Ik,u(s Zo‘au (s)po((E+1—j)h—s),
7=1
ja(s) = aj(s) —a;(0), j€{0,---,m—u}andue{l,--- ,m—1},
G,u ;(0), je{m—-u+1,--- mlandu e {1,--- ;m},

and Ey,,, = [(k+1—u)h, (k —u))h), foru=0,--- ;m — 1, and Ey, = [0, (k + 1 —m)h).

Remark 3.2.8. The restriction 1 < o < 2 in the Proposition 3.2.7 is to guarantee that (3.2) is a solution
of (3.12) in the sense of Santos [59, Theorem 2.3.1].
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3.3 A Modified FMLE (mFMLE) and Simulation Results

Consider discrete times ¢, = (k — 1)h, for k = 1,2, -- - and a fixed positive size of discretization A > 0.
Let X (t1),---, X () be a discrete time observed path of a process X which is solution of a GLE (3.12).
Denote all the past information of the process X until the time ¢;, by X, , that is

Xy = {X (), X(t0)}-

Consider a discretization of the likelihood function

10, X;) = Z/Otb(e,xs)dxc(s) 1/Otb2(9,Xs)ds

o 202
using the jump filtering technique to approximate the increments of the continuous martingale part X ¢,

which was described in the Section 2.4, that is

1 « 1 <
0o, Xt,) = {02 D b0, X )AiX L, x|<ui) — 357 D B30, Xti)Al} : (3.14)
=1 =1

Observe that a discretization of the GLE (3.12) satisfies
ApX = b(go, th)h + ApL

which implies that b(6y, X;,) = % (AL — AxX). Applying this expression to the filtered likelihood
function (3.14), we approximate [(6y, X, ). Then, we can define a modified FMLE (mFMLE) by

OmEMLE — are min |1(0, X,,) — (0o, X, )|, (3.15)
[ASSH
where {t1,--- ,t,} is a discretization of [0, T].
Note that the FMLE é:f,?M LE defined in (3.1) can be written in function of (3.14) as

éIT?MLE = argmax[(0, Xy, )-
€O

Tables 3.1 and 3.2 present mean and standard deviation of the FMLE éﬂ)](‘)/[ LE and mFMLE é’fég MLE

for 100 Monte Carlo simulations of the GOU-FE with n = 1000 and o = 1. The difference between them

is that in the first table we use the same Lévy process generating X7 and getting the estimates é?F MLE

’

while in the second we use two independent paths but with the same distribution law.

To generate Table 3.1, in each line, we follow the steps:

1. fix the parameter ' = (61, 6, 63) in the first column;

2. fix the search region O for the heuristics FMLE and mFMLE,;

3. simulated 100 Lévy process L;

4. obtain the corresponding 3-parameter GOU-FE X

5. estimate the parameter ¢ in each simulation by FMLE and mFMLE;

6. compute the mean and standard deviation (std dv) of the estimations from both estimators.
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Table 3.1: Mean and Standard Deviation of FMLE éﬂf(\{[ LE and FMLEm é%g MLE for 100 Monte Carlo
simulations of the 3-parameter GOU-FE with n = 1000 and o = 1, for the same Lévy process generating
Xr and obtaining O MEE,

HT

mean(éfgjg LE )

mean(é%gMLE)

(0.5,0.2,0.1)
(0.5,0.2,0.2)
(0,7,0.2,0.1)
(0.7,0.2,0.2)
(0.5,0.3,0.1)
(0.5,0.3,0.2)
(0,7,0.3,0.1)

(0.5330, 0.2930, 0.0895)
(0.4920, 0.2700, 0.1170)
(0.6840, 0.2935, 0.0835)
(0.6350, 0.2780, 0.1140)
(0.5365, 0.3155,0.1110)
(0.5335, 0.3245, 0.1690)
(0.6920, 0.3100, 0.0955)

(0.5020, 0.1990, 0.1070)
(0.5020, 0.1990, 0.2060)
(0.7000, 0.1990, 0.1070)
(0.7000, 0.1990, 0.2060)
(0.5020, 0.2980, 0.1070)
(0.5020, 0.2980, 0.2060)
(0.7000, 0.2980, 0.1070)

9T

std dv(9FMEEY

std dv(QEMLE)

(0.5,0.2,0.1)
(0.5,0.2,0.2)
(0,7,0.2,0.1)
(0.7,0.2,0.2)
(0.5,0.3,0.1)
(0.5,0.3,0.2)
(0,7,0.3,0.1)

(0.1266, 0.1971, 0.1095)
(0.1584, 0.1002, 0.1168)
(0.1257, 0.2277, 0.1018)
(0.1582, 0.0954, 0.1204)
(0.1489, 0.1226, 0.1169)
(0.1498, 0.0463, 0.0600)
(0.1306, 0.0959, 0.1018)

(0.0200, 0.0100, 0.0700)
(0.0200, 0.0100, 0.0600)
(0.0000, 0.0100, 0.0700)
(0.0000, 0.0100, 0.0600)
(0.0200, 0.0200, 0.0700)
(0.1081, 0.0200, 0.0200)
(0.0000, 0.0200, 0.0700)

Table 3.2: Mean and Standard Deviation of FMLE éﬂ)](\]/[ LE and mFMLE é%g MLE for 100 Monte Carlo
simulations of the 3-parameter GOU-FE with n = 1000 and o = 1, for the equal in law Lévy process
generating X and obtaining 0$F MLE

QT

mean(éﬁ)](\f LE)

mean(é%gMLE)

(0.5,0.2,0.1)
(0.5,0.2,0.2)
0,7,0.2,0.1)
(0.7,0.2,0.2)
(0.5,0.3,0.1)
(0.5,0.3,0.2)

(0.4905, 0.2635, 0.0985)
(0.5005, 0.2395, 0.1355)
(0.7500, 0.1445, 0.1540)
(0.6255, 0.2355, 0.1510)
(0.4650, 0.3245, 0.1175)
(0.4425, 0.3010, 0.2340)

(0.5135, 0.7785, 0.6965)
(0.4930, 0.5850, 0.4340)
(0.5750, 0.6765, 0.6325)
(0.5400, 0.6865, 0.5175)
(0.5565, 0.7310, 0.6015)
(0.5665, 0.5490, 0.3845)

QT

std dv(QLM P

std dv(QEMLE)

(0.5,0.2,0.1)
(0.5,0.2,0.2)
0,7,0.2,0.1)
(0.7,0.2,0.2)
(0.5,0.3,0.1)
(0.5,0.3,0.2)

(0.1205, 0.1977, 0.1149)
(0.1413, 0.0509, 0.1138)
(0.1393, 0.0550, 0.1084)
(0.1250, 0.0416, 0.0992)
(0.1658, 0.1069, 0.1406)
(0.1928, 0.0882, 0.1660)

(0.289, 0.1811, 0.1862)
(0.2648, 0.2351, 0.2590)
(0.2681, 0.1852, 0.2229)
(0.2729, 0.2106, 0.2396)
(0.2973, 0.1609, 0.2287)
(0.2730, 0.3007, 0.2748)
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The generation of Table 3.2 is a little different from Table 3.1. The following steps are followed:

—

. fix the parameter # ' = (61, 0o, 63) in the first column;

2. fix the search region O for the heuristics FMLE and mFMLE;

3. simulated 100 Lévy process L;

4. obtain the corresponding 3-parameter GOU-FE X;

5. simulated other 100 Lévy process L with same distribution of that in 3;

6. estimate the parameter 6 in each simulation by FMLE and mFMLE (using the simulated Lévy
processes from 5);

7. compute the mean and standard deviation (std dv) of the estimations from both estimators.

Just like Table 2.1 in Chapter 2, Tables 3.1 and 3.2 were generated through the language and
environment for statistical computing R and compiled on a server with 32 threads, in addition to using
parallel computing. Each line required an average of 18 computing hours. Therefore, we reduced the

number of simulations per line, from 500 in Table 2.1 to 100 in Tables 3.1 and 3.2.

For the fixed parameters, Table 3.1 shows that the second estimator éggﬁ“ MLE obtains a better per-
formance with a more precise estimation (|6; — éﬁfg[ fE | < 10; — é{%g ]]V[ LE|) and with less variability

(std dv éﬁ%{ JLE < std dv é%{i 94 LE) This was expected since removing the dependence of the SDE by
the noise would facilitate obtaining the best parameter to model the time series.

For Table 3.2, the choice of parameters was kept and the difference was to take independent Lévy
paths to simulate the process and to obtain the estimator 91”3F MLE - Despite taking the same law to
generate the two Levy’s processes, we observe that éf:M LE has better results than é’TnF MLE for the

choices of parameters taken. This indicates that g2 LE

can perform better only if we have a very close
approximation of the noise and also a good idea of the law of the noise. It can not be so useful when
our time series is generated by a 3-parameter GOU-FE process. Actually, only the estimation of the first
parameter 67 is good.

The results presented in Tables 2.1, 3.1 and 3.2 were obtained through local searches. We emphasize
that for global searches, optimization methodologies can be used. We can use Variable Neighborhood

Search (VNS) or even global optimization methodologies (as in Dorea [10]).

3.4 Proofs

Proof of the Theorem 3.2.1

Denote by 7 (f) the Laplace transform of a given function f.
Proof of the Theorem 3.2.1. Set g +(ds) = v(t — s)ds. As in Alcantara [1] and Santos [59], applying

the Laplace transform in (3.3) we obtain the memory function of a GLE from

T
T(p)

T(v)=— (3.16)
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Note that, for s which the following Laplace transforms are well defined,

T(p) = T((1—93)e*91t+93 cos(92t)>
1 s
= (1-6 0
( 3)8+91+ 352+9%
(1 —63)(s*4603) + O3(s + 61)s
(s+61)(s% +63)
2 2
(s+0) - (28) +630—0s)
(s+01)(s2+ 63)
_ (st )2 + V%Sig?(u) (3.17)
(s+01)(s>+63)
where vy = 6105/2, v = —(0105/2)? + 63(1 — 65) and vZsign(v) = v. Observe that v > 0, v < 0 or

v =0, givesus v¥ = v, v} = —v or v¥ = 0, respectively.

