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Aos meus pais,



70 que é, o que &7
Clara e salgada,
Cabe em um olho

E pesa uma tonelada

Tem sabor de mar,
Pode ser discreta
Inquilina da dor,
Morada predileta

Na calada ela vem,
Refém da vinganca,
Irma do desespero,
Rival da esperanca

Pode ser causada por
Vermes e mundanas
E o espinho da flor,
Cruel que vocé ama

Amante do drama,
Vem pra minha cama, por querer
Sem me perguntar, me fez sofrer

E eu que me julguei forte,
E eu que me senti,
Serei um fraco quando outras delas vir

Se o barato é louco e o processo é lento,
No momento, deixa eu caminhar contra o vento

Do que adianta eu ser durao e o coracao ser vulneravel?
O vento nao, ele é suave, mas é frio e implacavel...”

Jesus chorou

. (Racionais MC’s)
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Resumo

Neste trabalho, estudamos a existéncia de solugoes para uma classe de problemas envolvendo
um operador de crescimento rapido com peso e diferentes tipos de nao linearidade. Na
primeira parte do trabalho, estudamos o problema

(P) { —div(K(2)Vu) = a(z)K (2)[u|??u + K(z) f(u) in RY,

onde N > 3, K(z) = exp(%), 1 < g <2e féuma funcao continua com crescimento
arbitrario no infinito. Assumindo algumas hipdteses sobre o potencial a, fazemos um tun-
cramento sobre a nao linearidade f de modo a nos permitir usar Teoria de Genéro no prob-
lema truncado e finalmente, usando Iteracao de Moser, nés mostramos que toda solucao do
problema truncado é também solucao do problema original. Obtendo assim uma infinidade
de solugoes para este problema.

Na segunda parte, consideramos o sistema

—div(K (z)Vu) = K(2)Qu(u,v) + & K (z)Hy(u,v) in RY,

(5)
—div(K (z)Vv) = K(2)Qu(u,v) + 5 K (2)Hy(u,v) in RV,

onde N > 3, K(z) = exp (|z|?/4), Q e H sao fungdes homogeneas de classe C' com
H tendo crescimento critico. Usando métodos variacionais, obtemos a existéncia de uma
solugdo ground state para este sistema. Além disso, também provamos um resultado de
existéncia para uma versao com crescimento supercritico deste sistema.

Por 1ltimo, consideramos o seguinte problema com crescimento critico e um salto de
descontinuidade

(P,) —div(K ()Vu) = K (z) (Ah(:c) Y H(u— a)|u|2*—2u> in RV,

onde, a e X\ sao pardmetros positivos, h é uma funcao nao negativa e H é a funcao de

Heaviside definida por
0 if s<0,
H(S)'_{ 1if s> 0.

Obtemos para a > 0 suficientemente pequeno duas solucées nao negativas u;,? = 1,2 para
esta equacao. A primeira solucao u; é obtida usando uma versao do Teorema do Passo da
Montanha para funcionais nao diferenciaveis. A segunda solucao us foi encontrada através
de uma aplicacao local do Principio Variacional de Ekeland. Além disso, mostramos também
que os conjuntos de pontos z € R tais que u;(x) > a tém medida positiva e os conjuntos
de pontos x € R tais que u;(z) = a tém medida nula.



Abstract

In this work, we study the existence of solutions for a class of problems involving an operator
with rapidly growing weights and differents types of nonlinearities. First of all we study
the problem

(P) { —div(K(2)Vu) = a(z)K (2)[u|??u + K(z) f(u) in RY,

where N > 3, K(x) = exp(%), 1 < ¢ < 2and f is a continuous function with arbitrary
growth at infinity. Under some assumptions on the potential a, we make a suitable trunca-
tion on the nonlinearity f in such a way that we can apply Genus Theory with the truncated
problem and finally, using Moser iteration we show that each solution of truncated problem

is a solution of the original problem.
In the second part, we consider the system

—div(K (z)Vu) = K(2)Qu(u,v) + % K (2)Hy(u,v) in RY,

(5)
—div(K (z)Vv) = K(2)Qu(u,v) + 5 K (z)Hy(u,v) in RV,

where N > 3, K(x) = exp (\x|2/4) , @ and H are homogeneous functions of class C! with H
having critical growth. Using variational methods, we obtain the existence of a ground state
solution for this system. Furthermore, we also proved an existing result for a supercritical
growth version of this system.

Finally, we consider the following problem with critical growth and a jump of disconti-
nuity

(Pr) —div(K (z)Vu) = K (z) (/\h(:c) +H(u - a)\uP*—%) in RV,

where, a e A\ are positive parameters, h is a nonnegative function and H is a Heaviside
function defined by
0 if s <0,

H(S)‘:{ 1if 5> 0.

We obtain for ¢ > 0 sufficiently small two nonnegative solutions u;,7 = 1,2 for this equa-
tion. The first solution u; is obtained using a version of the Mountain Pass Theorem for
nonsmooth functionals. The second solution uy was obtained through a local application of
the Ekeland Variational Principle. In addition, we also show that the set of points zz € RY
such that u;(x) > a has positive measure and the set of points z € RV such that u;(z) = a
has zero measure.
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Introduction

In this work we are going to study equations involving an operator with rapidly growing
weights. That is, the operator that appears on the left-hand side of the problems we deal
with in this work, appears naturally when we look for solutions on the form

v(z,t) = tCN/ N2y (4471/2)
for the following parabolic equation
(P) v — Av = |v\(N4—2)v, RY x (0, +00).

According to [54], a function like v(¢, z) is called a self-similiar solution for (P). So, v is a
solution of (P) if, and only if, u is a solution of the problem

1 x
(PE) —Au — E(x -Vu) = u+ uf* "2u in RY,

1
2* -1
where 2* = 2N/(N —2) for N > 3 and 2* = 400 for N = 1 or N = 2. Haraux and
Weissler considered in [54] problem (PFE) in order to prove some nonuniqueness results for
the Cauchy problem associated to (P) in the case N = 1. Among other properties, the
solutions of (PE) have decay to zero exponentially at infinity (e.g., see [36] and [75]) and
give some information on the asymptotic behavior of (P) (e.g., see [54] and [74]).

As far as we now, the first variational approach for this class of problems was done by
Escobedo and Kavian in [36]. The artifice to start this variational approach is due to the
observation that the exponential-type weight K (z) verifies VK (z) = 1z K (z). In this way,
it was possible to write the equation in (PE) in the divergent form

(PE') —div(K(x)Vu) = K(z) < u+ |u|2*_2u> in RY,

2x — 1
in which the authors proved that the existence of positive solutions is related to the inter-
action of the parameter A with the first positive eigenvalue of the associated linear problem

—div(K (2)Vu) = AK (z)u in RY,

which is A\ = % To this end, they prove some compactness results for the embedding
H'(Ky) C L?*(Kjy) under suitable conditions on the weights K(6(x)) , where H!(Ky) is a
weighted Sobolev space with a weight of the form Ky(z) = exp(f(z)) with § € C?(RV,R,).
Furthermore, due to the similarity with the problem treated by Brezis and Nirenberg in [22],
an attempt would be to use the same method, but as no test function was known to
approximate the constant S(K), the idea was to compare S and S(K), where

G- inf f]RN |Vu|2 fRN Kg(m)|Vu\2

and S(Ky) = inf -
ueDL2(RN)\{0} (fRN | (Ko) 2*)2/2

2*)2/2* u€H1(Ky)\{0} (IRN K@(l‘)|u




Thus, they proved that, when N > 4 the equation (FK) has positive solution if, and only
if, A € (N/4,N/2). When N = 3 there exists a positive solution if, and only if, A € (1, N/2),
and there is no positive solution for A < N/4 and A > N/2.