Applying Laplace transform to py(t), we obtain

T(pl) = T (—91(1 — 93)6_01t — 9293 Sin(ezt))
_01(1 = 63)(s* + 63) + 0305(s + 61)
(5 + 01)(s2 + 62)
91(1 — 93)82 + 9%938 + 91(1 — 93)9% + 919%93 )

= — 3.18
(5 + 01)(s2 + 62) (3.18)
Replacing (3.17) and (3.18) in (3.16), we obtain
T() = 01(1 — 03)s% + 03035 + 01 (1 — 03)03 + 016305
(s +10)? + visign(v)
= 01(1— 0y) o + 6020 i
- s (s +10)2 + visign(v) 2 3 (s +wv0)? + visign(v)
1
6163 :
% (s +10)? + visign(v)
Using that
s2 = (s + 1) + visign(v) — 2ups — Vg — Visign(v),
we obtain
2ups + Vg + visign(v)
= 61(1—063) |1—
T i 3) (s +wv0)? + visign(v)
s
056
% (s +v0)? + visign(v)
1
6163
0% (s +v0)? + visign(v)
S+ 1
= 01(1—-4 0 0
i 3)T (%) + 1 (6) (s +wv0)2 + visign(v)
1
~(6 3.19
+ K )(s +19)? + Visign(v)’ (3.19)
where
R(O) = 0105 — v (0305 — 01(1 — 05)210) — 01(1 — 03) (5 + visign(v)),

/11(9) = 9%93 — 91(1 — 93)2VQ-
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Now, we need to analyse the three possible values of the sign(v).
Case v > 0 (sign(v) = 1). Then, v? = v and (3.19) imply

T('Y) — 91(1 — 93)T(50) + ’{1(9) (S +SV—(|)_);/O+ V2 /%5/9) (8 + VOV)2 +v2

= 61(1—63)T (o) + £1(0)T (e " cos (vt)) + ka1 (O)T (e sin (vt)),

where R2,1 = % (919% — 10 (9%93 — 91(1 — 93)21/0) — 01(1 — 03) (l/g + U))

Case v < 0 (sign(v) = —1). Then, v = —v and (3.19) imply

s+ v R(0) v
(s +19)?—v2 v (s+1p)?—1v?

= 01(1—63)T (o) + £1(0)T (e " cosh (vt)) + ka,—1(0)T (e " sinh (vt)),

in which ko _1 = L (0103 — v (0305 — 61(1 — 03)219) — 61(1 — 03) (1 — v)).

Case v = 0 (sign(v) = 0). Then, v? = 0 and (3.19) imply

T = 61 =0T+ lO) s + KO

= 91(1 - 93)T(50) + K1 (Q)T (e_l’ot) + ,{2’71(9)7‘ (te—uot) ’

where R2,0 = 919% — 1 (9%93 — (91(1 — (93)21/0) — (91(1 — (93)V(2).
The theorem follows from linearity of 7 and the inverse Laplace transform 7 1.

T(y) = 61(1—063)T (o) + x1(0)

Proof of the Proposition 3.2.2
Proof of the Proposition 3.2.2. It follows from (3.6) and (3.7) that
X((k+1)h) = (1—03)A((k+ 1h)+ 63B((k+ 1)h)
— (1-6) (e“’lhA(k:h) + sA,,ﬂH)
+ 63(2cos(b2h)B(kh) — B((k — 1)h) + e g+1)-
By adding and subtracting appropriate multiples of A(kh) and B(kh), we obtain
X((k+1)h) = (1-06s) (e—‘“h +2 COS(th)) A(kh) — (1 — 03)2 cos(62h) A(kh)
+ 03 (7" 4 2c08(62h) ) Bkh) — B3¢~ B(kh)
— 03B((k—1)h) + (1 = 03)eak+1 + 03B k+1
- (e_elh + 2603(92h)) X (kh) — (1 — 603)2 cos(6ah) A(kh)
— 03¢ "M B(kh) — 03B((k — 1)h) 4+ (1 — 03)caps1 + 036B jr1-
Denoting ¢1 = e~%" + 2 cos(#zh). Applying (3.6) and (3.7) for A(kh) and B(kh), we have
X((k+1)h) = ¢1X(kh) — (1 — 65)2 cos(6ah) (e—"lhA((k —1)h) + 5A7k>
— 03¢ "(2cos(02h) B((k — 1)h) — B((k — 2)h) + £p 1)
— 03B((k—1)h) + (1 = 03)e g k1 + 036 B k41
= $1X(kh) —2cos(f2h)e” " (1 = 63) A((k — 1)h) + 03B((k — 1)h))
— (1 —63)2cos(B2h)ear — 03¢ epp + (1 — 03)eaps1 + O3eBh11

— 03B((k — 1)h) + 03¢ " B((k — 2)h)- (3.20)
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Observe, from (3.6), that
(1—03)A((k — 1)) — (1 — O3)e " A((k — 2)h) = (1 — 03)ea )1,
which implies

—03B((k — 1)h) + 03¢~ " B((k — 2)h)

=X((k=1)h) + (1 = 03)A((k — 1)h)

+ e "X ((k—2)h) — (1 —03)e " A((k — 2)h)
—X((k—=1)h) + e """ X ((k —2)h)

+ (1—63)eap 1, (3.21)

Applying (3.21) in (3.20), we show that

X((k+1)h) = ¢ X(KR) + 6o X((k — 1)h) + d3X ((k — 2)h)
+ (1 — 03)5A,k+1 — (1 — (93)2 COS(QQh)EAJ@ + (1 — 93)5A,k71

—0ih
+ O3ep g1 — O3 epk

where ¢y = —1 — 2 cos(62h)e~ %" and ¢3 = e~?1*, which concludes the proof.
[ |
Proof of the Theorem 3.2.6
Proof of the Theorem 3.2.6. By the Equation (3.2) and the Assumption 3.2.4 we have
m m (k+1)h
Xo 3 o000 ((h+1=0) = X (k= D) =3 [T as(s)po (1= )k = ) dL(s):
j=1 j=1
(3.22)
Fork € Nand j € {1,--- ,k + 1}, by (3.2) we obtain
(k+1—j)h
Xopo (b + 1= )0) = X (k1= = [ pol(h+1- )b~ s)dL(s),
0
which implies
onaj (k+1—j)h) = Zaj ((k+1—j)h)
(k+1 J)h
- / po((k+1—j)h—s)dL(s)| - (3.23)
0
It follows from (3.22) and (3.23) that
(k+1—j)h
X ((k+1)h Za] k+1—j)h)—/ po((k+1—5)h — s)dL(s)
0
(k+1)h
+ Z/ a;(s)pe (k+1)h — s)dL(s),
j=170
which proves the theorem.
|
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Proof of the Proposition 3.2.7

Denote the stable distributions by S, (o, 5, 1) which the characteristic function (cf. Samorodnitsky and
Taqqw [58]) is determined by

a€ (0,2, 0>0, Be[-1,1,peR.
We recall that a Lévy process L = {L(t);t > 0} is a—stable, 0 < o < 2 if
L(t) = L(s) ~ Sa ((t = )"/, 5,0).

In the case where 5 = 0, we say that L is symmetric.
From Samorodnitsky and Taqqw [58, Property 3.2.2], we know thatif f € L%(E), then [, f(s)dL(s) ~

Salof, By, i), where
1/a
or = ([Ir@ra) .
g _ Bleli@)Isign(f(@)da
! L f@ede

_ { 0, a#1,
ol ~28 [, f(z)In|f(2)|dw, a=1-

By a natural extension of the Samorodnitsky and Taqqw [58, Property 1.2.1], we can prove, using char-
acteristic functions, that if X7, --- , X, are independent random variables with X,, ~ Sy (0, Bu, tu)s
u=1,---,m+ 1, then

m—+1 m—+1 /o Zerl 53 m—+1
> Xy~ Sa (Zaﬁ) ,W,Zuu : (3.24)
u=1 u=1

u=1 u u=1

Proof of Proposition 3.2.7. By (3.11) we are able to write

m [ p(k+1—j)h
Ep = [/ (aj(s) — a;(0)) p((k + 1 = j)h — s)dL(s)
j=1 70
(k+1)h
+ / aj(s)p((k+1—j)h - S)dL(S)]
(k+1=j)h

(k+1—m)h ™
-/ S i (O)p((k +1— j)h — $)dL(s)
j=1

m—1  a(kd1—u)h [Mm—U '
DS X (6509 = asO)pllh +1= 1 =)
+ > ai(s)plk+1—j)h—s) | dL(s)

j=m+1l—u
= l;)/Eku Gku(8)dL(s):
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Observe that Ej, ,, are disjoint sets. The independent increments of the Lévy process imply that § 5, is a

sum of m + 1 independent random variables. Then, by Samorodnitsky and Taqqw [58, Property 3.2.2],

[ alsanis) ~ 5. ( /.

Therefore, the extension of the Samorodnitsky and Taqqw [58, Property 1.2.1] given in (3.24) implies
(3.13).

1/a
|gk,u(3)‘ad8> 7070

U
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Chapter 4

Asymptotics for MLE and FMLE: a
Particular Class

4.1 Introduction

In previous chapters we have studied the problem of MLE for the GLE,

{ dX(t) = b0, X;)dt +dL(t), t>0 @

X(t) = Xo(t), tel0,T].

Asymptotics for the MLE é(t) were obtained and discrete approximations G?M LE and HA?F MLE were
proposed. Though a theoretical study of the discretized estimators were not carried out, its behavior was
evaluated by simulations.

In this chapter, we consider a particular class of GLE for which the drift satisfies

b(0, Xy) = /X s)g+(ds) and #Gt—zgyﬂt , 4.2)

where the signed measures ng ) are finite at intervals [0, ¢]. This restriction appears naturally when we
analyze the OU, cosine and stochastic delay (SDDE) processes. For this type of processes the parameter ¢
can be linearly separated and depends exclusively on the past history of the process X until say time ¢,
thatis, X;, = {X(t1),---, X (tx)}. Moreover, for this class of GLE the Radon-Nikodym density of Py
with respect to Py takes up a much simpler form and we can derive an explicit expression for the MLE,

Pt
0(t) := arg max o

< pr (X0 = S A(),

where the matrices S(¢) and A(t) are properly defined functions of the drift function b(, X;) and the
continuous martingale part X ¢. Based on this and under much milder assumptions than those of Theorem
2.3.4, our Theorem 4.2.4 establishes for é(t) the strong consistency, asymptotic normality and asymptotic
efficiency in the sense of Hdjek-Le Cam Convolution Theorem. Its proof is less technical and basically
requires a version of the CLT for continuous time martingales.

In Section 4.3, we study the asymptotic behavior of the corresponding discretized and filtered
GFMLE .

approximation 6, = S, 1A, where S, and A, are approximations of S(¢) and A(t) respectively.
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As shown in Theorem 4.3.2, with a good convergence rate for some stochastic integrals approximations
by Riemann sums, the FMLE will have the same asymptotic behavior as that of MLE.

In the last section we gather all the proofs. The main used tools are properties of Itd integrals, CLT and
LLN for continuous time martingales (see, respectively, Klebaner [27], Kiichler S¢rensen [34], Crimaldi
and Pratelli [8] and Liptser [38]).

4.2 An Explicit MLE for a Particular Class of GLE

In this section, we present a class of GLEs for which an explicit form for the MLE can be obtained. We

start this section with few examples that induced us to consider the class of processes to be studied.

1. Langevin Equation:
dX(t) = —0X(t)dt +dL(t), 0 € Ry; (4.3)

2. Cosine Process: .
dX(t) = —92/ X (s)dsdt + dL(t),0 € R;
0

3. Stochastic Delay Differential Equation:

dX(t) = (01X (t) + 02X (t — 1)) dt + dL(t), 6" = (61,02) € © C R? (4.4)

For these examples the parameter 6 can be linearly separated and depends exclusively on the past history
of the process X until say time ¢, that is, X; = {X (s);0 < s < ¢} and the associated signed measures
satisfy the following decomposition

Z 0;u, (4.5)

where 07 = (01,--- ,0y) € © C RV and ,ugj ) are signed measures that are finite at intervals [0, s|,
0 < s < t. We will restrict the studies to a family of models that satisfies the following assumption which
will enable us obtain a explicit MLE for the drift parameter of the GLE.

Assumption 4.2.1. Let us assume that the the process b(0, X;) defined in (4.2) has the following decom-

position

b(0, X;) Ze b (X)), (4.6)

where b;(Xt) € L? (dPy x dt) and the functions bj(Xt) and b (Xy) are different, for each pair j, k =
NG £

It follows from Proposition 2.2.2 and Assumption 4.2.1 that the likelihood function is a curved
exponential family in the sense of Kiichler and S¢rensen [33] (see Definition A.6.2) and it is obtained in

the following result.

Proposition 4.2.2. Under conditions of the Proposition 2.2.2 and Assumption 4.2.1, the likelihood process
(Radon-Nikodym density process of Py with respect to Py) is given by

dP} T 1+
dPt b(X;) = exp {0 A(t) — 50 S(t)@} ) 4.7
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" At) = (A5(0) g, = <1 / t bj<Xs>dXC<s>)

and
50 = (SO = (35 [ XK )

Here X ¢ denotes the continuous martingale part of X under Py.

. 4.8)
NxN

Proposition 4.2.2 states that, if S(¢) is an invertible matrix, the maximum likelihood estimator (MLE)
0(t) of Ay € O is given explicitly by
- dpP}

0(t) := arg max dT?g(Xt) = S(t)LA(t)- 4.9)

The next condition ensures, in a sense, the ergodicity of the process. This condition assists us in
proving the main result for é(t) defined by (4.9).

Assumption 4.2.3. Assume that, for each 0 € Oy, there exists a deterministic positive definite N x N-
matrix X(0) = (Xjx(0)) v v and a positive function $(t) such that p(t) 1 oo ast — oo and S(t)
defined on (4.8) satisfies

B(t)"1S(t) — X(0) Py —a.s.ast — oo

Sufficient conditions for ergodicity of diffusion processes have been well studied (see, for example,
Masuda [46, 47]). In general, integrability conditions on the Lévy measure v and a restriction on the
parameter space Oy C O are required. Tran [64] listed recent researches on studies of ergodicity for
diffusion processes. An example of the Assumption 4.2.3 being satisfied is the OU process in which the
convergence of ¢! fg X2(s)ds is guaranteed by ergodicity.

Magdziarz and Weron [41, Theorem 1] presented an ergodic theorem that can be applied for the GOU
process X, that is, taking a appropriated Lévy process for which the correlation function of X decays to

zero as t — oo and for a suitable f, the temporal and ensemble averages coincide, i.e.,

T
7| e,

provided that E[f] < oco- It becomes sufficient conditions for Assumption 4.2.3.

Now, we are able to establish that the statistical experiment { Py; § € O} satisfies the LAN property
and the asymptotic behavior of the estimator: its strong consistency and the asymptotic normal distribution.
The main tool to prove this result is the version of the CLT that we will prove in the Lemma 4.4.1.

The next result is a version of the Theorem 2.3.4, with less restrictive assumptions, but with the drift
satisfying (4.6).

Theorem 4.2.4. Under conditions of the Proposition 4.2.2, suppose that Assumption 4.2.3 holds.
1. The MLE (4.9) is strongly consistent, that means,
0(t) = 6y, Py, —a.s. as t — oo.
Moreover,
Law (@(t)m (é(t) - 90) ‘ Pgo) — %(00)"Y2N(0, Iy), as t — oo, 4.10)

where Iy denotes de N x N —identity matrix.
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2. The statistical experiment {Py;0 € O} is LAN at each 0 € int ©g with the Fisher information
matrix ¥(0) and rate of convergence B(t)~/2. That means, for all h € RV,

dpPt  _
0+hp(t)~1/2
Law | log ———~ —
( dpP}

P9> — h"N(0,%(0)) — %hTE(G)h, as t — oo-

Furthermore, the MLE is asymptotically efficient in the sense of Hdjek-Le Cam Convolution

Theorem.

The challenge now is to find a discretized form 0,, of the estimator é(t) defined in (4.9) preserving a
similar asymptotic behavior. This is important from the point of view of applications since, although the
generating process X has paths in continuous time, in general, time series are observed in discrete times
t1,- -, tn, even though the size of the intervals may be extremely small. This issue is covered in the next

section.

4.3 Asymptotic Behavior of the FMLE

In this Section, we present the discrete time estimator for ¢y via a sample X;,,--- , X; from a solution
process of the GLE (4.1) with the restriction (4.6). We start by setting some notations and conditions and
then present the main result of the estimation.
Let L = {L(t);t > 0} be a Lévy process with characteristic triplet (0,02, v). Suppose that the
process X = {X(t);t > 0} solution of the GLE (4.1) was observed at discrete time points 0 = ¢; <
- < t,. We denote the true value of the parameter corresponding to the observed process path by
03 = (69,---,0%) € O.
Consider that the jump component J = {.J(t);¢ > 0} of the noise L is a compound Poisson process

given by
J(t)=>_Y; 4.11)

where the number of jumps is a Poisson process N = { N (¢);¢ > 0} with intensity A = v(R) < oo and

the jumps’ size are independent and identically distributed random variables Y1, - - - , Yy (4) with common
distribution F'.
Set A; :=tiy1—t;,fori =1,--- ;n—1,and A, := max 1Ai. Assume that A,, — Oand ¢,, — o0
=1 m—

as n — oo. Given a real function g, we will denote the i-th increment of g as A;g = g(ti+1) — g(t;).
Denote by X (¢;) and X;, = {X,,--- , X, }, respectively, the process observed at time ¢; and the process’
history until time ¢;.

As mentioned in Sections 2.4 and 3.3 and inspired by the studies of threshold estimation for stochastic
models with jumps done in Gloter, Loukianova and Mai [13], Mai [42, 43] and Mancini [44, 45] we
propose the following filtered maximum likelihood estimator (FMLE)

nFMLE .__ g—1
GFMLE . g-14

where

13
A, = ((72 3 bj(Xti)AiX]'DAinSAg])
P Nx1
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and
1 n—1
S, = <U2 > bj(Xti)bk(Xti)Ai> : (4.12)
i=1 NxN
for a fixed 8 € (0,1/2).
Observe that A, and S,, are discrete time versions of A(t) and S(t¢) defined in the Proposition 4.2.2,
respectively.

Denote by D = {D(t);t > 0} the drift component of X which, under Assumption 4.2.1 it can be

written as

t N t
D(t) = / b0, Xs)ds = Zﬁj/ bj(Xs)ds. (4.13)
0 =1 0

In order to determine the asymptotic behavior of the normalized estimator 95 MLE e assume the

following conditions, in addition to those previously assumed in Section 4.2.
Assumption 4.3.1. Assume that:

1. nAnt;t = 0(1), ta A2 = 0(1) and there exists 3 € (0,1/2) such that the distribution F of the
Jjump heights satisfies
Pp (—QAS, ZAQ) =o(t,"), as n— oo

where Pr is the Lebesgue-Stieltjes measure associated with F';
2. ¢(t) =t in Assumption 4.2.3;

3. under Py, X¢, A;W, A;D and bj(Xy,) are mutually independent, for each i € {1,--- ,n — 1}
andj € {1,--- N},

4,
n—1 tive n—1
b;(X,, br(Xo)ds — S b (X0,)br(Xe)Ai| = op, (VEn) ;
R N2 ; i tl)/ti k(Xs)ds ; i (Xe)be(Xe,)Ai| = opy, (Vin)

5. the process X has finite second moments.

The following result shows that 95 MLE has the same asymptotic distribution as MLE é(t) observed

at continuous time.

Theorem 4.3.2. In addition to the hypothesis of Theorem 4.2.4, assume that Assumption 4.3.1 holds.
Then

Law (\/E (éfMLE — 90) ‘ P90> — N(0,%(6p)71), as n — oo.

Moreover, éf MLE is asymptotically efficient in the sense of Hdjek-Le Cam Convolution Theorem.

We finish this section by pointing out that the results obtained in this chapter generalize the results of
Mai [42, 43] for the Langevin equation (4.3) and the Stochastic delay differential equation (4.4), but they
cannot be used for the estimating the drift parameter of the GOU-FE (3.5).
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4.4 Proofs

Proof of the Proposition 4.2.2

Proof of the Proposition 4.2.2. Consider ' = 0 € ©. Under Assumption 4.2.1, b(0, X) = 0 and the
integral processes in (2.4) have the following decomposition

t
/ b(0, X, )dX (s Ze / X,)dX*(s) (4.14)
0
and

t
/ b2 (0, X,) :ZZ“k/ bi(Xs)bg(Xs)ds. (4.15)
0

Let Pg = P(g) be the initial measure of the process X. By (4.14), (4.15) and Proposition 2.2.2, the

likelihood function can be written as

N N ¢
ZII;(X;:) = exp 229/ $)dX (s ;Zkz /0 Xs)bp(Xs)ds o,

which proves the proposition.