This dichotomy observed by Escobedo and Kavian was later extended by Catrina, Fur-
tado and Montenegro in [25], where the authors considered the problem

1 *
—Au— Zale|* (@ V) = Mal*Put o P in RN (P)

where a > 2, and they observed an analogous dichotomy happens, dependind on the param-
eters o and A\. Moreover, they also showed a non-existence result similar to the one in [13]
relative to radial solutions of (P). Analogously to the results of Escobedo and Kavian, the
results obtained by Catrina, Furtado and Montenegro in [25] were established in terms of
the first eigenvalue

A(a) = %a(N -2+ ),

of the problem
—div(K (z)Vu) = AK (z)|z|*%u in RY,

where K (z) = exp(%). To calculate the first eigenvalue A\ («a), they considered the eigen-

function ¢y (z) = el**/4, The dichotomy obtained was as follows: If 2 < a < N — 2, then
the problem (P2) has a positive solution if, and only if, A € (A1(«)/2, A\ (@)); fa> N —2
and A € (a?/4,\1()) then the problem (P) has a positive solution; There is no positive
solution if A < A\j(a)/2 or A > Aq(«). So if a > 2 then the critical dimension depends on a.
Other papers with existence, multiplicity results of positive or nodal solution on this class
of problem can be seen in [37], [38], [40], [42], [45], [47], [48], [49], [50], [60], [64], [65] and
references therein.

In this thesis, we study a class of elliptic problems involving the same operator mentioned
above. This thesis has three chapters and two appendices. In each of the first three chapters
we study a different problem. To make it easier to read, each chapter has an introduction
where we repeat all the hypotheses about the problem studied in that chapter. We first
consider an equation involving a potential a and a nonlinearity with no growth restriction
at infinity. For this problem we obtain a result of multiplicity solution making use of genus
theory. In the second part of the work, we consider a system with critical or supercritical
growth and obtain a result of the existence of a nontrivial solution. In the final chapter, we
consider an equation with critical growth and a jump of discontinuity given by the presence
of a Heaviside function in the equation. For this problem we obtain a result of existence
and asymptotic behavior.

As mentioned earlier, we started our work by studying the existence of infinitely many
solutions for the equation

(P.) ~Au— (- Vu) = a(@)ul"u+ f(u),

where 1 < ¢ < 2, N > 3, a is a positive function and the function f : R — R has arbitrary
growth at infinity, that is, the function f is superlinear with no growth restriction and
can be allowed to be in the range subcritical, critical or supercritical. More precisely, the
nonlinearity f is assumed to be a C°(R) function satisfying:

(f1) There exists 6 > 0 such that f is odd for |s| < 4.
(f2) There exists 2 < p < 2* such that
f(s)

1m ——-
|s|—0 |s[P~1

=0.

10



(f3) The function @ is decreasing in [—4, 0] and increasing in [0, d].
Since our approach is variational, we need to rewrite the problem (F,) in its divergent
form

(P2) — div(K (2)Vu) = K (z)a()|ul"*u + K (2) f (u),
where K (x) = exp(%), and we also need to make one hypothesis on the function a so that
the functional associated to problem will be well-defined:

(a1) The function a is positive in RY and there exists o, € R such that a € LY (RY) N
L>=(RY) with

In this first part of the work, our main result is:

Theorem 1.1.1. Suppose that the function f satisfies (f1)—(f3) and the function a satisfies
(a1). Then there exists \* > 0 such that, if ||a||s, € (0,X*), problem (P) has infinitely many
weak solutions.

In the proof of this result, we apply variational methods. However, since we have no
control on the behavior of f at infinity, the associated functional to (P))

1 1
() = = / K(2)|Vul?de — / K(@)a(@)ul'de — | K(2)F(u)da,
2 Jrr q JrN RN
is not well defined in the entire space X, for which we will look for solutions and is defined
as the closure of C$°(RY) with respect to the norm

full = [ w@Ivu? dx)%.

In order to overcome this, we consider an auxiliary function g defined from f such that
g(s) = f(s) if s is small enough, and we consider the functional I of C! class given by

I(u) = % /R K(@)|VuPdr - ; /R K@a@ul'ds — [ K@)Glds

where G(s) = / g(t)dt. So, the idea is to get critical points w of I such that ||u|re is

small enough in Osuch a way that each solution of the modified problem was a solution to
the original problem. According to this space function X, the solutions found are forced to
have a rapid decay at infinity.

There is a vast literature concerning nonlinearities with arbitrary growth, for example,
see [24], [31], [53], [59] and [73].

Chapter 1 is devoted to the proof of Theorem 1.1.1 and is organized as follows. In order
to use variational methods, in Section 2 we define the proper spaces to address the problem
and we use an argument inspired by [33]. In Section 2 we show existence of infinitely many
critical points of the functional associated to problem (P.). In order to use Genus theory,
it was necessary to make another truncation. In Section 3 we prove the main result making
use of Moser’s iteration.

In Chapter 2 we study the existence of nontrivial solutions for some systems with critical
or supercritical growth. More precisely, we consider the systems

11



—Au — %az -Vu = Qu(u,v) + Q%Hu(uvv) in RY,

(S)
—Av — Lz Vo = Qu(u,v) + & Hy(u,v) in RV,

where N > 3, Q and H are functions of class C'' and

—Au— 32 Vu = Qu(u,v) + |u/T1"2u in RV,
(5C)
—Av— 1z Vv =Qu(u,v) +[v]T2"2v in RV,

where T; > 2% ¢ =1,2.
Setting R2 := [0, 00) x [0, 00), for any given ¢ > 1 we denote by H? the collection of all
functions F € C? (]R%_, R) satisfying the following properties.

(H{) F is g-homogeneous, that is,

F(As,\t) = \1F(u,v), foreach A >0 and (s,t) € R3.

(H{) There exists ¢; > 0 such that

|Fs(s,t)| + |Fi(s,t))] < 1 (sq_1 + tq_l) for each (s,t) € R%.

(H2) F(s,t) >0 for each s,t > 0.
(Hs) VF(1,0) = VF(0,1) = (0,0).
(Ha) Fs(s,t),Fi(s,t) >0 for each (s,t) € R?.
The hypotheses on the functions ) and H are the following:
(A1) H € H* and Q € HP for some 2 < p < 2%,
As) The 1-homogeneous function G : RZ — R given by G(s2",t*") := H(s,t) is concave.
+
A3) Q(s,t) > os7t8 for all (s,t) € RZ, with 7,8 > 1, v+ 8 =: p1 € (2,2*) and o satisfies
+

(i) 0 > 0 if either N >4, or N =3 and 2* — 2 < p; < 2%;
(ii) o is sufficiently large if N =3 and 2 < p; < 2* — 2.

(;13) There exists o* > 0 such that Q(s,t) > 0s7t? for all (s,t) € R2, v, > 1, v+ 3 =:
p1 € (2,2%), for all 0 > o* and o* to be fixed later.
In this second part of the work, our main results are:

Theorem 2.1.1. Assume that conditions (A1), (A2), (As) are hold. Then, system (S) has
a weak positive solution.

Theorem 2.1.2. Assume that conditions (A1), (As), (As) are hold. Then, system (SC)
has a weak positive solution.

12



The hypotheses (A1) — (A3) have already appeared in [32]. In that paper, de Morais
Filho and Souto [32] investigate the existence of solutions for the following system:

—Apu = Qu(u,v) + Hy(u,v) in Q,
(DM) —Apv = Qy(u,v) + Hy(u,v) in Q,
u=v=0on 01,

where A, denotes the p—Laplacian operator, p > 1 and §2 is a bounded domain in RN,
In [32] they showed that the number

/]Vu\pdx—i-/ |VolPdz
3 Q Q

Sy = inf

u,vGWolvp(Q)\{O} (/ H(u U)dx)p/p*
Q

plays an important role in the study of the system (DM ), where they obtained a relationship
between S, the best Sobolev constant, and Su using the hypothesis (Az) and guaranteed
that Sy does not depend on ().

As always, the biggest difficulty in dealing with nonlinearities with critical growth is
the lack of compact immersion. To get around this problem in (DM), the authors proved
a version of the Concentration and Compactness Lemma due to Lions [61, Lemma 1.2].

In the proof of our results about the systems () and (SC), we use variational methods.
Again, we use the fact that 2V K (z) = x K (x) to rewrite the systems in its divergence form,
so we look at systems

9

— div(K (2)Vu) = K(2)Qu(u,v) + 5= K (z)Hy(u,v) in RY,

()
— div(K (z)Vv) = K (2)Qu(u,v) + 5 K (z)H,(u,v) in RY,
and
—div(K (2)Vu) = K(2)Qy(u,v) + K(z)|u| 1~ 2u in RY,
(')

—div(K (2)Vv) = K(2)Qu(u,v) + K(z)|v|"2720v in RV,

with the same assumptions stated above, where K (x) = exp(|z|?/4).

Our arguments were strongly influenced by [25], [32] and [71]. It was necessary to adapt
some estimates found in [32] for the RV considering the weight function K, in order to
obtain a type of Brézis-Lieb lemma, as can be seen in Lemma 2.2.1. Also inspired by [32],
making strong use of hypothesis (As) we proved a kind of Hélder inequality involving the
function H and the weight function K, this is the content of Lemma 2.2.4. This Hélder
inequality together with the estimates found in [25] allowed us to obtain a relationship
between the constants S, Sk, Sk i and Sg.

In order to get around the lack of compactness, in [25] estimates are used involving
the Talenti’s functions type and the weight function K. As can be seen in Lemma 2.2.5
and Lemma 2.2.6, the estimates to get around the lack of compactness with the systems in
RN are more delicate. We completed the study that was done in [71] in the sense that we
are studying another class of systems considering the critical and supercritical cases. To
circumvent the lack of variational structure of the supercritical system, we use a truncation
argument. To recover the solution to the original problem, we used the study on a problem
in a bounded domain.

13



The Chapter 2 is organized as follows. Section 2 is devoted to variational framework
and some preliminary results for the critical case. In Section 3 we show the solution of the
critical case proving the second main result. In the Section 4 we study the supercritical
case and prove the third main result.

In the Chapter 3 we study the existence of nonegative solutions to a class of elliptic
problems with fast increasing weights and critical growth in RY. More precisely, we consider
the following problem

1 *
— Au — 5(3: -Vu)) = M(z) + H(u — a)|u|* "2u in RY, (3.1.1)
where 2* = 2N/(N —2), N >3, A >0, h : RN — R is a positive function such that

11
h € LY (RY) with Gt =1 (3.1.5)

and H is the Heaviside function, i.e,

0 if <0,
H(t)_{ 1if t> 0.

As in the studies of the previous problems, we use the fact noted by Escobedo and
Kavian that the exponential-type weight K (z) = exp(|z|?/4) verifies VK (z) = 32K (z), to
check that the problem ((3.1.1)) can be written as

— div(K (z)Vu) = K(x) ()\h(a:) +H(u— a)\u!2*72u> in RY, (3.1.2)

Thanks to the presence of the discontinuity caused by the Heaviside function in the
equation, the associated functional

I o(u) = %HUW - /]RN K(z)Fg(u) de — A x K(x)h(z)u dz,

is not C*(X,R) class. So, the presence of a discontinuity avoids the immediate application
of usual variational techniques. We also have the difficult of the lack of compactness due
to critical exponent and also due to the problem is on whole RY. Many authors have
treated problems with discontinuous non-linearity in different ways, in our work we will
use the techniques and results of Convex Analisys since the associated functional is locally
Lipschitz.

Our main result in Chapter 3 is:

Theorem 0.0.1. Assume that (3.1.5) holds. Then, there exists A\, > 0 and a. > 0 such
that for all X € (0,\.) and a € (0,as), problem (3.1.2) has two nonnegative solutions
u; = ui(a),i = 1,2, with the following properties:

(7

(ii

—div(K (2)Vu;) € LY (RN) with § + & = 1.
meas({u; = a} := {z € RN : u;(z) = a}) = 0.

)
)
(iii) meas({u; > a} := {x € RN :u;(x) > a}) > 0.
(iv)

IA,a(u2) <0< I)\,a(ul)y

14



where meas( . ) denotes the Lebesque measure. Moreover, if a, — 01 there exist two
functions v; € X,i = 1,2, such that, up to a subsequence, u;(a,) — v; in X, I o(v2) <0<
I o(v1) and vi,va are solutions of

—div(K (2)Vv) = K(z) (Ah(z) + |[v|* ~2v) a.e in RY,
veX,v>0 a.e in RN,

for all A € (0, \,).

Chapter 3 first introduce some basic results about Convex Analysis. Since we are
dealing with a problem involving critical growth in R, we need to work around the lack
of compactness problem. For this, we use the version of compactness and concentration
principle due to Lions involving the weight function K found in [46]. The first solution was
obtained using a version of the Mountain Pass Theorem for Locally Lipschitz functionals.
The second soluton was found using a version of Ekeland Variational Principle.

We would like to emphasize that the results obtained in Chapter 1 were published in
the journal Complex Variables and Elliptic Equations, and the results in Chapter 2 were
published in the journal Nonlinear Analysis: Real World Applications, 64(2022), 103431.
The results obtained in chapter three were also submitted for publication. Although the
problems studied here are connected via the operator, all chapters are independent and can
be read separately.