Proof of the Theorem 4.2.4

Under the Assumption 4.2.1, define a N-dimensional martingale M (t)" = (M;(t),--- , My(t)) such

that, foreach j € {1,--- , N},

M) = /0 b; (X)W (s), 4.16)

o
where W = {W (t);t > 0} is a Pyp-Wiener process.

Thus, we are able to prove the following result, which will be an essential tool to prove the Theorem
4.2 4. Essentially, this result is a consequence of the CLT for N —dimensional martingales (cf. Theorem
A.7.4, Crimaldi and Pratelli [8, Theorem 2.2], Kiichler and S¢rensen [33, Theorem A.7.7] or, [34,
Theorem 2.1]).

Lemma 4.4.1. Under Assumptions 4.2.1 and 4.2.3, we have that, for all 0 € O,
Law (2072 M (1), 20 MIB)| o) = (2(0)722, 5(9)) , as ¢ = ox,

where Z is a N —dimensional random vector with standard normal distribution, [ M| denotes the quadratic

covariation matrix of M and @(t) and X.(0) are defined in Assumption 4.2.3.

Proof. By Assumption 4.2.3, applying Proposition A.7.3, we obtain that M (¢) is a continuous zero mean

square integrable martingale with quadratic covariation matrix

[M](t) = (Mjr(t)) y o
where Lo
M) = o5 [ BXb(X s
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Clearly,

Z|K1k )| Eg [sup\AMk( )|] =0,
7j=1

where K. (t) = §(t)"Y/2 if j = k or 0 otherwise. Moreover, under the Assumption 4.2.3,

P(t)IS(t) = 2(9),
Py-a.s. as t — oo. The result follows from the CLT for N-dimensional martingales A.7.4.
|
Remark 4.4.2. The quadratic covariation matrix of M (t) is the same matrix S(t) that appears in (4.7).

Proof of the Theorem 4.2.4. This proof will be divided into two steps.

Step 1. (Strong consistency and asymptotic normality of MLE é(t)). It follows from the large of
numbers law for martingales (see, for example, Theorem A.7.5) that the N-dimensional martingale M (t)
defined in (4.16) satisfies

1 I
—M,(t) = / b;j(Xs)dW(s) = 0, Py, —a.s. as t — o0, (4.17)
p(t) T B(t) Jo T ’
foreach j = 1,---, N. Observe that the continuous Py-martingale part X (¢) of X (¢) gives us
dX (s) =cdW(s)+b(0,Xs)ds. (4.18)

Under Assumption 4.2.1, we have foreach j =1,--- | N

1 rt N t
M;(t) = 2/ b; (Xs) dXC(s) Z / s) b (X) ds. (4.19)
9= Jo
k=
Using the decomposition (4.19), under 6y, we can rewrite A(t) as
A(t) = S(t) "0 + M(2), (4.20)
where M (t) is the N-dimensional martingale defined in (4.16). Hence, by (4.20),

O(t) — 0y = S(t)'A(t) — 6
_ t)l(StTQO—i—M ))—90
= St)*M(t) (4.21)

1 1
= (550) M.
< p(t) o(t)
which converges to zero Fy,-a.s. as t — oo due to Assumption 4.2.3 and (4.17).
Finally, by (4.21),

B2 (0(1) — 00) = (RO 7072 M (),
thus, Lemma 4.4.1 implies that (4.10) holds.
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Step 2. (locally asymptotically normal property). For any o' = (hy,--- ,hy) € R, observe that
the Radon-Nikodym Chain Rule gives us

t
dF 0+hp(t)—1/2

_ S(0-172 %) —
i z(e+h¢(t) ,Xt> 10, X,).

By Proposition 4.2.2,
100+ hp(t) "2, X,) =10, X;) = (04 hwp(t)"/2) T At)
S0+ R0 TS0 (0 + hp(r) )
— OTA®) + %HTS(t)G
— (64 hp(t) 2 —0) " A®t)
- %(9 + hp(t) ") T S(1) (0 + hp(t) "2 + %GTS(t)G
= hTp(t)PA®) - 6T SR B()

A A0 O
which can be rewritten as
1 1 1
10 +6(t)h, X;) —1(0,X¢) =h' A(t) — 0T S(t)h — ——h' S(t)h. (4.22)
0+ X0) 10, X0) = BT~ () =~ SR~ 5hTS(0)
Using the decomposition (4.19), we can rewrite A(t) as
Alt) = S(t)" 0+ M(t), (4.23)

where M (t) is the N-dimensional martingale defined in (4.16). Replacing (4.23) in (4.22) and by Remark
4.4.2, we obtain
1 1
10+ hp(t) Y2, X)) —1(0, X)) = ———h"M(t) — ———h [M](t)h. 4.24
We conclude from (4.24) and Lemma 4.4.1 that (1.2) holds, which implies that the LAN property is
satisfied for all f € int Og.

Proof of Theorem 4.3.2

The step-by-step to proof the Theorem 4.3.2 is based on the proof of Mai [43, Theorem 3.5].
Before we prove the first technical lemma, we will recall the (upper bound of) well-known Mills ratio
(see, for example, Feller [11, Lemma 2, p.175]). Let Z be a normal random variable under the probability

measure P, with density f(-) and set z > 0. Then
P(Z>2) < % F2(2)- 4.25)
Lemma 4.4.3. Suppose that Assumption 4.2.1 holds. Then, for any 3 € (0,1/2), we have
Py, (\AiW +AD| > Afi) = O(AX28), as n — oo,

fori=1,--- ,n—1, where W denotes the Gaussian component of L and D is the drift part of X defined
in (4.13).
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Proof. We will assume, without losing of generality, that o = 1. Otherwise, the same approach could be
developed giving the fact that W (t) ~ N (0, ot). Observe that

implies

and consequently

|AW (@) + A;D(w)] < |AW (W) + |AiD(w)] < A
Thus,

AS A
Py, (|AiW+AiD] > Ag) < Py, | 18W] > ) + Py | 14D > 5 )

By A;W ~ N(0, A;), the symmetry of the normal distribution and the Mills ratio (4.25), it follows that

AP 1 AP
P, AW > = = 2Py | —=AW > ———
"°<Z '—2> 90(@-@ —WE-)
2
2v/A; 1 A
< 2 5eXPq —5
V2w Ay, 2\ 2VA;
. AL/? 1/2— A%
Slnce\/%x—ggAn/ Band§<2if/2> Zm%w,wehave

A 1/2-3 1
Py, \AiW\ZT < 24,/ Fexp TRA

We claim that

AP
Py | 18D > =5 | = O(AT):

Indeed, by Jensen’s Inequality for finite measures,

tit1 2 1 tit1 2
/ b, Xs)ds ) = A? / b(6y, X,)ds
t A’L t:

%
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which, from (4.15), implies

N N tiv1
Ep, [(Alp)ﬂ < AuBg [0S 696 / b; (X )bp(X,)ds

j=1k=1 ti
N N tiit
= Ao [ B (XX ds
j=1k=1 ti
N N tiin
< Aa Y00 [ By [y (Xo)ba(X,)] ds
j=1 k=1 ti

IA
e
E
M) =
=S
=

It follows from Markov Inequality

<|AD! Aﬂ) PR il | a0y

' LSS s E, (X))

n ] 1 k=1 Se[tzyt%&»l}

as claimed, hence proving the lemma.

sup - Ejp [b;(Xs)br (X)) -

Remark 4.4.4. We assume Assumption 4.2.1 in Lemma 4.4.3. However, we do not need that decomposition

explicitly. It suffices to assume that b(0, X) € L?(dPy x ds).

Define, foreachi € {1,--- ,n},

Ei= [I[AiXSAﬁ] = Liav=0

Lemma 4.4.5. In addition to the hypothesis of Lemma 4.4.3, assume that nA,t,} = O(1), and

ta AR = o(1), as n — oo. Then

n
Py, (ﬂEZ> — 1 as n — oo.
i=1

Proof. Observe that

DL

(A1) - (U5) < S
=1 i=1 =1

Taking K; = “AiX\ < Aq and M; = [A;N = 0], we can write E¢ as

EZ-C: [1Ki =+ 1Mi] = (Kz —MZ‘)U(MZ' —Ki).
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Note that

Py (Ki — M;) = Py, (\AiX| < AB AN > 0)

R (AA)
— Ze*m( jl) P90<\AiX\ < AP

2 AN = j)

Py, (AiN = 1) Py, (|A1X\ <A}

IA

AN =1)+0(a2).
‘We still have to

Py, <|A1X| < AP AN = 1)

AN = 1) . (\Am < AP AT > 208

+ P, (IAX] < AL AT < 240

AN = 1) . 4.27)

We claim that the first term on the right side of (4.27) is bounded by Py, (A;N =1)"" O(A?L_QB ). Indeed,
denote p; := Py, <|AiX| < AL A > 208

AN = 1) , by triangular inequality,

pi = Pgo <‘AZW + A;J + AZD| < Ag, ’A1J| > 2Ag

AN = 1)

Py, <\AZ~W + A+ AD| < AL A > 208 AN = 1)

Py, (AN =1)
Py, <\A¢W +AD| > AL AN = 1)
<
= Poy (AN = 1) ’

hence, by Lemma 4.4.3,

Py, (1AW + A:D] > A7)
Py, (AN = 1)
— Py, (AN = 1) O(AZ ).