15



Chapter 1

Multiple solutions for an equation
with weights and nonlinearity with
arbitrary growth

1.1 Introduction

As already said, in this first chapter of the work we are interested in the existence of
solutions for the following equation

(P)) { —div(K (2)Vu) = a(2)K (z)|u|!"u + K (z)f(u) in RV,
where K (x) = exp (%), N >3 and 1 < ¢ < 2. The nonlinearity f has arbitrary growth at
infinity, that is, the function f is superlinear with no growth restriction and can be allowed

to be in the range subcritical, critical or supercritical. More precisely, the nonlinearity f is
a C1(R) function satisfying:

(f1) There exists 0 > 0 such that f is odd for |s| <.

(f2) There exists 2 < p < 2* such that

fls) _

js|—0 |s[P=1

(f3) The function 1) jg decreasing in [—9,0] and increasing in [0, J].

s
The function a is a positive function satisfying:

(a1) There exists o, € R such that a € L% (RY) N L®(RY) with

2
L g < (1.1.1)

Below, we set out the main result of this chapter.
Theorem 1.1.1. Suppose that the function f satisfies (f1)—(f3) and the function a satisfies

(a1). Then there exists \* > 0 such that, if ||a||,, € (0, \*), problem (P,) has infinitely many
weak solutions.
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We emphasize that the theorem holds independently of the growth of f at infinity. Some
typical examples of functions satisfying the conditions (f1) — (f3) are the following:

(1)

f(s) = |s|" s exp(s"),

(2)
fls) =1sI"s,

(3)

f(s) = IsI" s exp(s') + |s|" s

where p < r such that p satisfies the condition (f3) and ¢ > 1.

In the proof of the main result, we apply variational methods. However, since we have
no control on the behaviour of f at infinity, the associated functional to (P!) is not well
defined in the entire space X. In the literature, there are some papers with nonlinearities
with arbitrary growth. For example, in [73] the existence of infinitely many solutions were
obtained for some elliptic problems with Dirichlet boundary condition, Neumann boundary
condition and for an Hamiltonian system considering nonlinearities with behaviour sublinear
on the origin. The strategy consisted of modifying the nonlinearity, obtaining solutions with
small L°° norms in such a way that each solution of the modified problem was a solution
to the original problem. The version of [73] with the nonlinearity being able to change the
sign was considered in [53]. In [44] was studied Kirchhoff problem considering nonlinearities
with behaviour sublinear and linear on the origin using the strategy from [73].

Hamiltonian system also was studied with nonlinearities with arbitrary growth in [24],
[31] and [59].

On the other hand, equations with this class of weights have been studied extensively in
the literature. For example, the version of classical Brezis - Nirenberg problem was studied
in [25]. The version with critical concave-convex nonlinearities was studied in [45]. The
study in dimension two and nonlinearity with exponential growth was made in [39], [42]
and [43].

The present work is strongly influenced by the articles above. Below we list what we
believe that are the main contributions of our paper.

(1) Unlike [25], [39], [42], [43] and [45], we show existence of infinitely many solutions
with the nonlinearity with arbitrary growth.

(2) The truncation used here is different of the truncation used in [44], [53] and [73]. We
were influenced by arguments that can be found in [33].

(3) We complement the study that can be found in [44], because we consider the non-
linearity with behaviour superlinear on the origin. We were influenced by arguments
that can be found in [14].

This chapter is organized as follows. In Section 1.2, in order to be able to deal vari-
ationally, we use introduce some definitions and we use an argument inspired by [33]. In
Section 1.3 we show existence of infinitely many critical points of the functional associated
to problem (P)). In order to use Genus theory, it was necessary to make another truncation.
In Section 1.4 we prove the main result.
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1.2 Variational framework and a modified problem

We define the space X as the completion of the smooth functions with compact support
C(RN) with respect to the norm

Jul% = / K(2)|Val?da.
RN

As quoted in [45, Proposition 2.1], X is a Banach space and the weighted Lebesgue
spaces

L5 (RN := {u measurable in RY : ||u|$ := /N K(x)|ul’dz < oo}
R
are such that the embedding X — L3 (RY) are continuous for 2 < s < 2* := ]\%—sz and
compact for 2 < s < 2%,
A weak solution of problem (P) is a function u € X such that

K(x)VuVuvdx — K (2)a(x)|u|? *uvdr — K(z)f(u)vdzx =0,
RN RN RN

for all v € X and if K(z)f(u)vdx < oo.
RN

From the variational point of view, the equation in (P,) is the Euler - Lagrange equation
of the energy functional

/ K (2)|Vul2dz — / K(@)a(@)|ultds — [ K(x)F(u)dz,

RN
where F(s) = / f(t)dt. Note that the term / K(z)a(z)|u|?dx is finite because from
(1.1.1), we have 2 < ¢, < p < 2* and from (a;) we obtain

K(z)a(z)lul'dz < |lallo, [l

RN qIBq

where 3, is the conjugated exponent of o4, that is, (%q + ,Biq =1

However we have no control on the behaviour of f at infinity. Then the functional ® is
not well defined in the entire space X. In order to be able to deal variationally, we consider
the following auxiliary function:

(Js;(isi|8|p_2s if s < -4,
g(s) = f(s) if —d<s<y,
(J;p(fz |s|P=2s if s>,

where p was given in (f2).

Now we consider the functional I of C* class given by

/ K (2)|Vul|?dz — / K(x)a(x)|u|?dz — K(x)G(u)dz,
RN
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S
where G(s) = / g(t)dt. By some direct calculations, we get
0

I'(u)v = K(z)VuVvdr — K (2)a(x)|u|" *uvds — K(z)g(u)vdz,
RN RN RN

for all v € X. Note that if u € X N L®(RY) is a critical point of I such that ||u/|e. < 0,
then g(u) = f(u) and u is a weak solution of problem (P}).

1.3 Existence of infinitely many critical points of the func-
tional 1

The main result in this section is:

Theorem 1.3.1. Suppose that the function f satisfies (f1)—(f3) and the function a satisfies
(a1). Then there exists \* > 0 such that, if ||allo, € (0,\*), the functional I has infinitely
many critical points.

In order to use variational methods, we first derive some results related to the Palais-
Smale compactness condition.

A sequence (uy,) C X is a (PS). sequence for I if

I(up) — c and ||I'(uy)||x» — 0, asn— oo (1.3.1)
where
¢ := inf max I(nw(t)) >0
mel'te0,1]
and

= {reC(0,1],X): 7(0) = 0, I(x(1)) < 0}.

If (1.3.1) implies the existence of a subsequence (un;) C (u) which converges in X, we
say that I satisfies the Palais-Smale condition on the level c.

1.3.1 Technical results

The genus theory requires that the functional I is bounded from below. Since this is not
the case, it is necessary to define a new functional J which is bounded from below such
that a critical point of J is a critical point of I. The definiton of such functional J follows
by some ideas contained in [14].