Py, (\AiX| < AP |AT| > 208

AN = 1) <

Since F' is the distribution of the size of the jumps of J, we obtain that the second term in the right side of
(4.27) satisfies

Poy (186X] < A, |A0T] < 208

AN = 1) < Py (|A,-J| < 2A8| AN = 1)

— Pr((-247247))

hence,

Py, (K;— M;) < O(A2°28) 4+ A, Pp (<—2Ag, 2Aﬁ)> +0(A2)
= O(A22) 4 A, Pp ((—2A£, 2AQ>> : (4.28)

On the other hand, by Lemma 4.4.3,

Py (M; — K;) = Py, (]AiX\ > A8 AN = 0)

IN

P90 (’AzW + AiD| > Aﬁ)
= O(Ar?P),
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which, together with (4.26) and (4.28), implies
K3

Py, (ES) < O(A272) 4 A, Pp ((—mﬁ, QAQ)) :

Therefore, since nA,t, ! = O(1), we have

Py, <<(n] E)) < ZP% ) < O(ty) Pr (( 2AP 2A5)) + Ot A28 as n — oo,
=1

which proves the lemma, provided that P (—QAEL, QAQ) =o(t;') and ta ALY = o(1).
|

Lemma 4.4.6. In addition to the hypothesis of Lemma 4.4.5, assume that the Lévy process L has
characteristic triplet (0,02, v) and that A;W, A;D and b;(X;) are mutually independent, under Py,, for
eachi € {l,--- ,n—1}andj € {1,--- ,N}. Then, foreach j € {1,--- ,N},

n—1

Zb](Xl) <A1X1[|A1X|§A§L] - AZXC)| =0 (tnA}L/Q) , as t — oo

=1

Proof. On (), E; holds

Zb (A X115 1<) —Ach> Zb (AiX1a, N0 — AiXE) -

Set C; = [AiN > 0]. Then
AiX]—[AiNZO} — N\ X = —AiXC]_Ci,

which implies

Zb X)AX D0y, 1)

and, by triangular inequality and the decomposition X = W + D, we obtain

o |10, B, Zb ) (A X1ja,N=q) — ‘ Eq,

n—1

ij(Xi)Achlcm( "B

=1

Eq,

< ZE90 [ (1b; (X)) AW + b;(X;)A; D)) Lon(ne, Ei)}

< ZEGO (165 (X)) AW + [bj(X:) Ai D) 1¢, ] -

It follows, from independence of A; W, A; N and b;(X;), that

n—1

ZEeo 1;(X)AiWe,| = Eg, |b;(X0)| Egy |AW| Py, (Ci)
i=1

which implies, from Py, (C;) < AA,,

ZEeo!b iAW1 | < ZEeo\b i)l Eg [AiW| Py, (Ci)

IN

71 {Ed, |bJ(Xz)| Eg, [AW][} (n —1)AA, (4.29)

PR

Ko(6o)(n — 1)AL?
- 0 (tnA}/?) ,

IN
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where K¢ (fp) is a constant and the last equality holds since nA,t,;! = O(1). Analogously, by Holder’s
Inequality,

n—1 /

n—1
ZE@O |bJ(XZ)AZDlCL| < Z <E90 b?(XZ) (AZD)2‘>1
i=1 i=1

2
Py, (C’i)l/2 =0 (tnAi/Q) , as m — 00-

Consider the natural discretized estimator obtained from 9(t) that is,

0, =S1A,,
where )
A, = <U2 ij(XZ-)AZX>
1=1 j=1 N

and S,, is as in (4.12).

Lemma 4.4.7. In addition to the hypothesis of Theorem 4.2.4, assume that Assumption 4.3.1 holds. Then
Law (ti/z (6 — 90)‘ Pgo) — N(0,%2(60)" 1), as t — oo,

where Y.(00) is defined in Assumption 4.2.3.

Proof. Note that, by (4.18), the continuous martingale part can be decomposed as

X°(t) = D(t) + oW (L),

where W is a Wiener process and D is defined in (4.13). Thus,

n—1 n—1 n—1
1 o1 1
i=1 i=1 i=1

Therefore,

tr/? (0, —00) = t/* (S, A, — b))

n

n—1
1
=1

Nx1
1 n—1
+ /28, (Uzbj(xi)AiW>

i=1 Nx1
Observe that, foreach j =1,--- | N,
1 n—1 1 tn
g S b (X) AW ~ 1/2/ b;(X,)dW (s), as n — oo,
n o =1 n Y0

which, together with ¢,,5,1 — ¥(6p) !, implies

n—1
1 (1
Law tnS;IW (ij(Xi)AZ-W) Py | = N (0,2(00) "), as n— oo

g “
=1 Nx1
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It remains to be proved that

n—1
1
t}”/z Sn—l <0-2 Z %(XJA,D) -6y =0
=1 Nx1

in Py, -probability as n — oo. Indeed, let us define a N x N-matrix S,, that is asymptotically equivalent

to Sy, by
tit1
Sy = ( 2 Zb / k(Xs)d's)

NxN
Then,

1 n—1 1 n—1 ti+1
i=1 Nx1 i= i

=1 Nx1
1 el ti+1
= (02 > bi(X) / b(6, >d> ,
=1 ti Nx1
by Assumption 4.2.1 we have
1 n—1 1 n—1 N o tit1
(ﬂij(Xi)AiD> = <02 bi(X:) ) 6p / bk(Xs)ds>
i=1 Nx1 i=1 k=1 b Nx1
N 1 ti+1
— (Z 9202 > bi(Xi) / bk(XS)ds>
k=1 i=1 ti Nx1
1 n—1 ti+1
= <0'2 bj(Xz)/ bk(Xs)dS> 90
i=1 ti Nx1
= gn907
which implies
2 [ st (122 > —6y| = tSnlll/ZS*G t5n111/25 0o
1 Nx1

1
— tnSgltﬁ(Sn—Sn) 0o-

The statement follows since tl% (Sp — Sn) — 0in Py,-probability as n — oo.

Now we are able to prove Theorem 4.3.2.
Proof of Theorem 4.3.2. Observe that

t}/Q (éﬁ“MLE _ 90) _ t,l/Q (égMLE _ én) _ t711/2 (égMLE _ 90> )

By Lemma 4.4.7,
Law (t}/Q (6n — 60) } Pgo) — N(0,%(6p)71), as t — oo
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Finally, by Lemma 4.4.6, we have

t711/2 (égMLE _ gn)

which proves the theorem.

= t1/2(8,14, — S;1A,)

= tySn— (An — A4p)

n

OP90 (1)7
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Chapter 5

Conclusion

Our studies aimed to investigate the estimation of the drift parameter of GLE with Lévy jumps, which is
non-Markovian and non-Gaussian continuous time stochastic process. The results indicated that the MLE
for the GLE is consistent, asymptotically normal and efficient. Further findings showed that this estimator,
under filtering "big" jumps, can be applied to estimate drift parameter from an associated discrete time
process.

Research focused on statistical inference issues for the GLE have not been widely explored in the
literature yet. We proposed estimation methods for several GLE models, without initially requiring
knowledge of the explicit GLE solution.

We analyzed the influence of jumps in the estimation through simulations and concluded that a higher
frequency of jumps did not interfere in the estimation of the 3-parameter GOU-FE. On the other hand,
certain regions of the parameter space have better estimates than others. This was expected since parameter
space restrictions are necessary to guarantee ergodicity and good asymptotic properties for the GLE.

‘We summarize some of our main results bellow:

1. We extended the studies on estimators for the Langevin equation and SDDE. More precisely, we
studied MLE for the drift parameter of the GLE observed continuously in time. In Theorem 2.3.4
we showed that with appropriated convergence assumptions we have a consistent and asymptotically

normal MLE which is also efficient in the sense of Hajek-Le Cam convolution theorem.

2. In Section 2.4, a filtered MLE (FMLE) was proposed for cases where the GLE is observed on
discrete times. We evaluated the results of this discretization via studies of simulations of the
GOU-FE process. Potentials and limitations (computational time and optimization difficulties) of

the applications of these models were presented.

3. In Section 3.2, a new process was proposed generalizing the GOU-FE process (called 3-parameter
GOU-FE). In Theorem 3.2.1 we showed that this process is a solution of a class of GLE. Further-
more, an order 3 autoregressive form for these processes were obtained in Proposition 3.2.2. An
autoregressive form and its error distribution for the GOU process in its general form was also
addressed (Theorem 3.2.6 and Proposition 3.2.7).

4. In Section 3.3, a modified FMLE (mFMLE) was proposed by introducing the information of the
simulated Lévy path. The FMLE and mFMLE have so far been studied only through simulations of
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the 3-parameter GOU-FE. Our simulations showed that mFMLE can indeed improve the estimation

in relation to FMLE, however a previous study of Lévy noise path is necessary.

. The goal of Chapter 4 was to study the theoretical asymptotic behavior of the FMLE. For this, based

on Langevin equation, Cosine process and SDDE, we considered a particular class of GLE for
which the drift parameter can be "separated” of the process information (Assumption 4.2.1). Then,
an explicit MLE was found and Theorem 4.2.4 presented its asymptotic behaviour, which is the
same of Theorem 2.3.4 but with less assumptions and technical difficulties. In Theorem 4.3.2 we
showed that, with a suitable discrete time information, the FMLE inherits the asymptotic properties
of the MLE. Unfortunately, despite the technical simplicity, this result cannot be applied to the
GOU-FE process.

Based on these conclusions, we finish this chapter presenting a list of open problems related to the

results obtained in previous chapters.

i.

iii.

iv.

Vi.

Vii.
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. Ergodicity (in the sense of Birkhoff’s theorem) proved to be an essential condition for studying the

asymptotic behavior of the MLE. What can we say about ergodicity for GLE with Lévy jumps?

How can we verify this property for a real temporal series?

Convergence rates are natural questions for the asymptotic behaviour of the MLE since a version

of CLT was proved (Theorem 2.3.4). Can we obtain a Large Deviation theorem for the MLE?

In Proposition 3.2.2 the autoregressive form of the discrete time process does not have a white noise
error. Alcantara [1] proposed use the model ARM A(p, p — 1) for describe better the GOU-FE with

two parameters. How can we approximate the error distribution of the autoregressive form?

Knowing a good noise approximation proved to be important for the mFMLE estimator. Thus,
this becomes a fundamental initial step for the estimator. What is the best way to simulate the Lévy

path for real applications?

The memory function found in Theorem 3.2.1 has a very similar form of the covariance function of
the stationary solution from a SDDE (see [30, Equation (9)]). What are the connections between
the memory function of the GOU-FE and the autocorrelation function of the SDDE?

Hypotheses tests for the drift parameter estimation is an open problem.

It is possible to use a Bayesian approach for estimating the drift parameter of the GLE?