From Sobolev embedding, we define the function h given by

1 [[all 1
2y .~ 2 Oq Baq _ P <
h(llull®) == 5 llul T [Jull 72 [ull” < I(u), (1.3.2)
Qﬂq p
where ) )
[[wll . [[wll

p = qB

uex\{0} [|ul|2 T wex\(o} [lullZ,,”

Hence, there exists 71 > 0 such that, if ||a|,, € (0,71), then h attains its positive

maximum. Let 0 < Ry < Ry be the only roots of h. We have that Ry = Ro(||alls,) and the
following result holds:
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Lemma 1.3.2. Using the definition of h in (1.3.2), we have
Ro(llalls,) = 0 as |lalls, — 0.
Proof. From h(Ro(||alls,)) = 0 and h/(Ro(||alls,)) > 0, we have

1

1 lalls
sRolllalle,) = =555 Rolllale,) ™ + — 5 Ro(llall s, )" (1.3.3)
aBq Pbop
and 1 py lal
allo _ —
2> % s s Ro(llalle,) P22 + WRO(HCLH%)@ D2, (1.34)
QBq p

for all ||a||,, € (0,71). Since p > 2, from (1.3.3) we conclude that Ro(|/al|s,) is bounded.

Suppose, by contradiction, that up to a subsequence, we get Ro(||a|,,) — a > 0 as
llallo, — 0. Then, passing to the limit as [|als, — 0 in (1.3.3) and (1.3.4), we obtain

1 1 _

5= pr/Qa(p 2)/2 (1.3.5)
and

% > 1})/204(1"—2)/2. (1.3.6)

Using (1.3.5) and (1.3.6) we derive a contradiction, because 2 < p. Therefore o = 0. O

We modify the functional I in the following way. Take ¢ € C*°(]0,+00)), 0 < ¢ < 1
such that ¢(t) = 1 if ¢ € [0,Ro] and ¢(t) = 0 if ¢t € [R1,+00). Now, we consider the
truncated functional

I =3 [ K@V dz - ; /R K@@l dz — o(Jul?) / K(@)G(u) d.

Note that J € C'(X,R) and, as in (1.3.2), J(u) > h(||u/|?), where

- 1 lallo 1
2y . 142 a 4Bqq 2 p
h(t?) = St Sqﬂq/Qt ) S”/Qt
QBq p

Let us remark that if ||u]|? < Ry, then J(u) = I(u). In the light of Proposition 3.4.5, it
seems to be useful proving that the set of critical points of J has genus greater than 2, in
order to obtain infinitely many critical points of J.

1 1
Note that if ||ul|*> > Ry, then J(u) = 2/ K (z)|Vul? dx — q/ K(z)a(z)|u|! dz,
N RN

which implies that J is coercive and hence bounded from below.

In the next lemma we show that J satisfy the Palais-Smale condition for any level c.

Lemma 1.3.3. For c € R, let (u,) C X be a bounded sequence such that
I(up) = ¢ and I'(u,) — 0.

Then, up to a subsequence, (uy) is strongly convergent in X.
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Proof. Note that, up to a subsequence, using the compactness result that can be found
in [45, Proposition 2.1], we have,
Up = u in X,

U, = u in L (RY),
U, — U a.ein RY

and
lup| <9 aein RY,

for some ¢ € L3 (RY) and 2 < s < 2*. Then, from Lebesgue’s Theorem, we obtain

K(z)a(z)|un|T2(u, — u)dz — 0

RN

and
K(x)g(up)(un —u)dx — 0.
RN
Then,
on(1) = K(2)VupV(up, — u)dz = HUNHQ - HuH2

RN

and the proof is over. ]

Lemma 1.3.4. If J(u) < 0, then ||ul> < Ry and J(v) = I(v), for all v in a small
neighborhood of w. Moreover, J verifies a local Palais-Smale condition for ¢ < 0.

Proof. Since h(||ul?) < J(u) < 0, then ||ul|* < Ry. By the definition of J, we have that
J(u) = I(u). Moreover, since J is continuous, we conclude that J(v) = I(v), for all
v € Bp,/2(0). Besides, if (uy,) is a sequence such that J(u,) — ¢ < 0 and J'(u,) — 0 as
n — oo, then for n sufficiently large I(uy,) = J(un) — ¢ < 0 and I'(up) = J'(up) — 0 as
n — oo. Since J is coercive, we get that (u,) is bounded in X. From Lemma 1.3.3, up to
a subsequence (u,) is strongly convergent in X. O

Now, we construct an appropriate minimax sequence of negative critical values.
Lemma 1.3.5. Given k € N, there exists ¢ = e(k) > 0 such that
v(J7) = k,
where J7¢ ={u e X : J(u) < —€}.

Proof. Consider k € N and let X} be a k-dimensional subspace of X and note that

( [ K@)l dx) ’

is a norm in Xj. Since in X} all norms are equivalent, there exists C'(k) > 0 such that

—CWll > = [ K@a(w)ul'ds.

for all u € Xj,.
We now use the inequality above to conclude that
C(k)

1 1, o
J(u) < Sllul® ~ et L <QIIUII2 B

Wl
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Considering R > 0 sufficiently small, there exists e = ¢(R) > 0 such that
J(u) < —e <0,

for all u € Sg = {u € Xy; |lu|| = R}. Since X}, and R¥ are isomorphic and Sg and S*~1 are
homeomorphic, we conclude from Corollary 3.4.2 that v(Sg) = v(S*~1) = k. Moreover,
once that Sp C J7¢ and J~¢ is symmetric and closed, we have

k=7(Sr) <~(J7°).

We define now, for each k € N, the sets
I'y={CcCcX:C isclosed,C = —-C and ~(C) > k},

K.={ueX:J(u)=0 and J(u) =c}
and the number
ck = Cléllfk 31612 J(u).

Lemma 1.3.6. Given k € N, the number ci is negative.

Proof. From Lemma 1.3.5, for each k& € N there exists ¢ > 0 such that y(J~¢) > k.
Moreover, 0 ¢ J=¢ and J~¢ € I';. On the other hand

sup J(u) < —e.

ueJ €
Hence,
—00 < ¢ = inf sup J(u) < sup J(u) < —e < 0.
Cely yeC ueJ €
O

The next Lemma allows us to prove the existence of critical points of J.

Lemma 1.3.7. If c =cy = cpy1 = ... = Cpyr for some r € N, then
v(K.) >r+1.

Proof. Since ¢ = ¢ = ¢p41 = ... = Cpyr < 0, from Lemma 1.3.3 and Lemma 1.3.6, we
get that K. is compact. Moreover, K. = —K,.. If y(K.) < r, there exists a closed and

symmetric set U with K. C U such that y(U) = v(K.) < r. Note that we can choose
U C JY because ¢ < 0. By the deformation lemma [17] we have an odd homeomorphism
n: X — X such that n(J*? — U) C J° for some § > 0 with 0 < § < —c. Thus,

Jet9 < JO and by definition of ¢ = Ck4r, there exists A € 'y, such that supJ < ¢+ 9,
u€eA

that is, A C Jt and
n(A—U) cn(J —U) cJ?. (1.3.7)

But y(A=0) > 7(4) ~(U) > k and A(n(A=T)) > y(A=0) > k. Then n(A~T) € L.
Then, by (1.3.7)

c=c < sup J(u)< sup J(u)<c—39,
uen(A-U) u€eJje—s

which is a contradiction. ]
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1.4 Proof of Theorem 1.1

Proof. If —oo < ¢; < ez < ... < ¢ < ... <0 with ¢; # ¢;, once each ¢y, is a critical value of
J, we obtain infinitely many critical points of J.
On the other hand, if ¢ = ¢4, for some k and r, then ¢ = ¢y = cp41 = ... = cx4r and
from Lemma 1.3.7, we have
Y(Ke) >r+1>2.