Appendix A

Review of the Theory of Stochastic
Processes and Statistical Inference

In this appendix we present a revision of the main theoretical results used in this thesis, with the purpose
that this work be self-contained. As these are very technical topics, we suggest a detailed reading of the
following references Applebaum [2], Ibragimov and Has minskii [22], Jacod and Shiryaev [23], Klebaner
[27], Kiichler and S¢rensen [33], Le Cam and Yang[36] and Vaart[65]. Other references are suggested

throughout this appendix to consult some specific results.

A.1 Basic Definitions and Properties

Consider a filtered probability space (2, F, {F;;t > 0}, P).

Definition A.1.1 (Usual Conditions). We say that a filtration { Fy;t > 0} satisfies the usual conditions
if
1. it is right-continuous, i.e., Fy = Fi+ = oo Ftter

2. Fy contains all the P-negligible (P-null) events in F, i.e., if N € F is such that P(N) = 0, then
N € Fo.

A random set A (i.e. a subset of ) x R ) is called evanescent if the set
{w; 3t € Ry with (w,t) € A}

is P-null.
Consider two processes X = {X (t);t > 0} and Y = {Y'(¢);¢ > 0}. We say that Y is a modification
of X if, for every ¢ > 0, we have

X and Y are indistinguishable if
P(X(t)=Y(t);0<t<o0)=1.

Consider a family of measures { Py; 6 € O} on a filtered probability space (2, F, {F¢; ¢t > 0}, P) with
parameter set © C R¥ such that the interior int © is non-empty. We assume that the filtration { F;;t > 0}

satisfies the usual conditions.
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Definition A.1.2. We say that Py is locally absolutely continuous with respect to Py, and write
!
Py < Py, if P} << Pgo forallt € Ry, where P} := Py|r, denotes the restriction of Py to F.

!
Usually, a "local" property is localized along a sequence of stopping times. The notion & indeed

satisfies the same rule.

!
Lemma A.1.3 (Lemma II1.3.3 in Jacod and Shiryaev [23]). Py < Py, if and only if there is an increasing
sequence {T,;n € N} of stopping times, such that T,, T oo Py-a.s. and PGT” < Pg;” foralln € N.

Definition A.1.4. We say that a process X = {X (t);t > 0} is a cad (resp. cag, resp. cadlag) process
if all its paths are right-continuous (resp. are left-continuous, resp. are right-continuous and admit

left-hand limits).

Definition A.1.5. We say that a filtration {Fy;t > 0} is generated by a process X = { X (t);t > 0} and
a o-field G if

1. Fr =Nyoy Foand FQ = GV o (X (r);r < s) (in other words, {Fy;t > 0} is the smallest filtration
such that X is adapted and G C Fyp);

2. F=Fu- (=V, F).

Definition A.1.6. 1. We call optional o-field a o-field O on ) x R that is generated by all cadlag

adapted process.

2. We say that a o-field a o-field P on Q) x R is a predictable o-field if it is generated by all cad

adapted process.

3. Weput Q@ = Q x R, x E with the o-field O = O x B(E) and P = P x B(E). A function Y on
that is O-measurable (resp.P-measurable) is called an optional (resp. a predictable) function.

We denote by V the class of all real-valued process A = {A(t);t > 0} that are cadlag, adapted, with
A(0) = 0 and whose each path has finite variation over each interval [0, t].

Let A € V. For each w € €, the path t — A(w, t) is the distribution function of a signed measure
(a positive measure if A is increasing) on R that is finite on each interval [0, ¢]. Denote this measure by
dA(w,t).

Let A € Vandlet H = {H(t);t > 0} be an optional process. By Jacod and Shiryaev [23] 1.1.21,

t — H(w,t) is Borel measurable. Thus, we can define the integral process, denoted by H - A, as follows

H- A(w,t) = /0 H(w,s)dA(w,s) if /0 |H(w, s)| dA(w, s) < oo,

400 othewise.

(A.1)

Proposition A.1.7 (Proposition 1.3.5 in Jacod and Shiryaev [23]). Consider A € V and let H =
{H(t);t > 0} be an optional process, such that B = H - A is finite-value. Then B € V and dB < dA.
Moreover, if A and H are predictable, then B is also predictable.

Let Aj,. the class of all process with locally integrable variation.
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Proposition A.1.8 (Theorem 1.3.18 in Jacod and Shiryaev [23]). If A € A;,, then there exists a process,
called compensator of A and denoted by AP, which is unique up to an evanescent set, and which is
characterized by being a predictable process of Ajoc that A — AP is a local martingale.

Consider B(RY) the Borel o-field of RY. For a subset £ C R%, we will denote by B(E) a o-field of
subsets of E (but not necessarily the Borel o-field).

Let (Q,F,{F;t > 0},P) be a filtered probability space and consider (E,B(E)) be a Blackwell
space (here it is enough to know that (R?, B(R?)) is a Blackwell space).

Definition A.1.9. A random measure on R, x E is a family
p= {p(w;dt,dr);w € Q}
of non-negative measures on (R4 x E,B(Ry) ® B(E)) satisfying 1 (w; {0} x E) = 0 identically.
Definition A.1.10. An integral-valued random measure is a random measure that satisfies
1. p(w;{t} x E) < 1identically;
2. foreach A € B(R}) ® B(E), u(.; A) takes values in N;
3. pis optional and P-c-finite.

Proposition A.1.11 (Proposition II.1.16 in Jacod and Shiryaev [23]). Let X = {X(t);t > 0} be an
adapted cadlag R%-valued process. Then

P (widt, dz) = L{AX (w,5)E(5,AX (w,s)) (dE ),

defines an integer valued random measure on Ry x R%, where € denotes the Dirac measure at point a.

Let v denote the compensator of p. By I1.1.17 in Jacod and Shiryaev [23], there exists a version of v
such that v(w; {t} x E) < 1. We define a predictable process a = {a(t);t > 0} by

a(w,t) :=v(w; {t} x E). (A.2)
For each measurable function Y on € we define
. Y(w,t,z)v(w;{t} x dx) if this integral converges,
vy |yt x gral converg s
+00 otherwise.

A.2 Semimartingale

Definition A.2.1. An adapted process M = {M (t);t > 0} is called a local martingale if there exists
a sequence of stopping times {T,,;n € N} such that T,, T oo and for each n the stopped processes
M(t AN'T,,) is a uniformly integrable martingale in t.

Definition A.2.2. We say that a process X = {X(t);t > 0} is a semimartingale if it is an adapted
process such that, for eacht > 0,
X(t)=M(t)+ V(1) (A4)

where M = {M (t),t > 0} is a local martingale and V = {V (t);t > 0} is an adapted process of finite

variation.
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Definition A.2.3. We call a truncation function all h : R?* — R% which are bounded and satisfy
h(z) = x in a neighborhood of 0.

Definition A.2.4. Let h be a truncation function. We call characteristics (associated with h) of a
semimartingale X = { X (t);t > 0} the triplet (B, C,v) consisting in:

1. B = B(h) = (B");<q is a predictable random process of finite variation V appearing in (A.4);

2. C = (C"); j<q given by
Cij _ [Xi,chj,C]’

where X°€ is the continuous martingale part of X.

3. vis a predictable random measure on Ry x R, namely the compensator of the random measure

wX associated to the jumps of X, where

pX (widt X d) = LA (w5) £0)E (5, AX (ws)) (AL, dT).

Consider a d-dimensional semimartingale X = (X;);<q on (0, F, {F4;t > 0}, Py, ) with character-
istics (B?, C?, 1Y) relative to a given truncation function h. Let A = {A(¢);t > 0} be an increasing

predictable process such that C?j = c;; - A.

Proposition A.2.5 (Girsanov’s Theorem. See Theorem I11.3.24 in Jacod and Shiryaev [23]). Assume that

l ~
Py 3 Py, and let X = {X(t);t > 0} be as above. There exists a P-measurable non-negative function
Y (-, -) and a predictable process 3 = (3*);<q satisfying

\h(z)(Y —1)| %1 < 0o Py —as. for t € Ry,

Zcijﬁj ~A(t) < oo and Z BicikBE | - A(t) < 0o Py —as. for t € Ry,
j<d Jk<d

and such that a version of the characteristics of X relative to Py are
B; = B+ <Zj§d Cz’jﬁj) A+ hi(x)(Y = 1) %2,

c = ¢ (A5)
v = Y0

Consider X = {X(¢);t > 0} to be a process on a filtered space (Q,F,{F;t > 0},P). Let
{G:;t > 0} be a filtration generated by a process X and a sub-o-field H C F. To emphasize the fact
that {Gy; ¢ > 0} is not right-continuous, in general, Jacod and Shiryaev [23] gave a specific name to the

G.-stopping times.

Definition A.2.6. A mapping T : Q — R such that [T < t] € G; for all t € R is called a G;-strict
stopping time.

Assume that (¢, A, 3,Y) are given by Theorem A.2.5 and a = {a(t);t > 0} and Y (-, -) are given as
in (A.2) and (A.3), respectively. Set

7 = inf {t; either (Y(t) > 1) or (a(t) —land Y(t) < 1)}
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a positive predictable time. Define
9 - 2
H:%&ﬁﬂmﬂ.A+<1—¢?)1mﬂ*y+§:<dl—dﬁ—wﬂ—Y@O 1foer]
s<-

and

T =inf {t; H(t) = oo} .
We have that H = {H (t);¢t > 0} is a predictable and generalized increasing process, i.e., it is a R -
valued, H(0) = 0, its paths are non-decreasing and it is right-continuous on [0, T") (and of course on

(T, 00)). We define a sequence of strict stopping times and a random set
T, = inf {t; H(t) > n}

and
Az@ﬂﬂ(UMﬂD.
n
Proposition A.2.7 (Proposition I11.5.10 in Jacod and Shiryaev [23]). Assume the above conditions. There
is a process U = {U(t);t > 0}, unique (up to P-indistinguishability) on the set A, such that for every
stopping time S such that [0, S] C A, the stopped process U(S) is the following Py-local martingale

y —

c a
U(S) = (B1y,s) - X + (Y -1+ 1a1[a<1]> Lio,s * (b — V).

Construction of the stochastic integral of locally bounded predictable processes with respect to a

semimartingale can be find in Jacod and Shiryaev [23, Section 1.4d] and Protter [54, Chapter II].

A.3 Lévy Process

In this section, we present some notions around the Lévy processes that are a particular case of semi-

martingales. For a more careful study of the Lévy processes, we recommend Applebaum [2], Sato
[26].