From Proposition 3.4.5, we conclude that K. has infinitely many points.

If ug € X is a critical point of J in level ¢, from Lemma 1.3.6 we conclude that ¢; < 0.
Using Lemma 1.3.4, ug € X is a critical point of I with |Jug|* < Ro.

Now it is sufficient to prove that there exists a positive constant C, independent on
llallo, such that

[[uolloo < Clluoll (1.4.1)

In this case, we can use Lemma 1.3.2 to conclude that, there exists a A* > 0 such that
llallo, € (0, A*), which implies

[uolloo <0,

where we conclude that uy € X is a weak solution of problem (P). Now we use the Moser
iteration technique in order to prove (1.4.1). In order to save the notation, from now on we
denote ug by u.

For each L > 0, we define u;, € H'(RY) by setting

ur(z) :== min{u(x), L}, Yp:= ui(ﬁ—l)u

with 8 > 1 to be determined later.

We would like to emphasize that we will consider in these calculations that u is non-
negative, because if u change the sign, we can consider the negative part of u in Y and
get the estimates for the positive part. After that, we consider the positive part of u in Ty,
and obtain the estimates for the negative part.

Now we define the function H(x,t) := a(x)t?~t +tP~1 for all t > 0. Since a € L>(R"),
we have that

=1, uniformly in z € RV,

t
lim H(x,t) =0 and lim Hlz, )
t—0 t—+o0 tP — 1

Then, there exists a positive contant C' such that

H(x,t) < CtP~ 1 (1.4.2)
Note that I'(u)Y = 0. Considering that

2(6-1) K(m)ui(ﬁfl)AVuVuLdaz >0,
RN

we obtain

K(a:)ui(ﬁfl)]vuﬁdx < / K(x)a(x)|u|q*2u2ui(f3*1) dx + K(x)g(u)uui(ﬂfl)d:c.
RN

RN RN
(1.4.3)
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By definition of g, we derive

K(x)uQL(ﬁ—l)’VuPda: < / K(x)a(ff)IU\qui(ﬁ_l) dr + K(x)upui(ﬁ_l)dx
RN

RN RN

= - K(x)’}—[(aj,u)uui(ﬂ_l)dm

Using the inequality (1.4.2) we conclude
/ K(m)ui(571)|Vu|2d:c <C K(x)upui(ﬁfl)d:c. (1.4.4)
RN RN

Let S be the best constant of the embedding X < L% (RY) and define @y, := w7
Since uy, < u, we have that

2
Saz2. g/ )K(x)v <uu’3_1)‘ da:g52/ K (2)u2 P |Vul2da.
RN RN
The last inequality and (1.4.4) provide
SlaLlz. < Cas? / K (@)ufu2P e, (1.4.5)
RN

for all g > 1.
The definition of 7%, imply that

SlfaLll2. < 04/32/ K (2)[ulP~2|iiy [2da. (1.4.6)
RN

. a1l . . 2% 2*
Using Holder’s inequality with =) and F=(p—2) We get

@*=(p=2)

« (r—2)/2" 22* TTeF
p<ow ([ x@hra) ([ Kemie ) |
R R
(1.4.7)

S|l

22* *
where 2 < o —(p-2) < 2%,

(p—2)/2" _ _
Note that / K(z)|ul? dx) = Jlul5? < SQTPHUHP*Q < SszRg_Q < 1, for
RN

llallo, sufficient small.
Then,

(2*—(p=2))
2*

N 22%
pas ([ K@) ,

Sz

where we conclude that

Sllur

5 < CsBPlucli?,

where ( = %.

Using ur, < |u|, we get

2/¢
S||ﬁL||i2*§C5ﬁ2</ |u\5<dx> .
RN
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From Fatou’s lemma in the variable L we obtain
1
lulls2+ < Cg'”BY®lullac,

whenever u%¢ € L} (RV).

We now set 3 := 2*/¢ > 1 and note that, since u € L% (RY), the above inequality holds
for this choice of 3. Moreover, since 32¢ = 32*, it follows that the inequality also holds
with 3 replaced by 32.

Hence,
1/82 2
ull g2a- < C3/P" BY5*||ul| g

By iterating this process and recalling that ¢ = 2%, we obtain, for k € N,
k ' k
287 N ip
[ullgea- < C7=1 Bi=1 lulla-.
Since 6 > 1 we can take the limit as k — oo to get
lulloe < Cylluller < CoS™2|lul| < CsS™ 2Ry < 5,

for ||a||,, sufficient small, which prove the main result. O
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Chapter 2

On a critical and a supercritical
system with fast increasing weights

2.1 Introduction

In this chapter we prove a result as in [25] for some systems with critical or supercritical
growth. More precisely we show the existence of nontrivial solutions to the systems

—div(K (z)Vu) = K(2)Qu(u,v) + & K (2)Hy(u,v) in RY,
(5)

—div(K (z)Vv) = K(2)Qu(u,v) + 5 K (z)Hy(u,v) in RY,
where N >3, K(z) = exp (|z|?/4) , Q and H are functions of class C' and

—div(K (2)Vu) = K (2)Qu(u,v) + K(z)u|T1 2y in RV,
(5¢)
—div(K (2)Vv) = K(2)Qy(u,v) + K(z)jv|T2720v in RV,

where T; > 2%, ¢+ =1,2.

Setting R2 := [0, 00) x [0, ), for any given ¢ > 1 we denote by H? the collection of all
functions F € C?(R%,R) satisfying the following properties.

(H{) F is g-homogeneous, that is,

F(\s,\t) = \1F(s,t), foreach A >0 and (s,t)€R2.

(H{) There exists ¢; > 0 such that

|Fy(s,t)| + | Fi(s, 1) < e1 (971 +t771) for each (s,t) € RY.

(Ha) F(s,t) > 0 for each s,t > 0.
(H3) VF(1,0) = VF(0,1) = (0,0).
(Ha) Fs(s,t),Fi(s,t) >0 for each (s,t) € R?.
The hypotheses on the functions Q and H are the following:

(A1) H € H? and Q € HP for some 2 < p < 2*.

*

(A2) The 1-homogeneous function G : R2 — R given by G(s*,¢¥") := H(s,t) is concave.
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(A3) Q(s.) > 5717 for all (s,1) € B, with 7,8 > 1, y + f = pr € (2,2") and o satisfies
(i) 0 > 0 if either N >4, or N =3 and 2* — 2 < p; < 2%;
(ii) o is sufficiently large if N =3 and 2 < p; < 2* — 2.

(A3) There exists o* > 0 such that Q(s,t) > os7t? for all (s,t) € RZ, v, 8> 1, v+ 8 =
p1 € (2,2%), for all 0 > o* and o* to be fixed later.

The main results are:

Theorem 2.1.1. Assume that conditions (A1), (As2), (As) are hold. Then, system (S’) has
a weak positive solution.

Theorem 2.1.2. Assume that conditions (A1), (Asz), (As) are hold. Then, system (SC')
has a weak positive solution.

The search for self-similar solutions for systems appeared in the first time in [71]. In that
paper, Yuan-wei Qi shows the existence of both slowly and fast decaying positive solutions
for the system

—Au— (z.Vu) = %u +vPin RY,

Q)

—Av — 3 (2.Vv) = %211 +v?in RY,
where k1, ks > 0 and p,q > 1. The asymptotic behaviour of positive solutions such system
also was studied by Yuan-wei Qi in [71].

The hypotheses (A1) — (A3) had already appeared in [32]. In that paper, de Morais
Filho and Souto [32] investigate the existence of solutions for the following system:

_Apu - Qu(ua U) + Hu(ua U) in €,
(DM) _ApU = Qv(ua ’U) + Hv(ua U) in Q,
u=v=0o0n 01,

where A, denotes the p—Laplacian operator, p > 1 and €2 is a bounded domain in RN,

Our arguments were strongly influenced by [25], [32] and [71]. Below we list what we
believe to be the main contributions of our paper.

1) In order to get around the lack of compactness, in [25] estimates are used involving
the Talenti’s functions type and the weight function K. As can be seen in Lemma
2.2.5 and Lemma 2.2.6, the estimates to get around the lack of compactness with the
systems in RV are more delicate.

i) We completed the study that was done in [71] in the sense that we are studying
another class of systems considering the critical and supercritical cases.

iii) It was necessary to adapt some estimates found in [32] for the RY considering the
weight function K, as can be seen in Lemma 2.2.1 and Lemma 2.2.4.

iv) To circumvent the lack of variational structure of the supercritical system, we use a
truncation argument. To recover the solution to the original problem, we used the
study on a problem in a bounded domain.
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Concerning the class of nonlinearities we are dealing, we have the following examples
from [32]. Let ¢ > 1 and

P,(s,t) = Z a;s®ithi,
ai+Bi=q
where ¢ € {1,...,k}, a;,8; > 1 and a; € R. The following functions and its possible
combinations, with appropriated choices of the coefficients a;, satisfy our hypothesis on @

Q1(s,1) = Py(s,1), Qa(s,t) = {/P(s,t) and Qs(s,t) = 218;37

with r = pl and l; — I = p. Condition (As) restricts the expression of the critical function
H. However, it can have the polynomial form H(s,t) = Pa«(s,t).

The chapter is organized as follows. In Section 2 is devoted to variational framework
and some preliminary results for the critical case. In Section 3 we show the solution of the
critical case proving the first main result. In the Section 4 we study the supercritical case
and prove the second main result.

2.2 Variational framework and some preliminary results for
the critical case

We define the space X as the completion of the smooth functions with compact support
C®(RN) with respect to the norm

Julfk = [ K@ITuPda,
RN
We are looking for solution on the space X x X with respect to the norm
I Cu 0)I* = [|ullf + o]k

As quoted in [45, Proposition 2.1], X is a Banach space and the weighted Lebesgue
spaces

L5 (RY) = {u mensurable in RY : Jull5x = / K(x)|ul*dz < oo}
RN

are such that the embedding X < L3 (RY) are continuous for 2 < s < 2* and compact for
2 <s< 2%

A pair (u,v) € X x X is a weak positive solution of system (S’) if u > 0 and v > 0 a.e.
in RY and

K(x)VuVe¢dr + K(x)VuoViydr = K (z)[pQu(u,v) + ¢¥Qy(u,v)]dz
RN RN RN
+ % K(z)[oHy(u,v) + Y H,(u,v)|dz,
RN

for all (¢,1) € X x X. With the same reasoning, we defined a weak positive solution for
the system with supercritical growth (SC”).

Since we are interested in positive solutions we extend the functions @) and H to the
whole R? by setting Q(u,v) = H(u,v) = 0if u < 0 or v < 0. We also note that for any
function F' € HY, we can use the homogeneity condition (HJ) to conclude that

qF (s,t) = sFs(s,t) + tF(s,t). (2.2.1)
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for any (s,t) € R2. Moreover, since {(s,t) € R? : |s|9 + [t|? = 1} is a compact set and F is
a continuous function on it, then there exists Mg > 0 such that

[F' (s, )] < Mp([s|” + [¢]7), (2.2.2)
where Mp = max{F(s,t) : s,t € R, |s|9+ |[t|]? = 1} and the maximum Mp is attained for
some (sp,tp) € R2.

The associated functional to system (S’) is given by

1 1
I(u,v) = 7”(“’7”)“2 - K(Q?)Q(u,’())d.f— % K(CL‘)H(U,’U)dQT,
2 RN 2* RN
is well defined for (u,v) € X x X. Thus,

I'(u,v)(¢, ) : K(z)VuVodr +

RN

. K(@)Qulu,0)ods = [ K(@)Qu(uo)vdo
/ K(x uvgbdw—/ K(x)Hy(u,v)dz.

Hence, critical points of I are weak solutions of (S”)

K(x)VuViydx
RN

Now we prove a version of Brezis-Lieb lemma for class of the system that we are studying

Lemma 2.2.1. Let (up,vy) be bounded sequence in X x X and u,v € X such that u,(z) —
u(z) and v, (z) — v(z) a.e in RN. Then

K(2)Q(up, vy)dx — K(x)Q(un — u,v, —v)dx =
RN RN RN
and

K(2)Q(u,v)dz + on(1).

K(x)H (up, vy,)dx —
RN

K(x)H (up — u, vy, —v)dz =
RN

K(x)H(u,v)dz + o,(1).
RN

Proof. Since Q is a g-homogeneous function, from (H{) and arguing as [32, Lemma 7], given
€ > 0 there exists C, such that

K(x)\Q(un,’un) - Q(un —U,Vp — "U)‘
< eK(x) (Jup — u|? 4+ vy — v]?) + C K (x) (Ju|? + |v]7). (2.2.3)
Now, for each € RY, let us define the function

hen () = max [K (2)|Q(un (@), vn(2)) — Q(u(@), v(z)) — Q(un(z) — u(@), vn(z) — v())]
eK (z) (|Jun(z) — u(x)|? + |vp(z) — v(2)|?),0]. (2.2.4)
Note that by hypothesis A, ,(z) — 0, a.e in RY. Now from (2.2.3) and (2.2.4), we obtain

|hen ()]

< K(2)Q(u,v) + CK () (Jul + |v]?).

Then, from Dominated Convergence Theorem we get

lim [ hendz=0.

n—0o0 ]RN
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From definition of A, there exists C' > 0 such that

K(x)Q(tup, vy)dz — K(x)Q(un — u,v, — v)dx — K(x)Q(u,v)dz
RN RN RN

lim sup
n—,oo

< limsup/ eK () (Jun(z) — u(x)|? + |vp () — v(2)]|?) de < eC
n—oo RN

and the result follows taking ¢ — 0*. The second convergence follows by using the same

argument and we omit it. O

In order to use variational methods, we first derive some results related to the Palais-
Smale compactness condition.
We say that a sequence (uy,v,) is a Palais-Smale sequence for the functional I at the
level d € R if
I(un,vn) = d and || I’ (un,vn)| — 0 in X x X.