Let M1 (R?) denote the set of all Borel probability measures on R%. We say that u € M (R?)

is infinitely divisible if for any n € N there exists 1, € M1 (R%) such that g = p? := - * .

L

n

Equivalently, / is infinitely divisible if, and only if, for each n € N there exists y,, € M1 (R?) for which

the characteristic functions satisfy
Pu(u) = [du, (W)]"
for each u € RY.
Let v be a Borel measure on R? — {0}. We say that it is a Lévy measure if

/ (IyP? A D(dy) < oo
RI—{0}

Theorem A.3.1 (Lévy-Khintchine, Theorem 1.2.14 in Applebaum [2]). 1 € M (R?) is infinitely divisible
if there exists a vector b € R%, a positive definite symmetric d x d matrix A and a Lévy measure v on
RY — {0} such that, for all u € RY,

u(u) = exp {i(b, u) %(U,Au) +/ [ez’(u,y)—l—i(wy)ﬁBl(O)(y)] V(dy)}~ (A.6)
R

¢—{o}
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Conversely, any mapping of the form (A.6) is the characteristic function of an infinitely divisible probability

measure on R

In Theorem A.3.1, (-, -) denotes the inner product in R%. We call (b, A, ) the characteristic triplet

associated with p.

Definition A.3.2. Let L= {L(t);t > 0} be a stochastic process defined on a probability space (2, F,P).
We say that L is a Lévy process if

Li. L(0) =0 (a.s.);

L2. L has independent increments, i.e., L(ty), L(t1) — L(to),- - L(tn) — L(t,—1) are independent
random variables for every 0 < tg < t1 < --- <tn_1 <ty and for all positive integer n;

L3. L has stationary increments, i.e., for all t > 0, L(t + h) — L(t) has the same distribution as L(h)
forall h > 0;

LA4. L is stochastically continuous, i.e., for all § > 0 and s > 0

lim P (|L(t) — L(s)| > &) = 0;

t—s

L5. L has cadlag paths.
Example A.3.3. The following processes are examples of Lévy process:
1. a standard Brownian motion (or Wiener process) W = {W (t);t > 0}
W(t) = Wi(s) ~ N(O,[t — s|);
2. a Poisson process N = {N(t);t > 0} of intensity A > 0
N(t) — N(s) ~ Poisson(\|t — s|);

3. a Compound Poisson process
N(t)
Nty =) X,
j=1
where { Xy,;n € N} is a sequence of i.i.d. random variables;

Proposition A.3.4 (Proposition 1.3.1 in Applebaum [2]). If L is a Lévy process, then L(t) is infinitely
divisible for each t > 0.

Proposition A.3.5 (Lévy-Itd’s Decomposition, Theorem 2.4.16 in Applebaum [2]). If X = {X (¢);t > 0}
is a Lévy process, then there exists b € R%, a Brownian motion { BA(t);t > 0} with covariance matrix A
and an independent Poisson random measure N on Ry x (R? — {0}) such that, for each t > 0,

X(t) = bt 4+ Ba(t) + /

|z|<1

N (t,dx) + / N (t,dx)-
|z|>1

Corollary A.3.6 (Corollary 2.4.21 in Applebaum [2]). The Lévy characteristics (b, A, v) of a Lévy process

are uniquely determined by the process.

Theorem A.3.7 (Theorem 2.4.25 in Applebaum [2]). A Lévy process with characteristics (b, A,v) has a

finite variation if, and only if, A = 0 andf‘ |z|v(dx)oo.

z|<1

Proposition A.3.8 (Proposition 2.7.1 in Applebaum [2]). Every Lévy process is a semimartingale.
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A.4 Martingale Problem

Definition A.4.1. Suppose that X = {X(t);t > 0} is a cadlag function on (2, F,{F;t > 0}). A
measure P on (2, F) solves the martingale problem associated with X, an initial distribution 7 on
(Q, Fo) and a triplet (B, C,v) if

1. Under P the distribution of X (0) equals 7;
2. X is a semimartingale on (2, F,{Fi;t > 0}, P) with characteristics (B, C,v) relative to h.

We denote by s(X|m; B, C,v) the set of all solution measures P of the martingale problem associated

with the process X, initial distribution 7 and characteristics (B, C, v).

Definition A.4.2. Let {G;;t > 0} denote the filtration generated by X = {X(t);t > 0}. We say that
local uniqueness holds for a martingale problem s(X|m; B, C,v) if for every strict stopping time
T any two solutions P, € s (X(T)|m; Br,Cr,vr) of the stopped problem coincide on G, where
X(T) ={X(T Nt);t > 0} denotes the stopped process.

Theorem A.4.3 (Theorem II1.5.32 in Jacod and Shiryaev [23]). Assume that (B,C,v) and (8,Y) are
given by Theorem A.2.5, {Fy;t > 0} is generated by X = {X(t);t > 0}. Let A = J,,[0,T,] up to
Py-evanescent set where {T,,; n € N} is a sequence of strict stopping times. Suppose that local uniqueness
holds for the martingale problem s(X|m; B, C,v), with Py as its unique solution. If Py lg<c Py, then the
density process Z = {Z(t);t > 0} of Py relative to Py, is given by

206) = Zoexp{U(t) — 1 (BeB) - At)} I;It(l + AU(s)) e 2UG) |t e A,
- 0, LA

where Zy is (Py,-a.s. equals) the Radon-Nikodym derivative Zy = d /dmy.

A.5 Hellinger Processes and Absolute Continuity of Measures

We consider a filtered space (2, F,{F;;t > 0}) with F = F_ - and two fixed probability measure Py
and Py, on (2, F). Instead of Py < p and Py < (1, we will assume

loc loc
Py < pand Py, < p.
We call Z = {Z(t);t > 0} and Zo = {Z(t);t > 0} the density process of Py and Py, relative to /.
By II1.3.4 in Jacod and Shiryaev [23], they are u-martingale.
Set
R, = inf{;Z(t) <},
R, = inf{t;Zy(t) <1},
'~ (Uor)n(yo.r).

n n

Theorem A.5.1 (Theorems IV.1.18 and IV.1.22 in Jacod and Shiryaev [23]). Let o € (0,1) and Y (o) =
ZO‘Z(l]_O‘. There exists a predictable increasing R, -valued process H(c; 0, 00) = {H(a; 0, 09,t);t > 0}
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unique up to p-indistinguishable, called Hellinger process of order o between Py and Py,, which
meets H(a; 0,00,0) = 0 and the following two conditions

H(a;60,00,t) = 1pv - H(; 6,00,1)

and
Y(a,t) +Y(a,t7) - H(e; 0, 60,1)
is a p-martingale. Moreover, H(«; 6, 00) does not depend upon the measure 1 in the following sense: if i

l
is another measure with < fand if H(w; 0,60) and H' («v; 6, 0p) are the process computed through p
and [i, then H(a; 0, 600) and H' («; 0, 0y) are p-indistinguishable.

Theorem A.5.2 (Theorem IV.2.1 in Jacod and Shiryaev [23]). Let T be a stopping time. For a € [0,1)
let H(w; 6,00) be any version of the Hellinger process (see IV.1.52 in Jacod and Shiryaev [23] for the

case o = 0). There is equivalence between:
1. Pf < P},
2. P) < Py, Py(H(1/2;0,00,T) < 00) = 1 and Py (H(0;0,00,T) =0) = 1;
3P < Peo0 and H(«;0,00,T) i Oasa 0.

Remark A.5.3. We could replace H(1/2;6,600,T) by H(B;0,00,T), for any fixed § € (0,1), in the
Theorem A.5.2.

Consider that the space (€2, F) is endowed with a cadlag d-dimensional process X = (X*);<4 and a
filtration { ;¢ > 0} generated by X.

We denote by ;« = pX the random measure on R, x R? associated with the jumps of X. We fix a
truncation function h, two triplets (B, C,v), (B®, C°%, ") and two initial measures 7 and 7o on (€2, Fp).
We also consider two probability measures Py and Py, on (€2, ), which are solutions to the martingale
problems s(X|m; B, C,v) and s(X|mo; B?, CY, 10), respectively.

Although the properties stated in Theorem A.5.1 do characterize the Hellinger process H(«; 6, 6)),
they do not give any "explicit" form to it. In order to obtain a form for the Hellinger Process, we introduce
a function ¢, : Ri — R4 (where for a € (0,1)), defined by

Yolu,v) = au+ (1 — a)v — u®v' ™%,

We will consider:

1. Let A be an increasing predictable finite-valued process and let ¢ and ¢’ be two processes taking

values in the set of non-negative symmetric d x d-matrices and predictable, such that
C=c-A = A
up tu a (Py + Py, )-evanescent set;

2. Let \ be a predictable random measure on R, x R?, such that (|z|? 4+ 1) * \; < oo forall t < oo
and that
v< X and ¥ <\
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3. Let U = {U(t);t > 0} be a non-negative predictable function on Q such that v = U - \;

4. We know from (A.2) that a(w, t) := v (w; {t} x R?) < 1. Up to a (Py + Pp,)-evanescent set, we

have

alt) = / Ut 2)M{1} % d) < 1:

5. Denote by X a predictable random set such that

% = {(w,1); [h(@) (U = U") | # (w) < o0} ;

6. We define the stopping time

T = inf {t; eithert ¢ 3, or C(t) # C'(t), ort € L and b- A(t) + B'(t) # 0} ;

Proposition A.5.4 (Corollary I1V.3.68 in Jacod and Shiryaev [23]). Suppose that the martingale problem

has at least one solution and local uniqueness for both problems s(X|m; B, C,v) and s (X]wo; B°,CO, VO).

T+m B+B® C+C° v+1/Y
2 7 2 7 2 72

Assume that H(1/2) does not jump to infinity and that T = oc. Then if o € (0, 1), a version of H(«a; 0, 6)
is

a(l — )

H(a;65007t) = 9

(BeB)1s - A+ oo(U,U%) 5 X + Z Yo (1—a(s),1—d%s)). (AT

s<t

A.6 Exponential Families of Stochastic Process

Consider a family of measures { Py; 0 € O} on a filtered probability space (2, F,{F:;t > 0}, P) with
parameter set © C R” such that the interior int © is non-empty. We assume that the filtration {F;; ¢ > 0}

satisfies the usual hypothesis.

Definition A.6.1. The class { Py; 0 € ©} is called a exponential family on the filtered space (2, F,{Fy;t > 0})
loc
if there exists a o-finite measure 1 on (2, F) such that, for all § € O, Py < p and
aP, .
G = a0 )a(t) exp {V(H,t) A(t)} ,t>0, feo. (A.8)

Considered as a function of 6, this Radon-Nikodym derivative is the likelihood function corresponding

to the observation of events in F;.

Definition A.6.2. A statistical experiment {FPy;0 € ©} forms a curved exponential family if the

likelihood function exists and is of the form

ZJ;E — exp {aTA(t) - n(@)S(t)} (A.9)

where k: © — Ry and A : Q x Ry — RN is a cadlag process and S : Q x Ry — R is assumed to be
a non-decreasing continuous process with S(0) = 0 and S(t) — oo Py-a.s. ast — oo for all § € O.
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Definition A.6.3. We say that a function k : © — R is a steep function if for all 0, € © \ int © and

all 0y € int O,
d

ds
where 05 = 0p(1 — s) + 615, 0 < s < 1.

k(fs) — 00 assT1,

Theorem A.6.4 (Theorem 5.2.1 in Kiichler and S¢rensen [33]). Suppose a curved exponential family of
the form (A.9) is given such that k() is a steep function and S(t) > 0 fort > 0 Py-a.s., for all € ©.

Then the maximum likelihood estimator 0; based on observation in the time interval [0, t] exists and is
- A(t)
R Al e
= (5w)

Suppose 0 € int ©. Then under Py the maximum likelihood estimator is unique for t sufficiently large and

uniquely given by

if and only if% € int k(int ©).

A~

0; 2% g Py —a.s.

Theorem A.6.5 (Theorem 5.2.2 in Kiichler and S¢rensen [33]). For a curved exponential family of the
form (A.9) assume that 0 € int © and there exists an increasing positive non-random function ¢g(t) such

that under Py
Bp " (1)S(t) = n*(0)

in probability as t — oo, where n*(0) is a finite random variable such that it is non-negative Py-almost

sure. Then, under Py,
(57172(1) (A(t) = (0)S(1)) . 65" (S (1)) = N (0,i(0)) x Fy

weakly as t — oo conditionally on [n%(0) > 0], where Fy is the conditional distribution of n*(0) given
[7%(0) > 0]. Moreover, under P,

(#ﬂ@—ﬂﬁfw%»%N@Wﬂwx%
weakly as t — oo conditionally on [1*(0) > 0]. Moreover,
—2log Q(t) = x2(k =1 (A.10)

weakly as t — oo conditionally on [n?(0) > 0]. Here

supgeL(g(B);1)
supgeoL(0;1)

Q) =

is the likelihood ratio test statistic for the hypothesis that the true parameter value 0 belongs to an g(B),
where B C R! (1 < k) and g : B v int© is a differentiable function for which the matrix {0g/03} has
full rank for all 5 € B.

Corollary A.6.6. Under conditions of Theorem A.6.5,
. -1
&(t) (9 —0) = N (0, (01 2())
weakly as t — oo conditionally on [n%(0) > 0].
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A more general class of models can be considered, the ones which have likelihood functions

dpP} =
dTDet = exp Z {Ga)Aj(t) — K0S )| ¢ (A.1D)
0 j=1
where 7 = (H(Tl), e ,H(Tn)> €01 xX---x0,,0;¢c RYi, and int®©; # (). For every j we assume that

k;(-) and S;(t) are one-dimensional and that A;(t) is a N;-dimensional cadlag process. We also assume
that for each j, S;(t) is a non-decreasing continuous process for which S;(0) = 0 and S;(t) — oo FPy-a.s.
ast — oo.

For this general class of models Kiichler and S¢rensen [33] (Theorem 5.3.1, p.55.) establish the

following result.

Theorem A.6.7. Suppose S;(t) is strict increasing for the jth component of (A.11). Then the statements
of Theorems A.6.4, A.6.5 and A.6.6 hold for this component. If the conditions hold forall j = 1,--- . n
then (A.10) holds for the hypothesis that 0 ;), j € J, is the true value of these components while other

components are unspecified. Here J is an arbitrary subset of {1,--- ,n}, k=) ._; k; in (A.10).

Jj€J
A.7 Some Basic Concepts in Itd Integration and Martingale

Theory

Definition A.7.1. We say that a martingale is quadratic integrable on [0,1] if its second moment is
bounded.

Theorem A.7.2 (See Theorem 4.7 in Klebaner [27]). Let X = {X(t);t > 0} be an adapted process such
that f(f EX?(s)ds < occ. Then

t
M(t) = / X(s)dW(s), 0<t<T,
0
is a continuous zero mean square integrable martingale.

Proposition A.7.3 (See Equation (4.25) in Klebaner [27]). Let M (t) and M>(t) be It6 integrals of X1 (t)
and X4 (t) regarding the same Wiener process. Then, the quadratic covariation of My and Ms on [0, t] is

given by

My, M) () = /0 X0 (3) Xa(s)ds.

Central Limit Theorem

Let us establish some notations before presenting the next theorem. Let A = (aji)NxN € RV*N be a
positive semi-definite N x N-matrix. Denote A'/2 and det(A) its positive semi-definite square root and

its determinant, respectively. Let v = (v, ,0n) € RY be a vector. We denote
(diag A)" = (a11, 422, - ,ann)
the diagonal vector of A and diag v the diagonal N x N-matrix with v as diagonal.
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Observe that, with this notation, the identity matrix Iy can be written as Iy = diag (1,---,1)".
Furthermore, diag(diag(A)) denotes the diagonal matrix that has the same diagonal of A. Remember that
the multiples of the identity, i.e.,

{Mpn; X € R}

are the center of the group of the quadratic matrix of order N € N, N > 2, with non-zero determinant
under the product operation. This will allow us to freely commute any matrix with diagonal matrix, when
all the elements of the diagonal are the same.

We present below a version of the Central Limit Theorem for /NV-dimensional martingales in continuous
time. This result is the Theorem A.7.7 in Kiichler and S¢rensen [33] and its proof can be found in Kiichler
and S¢rensen [34]. It is important to note that the Theorem 2.2 in Crimaldi and Pratelli [8] is a more
general version of the Theorem A.7.4 in which they suppress the assumption on the convergence of the

third condition.

Theorem A.7.4. Let M = (M, --- ,My)' = {(Ml(t), e M) st > O} be a N-dimensional
square integrable martingale with mean zero and quadratic covariation matrix [M]. Let H (t) denote the

covariance matrix of M (t), i.e.,
H(t)=E [M(t)M(t)T] .

Assume that there exists a family of invertible non-random N x N-matrices { K (t);t > 0} such that as
t — oo we have K (t) — 0 and

LN | Kp()| B [supye; [AM(#)]] = 0,k =1,--+ | N;

2. K)[M)(t)K(t)" — W in probability,
where W is a random positive semi-definite matrix satisfying P (det W > 0) > 0;

3 KWHMBK®T =%,

where Y. is a positive definite (deterministic) matrix.

Then
(K(t)M(t),K(t)[M](t)K(t)T) = (W1/2Z, W)

and, conditionally on [det W > 0],
W Y2K@)M(t) — Z

in distribution as t — oo, where Z is an N -dimensional standard normal distributed random vector
independent of W.

Law of Larger Numbers

Let (Q, F,{F;t > 0}, P) be a filtered probability space.

Theorem A.7.5 (Liptser [38]). Let M = {M (t);t > 0} be a locally square integrable martingale with
M(0) = 0 and suppose that A = {A(t);t > 0} is a predictable, non-decreasing and right-continuous
process with A(0) = 0. Define

B = [+ A ae).
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Then, as t — oo,

on [A(c0) = oo] N [B(o0) < o).

Uniform Law of Large Numbers

Let © C R be a compact set. Consider a family of real processes { M (0,t);0 € © and t > 0} on a prob-
ability space (2, F, {F:;t > 0} ,IP) such that for all 0 the process { M (0,t);t > 0} is a continuous local
martingale starting at zero. Denote by [M (6)](¢) the quadratic variation of M (6,t) and by [M (6, 60")](¢)
that of M (6,t) — M (0',t).

Theorem A.7.6 (Theorem 2 in Loukianova and Loukianov [40]). Suppose that there exists a constant
0 € (0,1] and a continuous increasing process V (t) > 0 such that V(co) = oo a.s. and for all
(0,0',t) € ©2 x Ry

[M(0,0)](t) < V()0 — 0% as.

Suppose also that there exist 0’ € © such that

lim sup M < 00 a.s.

t—o00 V(t)

Then there exists a continuous in 6 modification M (0,t) of M(6,t) such that

‘M(e, t)‘
lim sup —————~ =0 a.s.
t=oo e [M(6)](1)
for any compact K C © satisfying that for all 0 € K
lim inf w >0 a.s.
t—00 V(t)

Burkholder-Davis-Gundy Inequalities

Proposition A.7.7 (Burkholder-Davis-Gundy Inequalities). For every 0 < p < oo, there exist two
constants ¢, and Cy, such that, for all local martingale M = {M (t); t > 0} vanishing at zero, for any

|
< /0 ! H2(s)d[M](5)>p/2] . (A.12)

Proof. See Revuz and Yor [57, Chapter IV, Section 4, pp.160-170].

stopping time T and any bounded predictable process H = {H (t); t > 0}

(/ ' H2<s>d[M1<s>)p/2]

cpl E

IN

[ )

sup
t<T

IN

C,E

A.8 M-Estimators

The next result gives us a sufficient condition for the consistency in Fy,—probability of M —estimators.
Consider © C R” such that (©, d) is a metric space. Given an arbitrary random function 6 + M,,(6),

consider estimators én that nearly maximize M,,, that is

Mn(én) 2> sup Mn(e) — 0Py, (1)
USS]
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Theorem A.8.1 (Theorem 5.7 in Vaart [65]). Let M,, be random functions and let M be a fixed function
of 0 such that for every € > 0

1. supgeg |Mp(0) — M(0)| — 0 in Py,—probability;
2. SUPg.(g,60)>c Mn(0) < M(6o)-

Then any sequence of estimators 0,, with M,, (én) > M, (6p) — o Pa, (1) converges in Py,—probability to
o.
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