If every Palais-Smale sequence of I has a strong convergent subsequence, then one says
that I satisfies the Palais-Smale condition ((PS) for short).

In the sequel, we prove that the functional I has the Mountain Pass Geometry. This
fact is proved in the next lemmas:

Lemma 2.2.2. Assume that condition (A1) is hold. Then, there exist positive numbers p

and o such that,
I(u,v) > a>0,Y(u,v) € X xX:|(u,v)] = p.

Proof. 1t follows from (A;) that there exists a positive constant ¢; > 0 such that

%*,K + HU”%*,K)'

1 1
I(u,v) = llulli + Sllvll% = ex(lluly x + v

C1
=9 ﬁ,K) - g(HU

Now, from Sobolev embedding, there is a positive constant C' > 0 such that
1 .
I(u,v) = 5| (uw, )" = Cll(w, 0) [P = Cli(w, v)]*".

Since 2 < p < 2%, the result follows by choosing p > 0 small enough. O

Lemma 2.2.3. Assume that condition (A1) is hold. Then, there exists (e1,e2) € X X X
with I(e1,e2) <0 and ||(e1,e2)]| > p.

Proof. Fix (ug,vp) € CRY) x C5°(RN) \ {(0,0)} with ug,vp > 0 in RY. From (A1), we
get

t2 2 ¥
I(t(uO,Uo)) = 5“(1«),1)0)” —t K(:B)Q(UO,U()) dr — or K((E)H(UQ,UQ) dz.
RN 2 RN

Since 2 < p < 2%, the result follows by considering (e; = tiug, e2 = t.vg) for some t, > 0
large enough. O

Using a version of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz [10],
without (PS) condition (see [76, Theorem p.12]), there exists a sequence (un,vn) C X x X
satisfying

I(tn,vn) — ¢ and I'(up,v,) — 0,

where

. = inf I(v()) > 0, 2.2.5
o = inf max (v(#)) (2.2.5)
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and
F:={yeC(0,1], X x X) : v(0) =0, I(v(1)) < 0}.

As in [32, Lemma 3|, we need a Holder type inequality involving the weight function K.

Lemma 2.2.4. Let H be a function in H? such that, the 1-homogeneous function G, defined

by
G(s?,t7) = H(s,t) for all s,t >0, is concave. (2.2.6)

Then the Holder type inequality holds:
[ K@H (@) < H(lulg . [o]o0) (2.2.7)
for all u,v € L% (RY), u,v > 0.

Proof. Firstly we will treat the case ¢ = 1. Let u,v € LL(RY), with u,v > 0. Thus,
Ku, Kv € LY(RY). Since H is 1-homogeneous, from [32, Proposition 4] we have that

x K(x)H(u,v)dx = o H(K(z)u, K(z)v)dz
H(|Kuly,[Kvl)

H([[ull1,x, 1v]l1,x)-

IN

To prove the general case, we use the case ¢ = 1 and the fact that the function G is
1-homogeneous. That is,

K(z)H(u,v)dz = K(2)G(ul,v?)dx
RN RN

= G(K(z)u?, K (z)v?)dz
RN
< G(IKufy, [Kvi|)

= Glllullgr lvlgx)

= H([[ullgx: [[v]lg,r)-

In the following, we will use the number S K.H> S K, Sg and Sy given by

K (2)|Vul|*dz + / K (z)|Vo|*dz
RN

o — . f RN
SK7H u,vel%\{O} 2/2x ’
< K(z)H (u, v)dx)
RN
K(z)|Vul*dzx
= . f RN
uex\(0) o\
RN
N / ]Vu\zdaﬁ—/ |Vo|?da
S = inf RY RY ,

uweX\{0} 2/2*
< H(u, v)dx)
RN

31



/ |Vul|*dx
S = inf RY

ueDL2(RN){0 .\ 2
( >{}(/ r dw)
RN

From now on, we consider the function &5, € D?(R") given by

(ON(N — 2))N=2)/4
(0 + o = y2) N

Ps5(x) = z,y e RV and > 0. (2.2.8)

In [70] we can see that every positive solution of

—Au = |u|* "2y in RY,
(Ps) u>0 in RV,
u € DY2(RN), N >3.

is as (2.2.8). Moreover, it satisfies
/ |V®;,|°de =S and / @5, |* do = 1. (2.2.9)
RN RN

By [32, Lemma 3], there exist s,,t, > 0 such that §H is attained by (s,®sy,toPs,y)-

Moreover, _
MgSyg =5, (2.2.10)
where My = max H(s, )% = H(so,t,)%?".
s24t2=1 _ _
In the next result let us prove a relation between Sg m, Sk and S.

Lemma 2.2.5. Assume that condition (Az) is hold. Then,
MySk.g =Sk = 5.

Proof. From the definition of My, we get

S t
1/2*° 1/2*
(152 + [E)Y2 (52 + [t12)

and homogeneity of H, we have
1 «
—H(s,t)* <|s|* + |t|%, for all 5,1 € R. (2.2.11)
Mpy

Moreover,
1 *
—H(s0,10)%/% = 2+ t2. (2.2.12)
My

Consider (w,) C X a minimizing sequence for Sk and the sequence (sowp, towyn) C X X X.

32



Thus, using (2.2.12) we have that

K(x)|V(sown)|2dx+/ K (2)|V (tow,)|*dz
RN RN

2/2*
< K (x)H (sown, town)daz)
RN

(2 +12) / K (2)|Veon 2 (2 +£2) / K (2)|Veon 2
RN RN

2/2* 2/2*
( K(z)w, H(so,to)dx> H(So,t0)2/2*< K(ﬂﬁ)wi*dx>
RN

RN

K (2)|Vwy|*da
]. RN

My o\
K(x)w;, dz
RN

Taking the limit on n in the last equality, we obtain

~ 1
S < —Sk.
K,H,MH K

To prove the reverse inequality, we use Lemma 2.2.4. Let (tn,v,) C X x X, be a minimizing
sequence for S, i. By definition of Sk we have

Sk ||wn, %K §/ K(a:)]Vunlzdx
9 RN

and
SkcllvnlZe s < / K (2)| Vo 2da
9 RN

which gives us
Sk (HunH%*K + an||%*K) < / K(:J;)|Vun|2dx —i—/ K(:c)|an|2dx.
RN RN

Using Lemma 2.2.4 and the inequality (2.2.11), we obtain

K(z)|Vuy,| dx+/ K (x)|Vv,)|*dx

2/2+
< un,vn)dx>
|

lunlBe s+ llonl3- x)

< . K(:U)H(un,vn)dm> 7

o Ul + ol )
= K

H([unllze e l[onll2ex) ¥
> —S
[ A4}{ K-

Taking the limit on n we have

~ 1
S > Sk.
K,H_MH K

The equality Sk = S can be seen in [25, section 4].
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Lemma 2.2.6. If the conditions (A1) — (A3) are hold, then 0 < ¢, < %gg/z, where ¢, was
defined in (2.4.3).

Proof. We adapt the arguments and some calculations perfomed in [50, Proposition 3.2].
We taking a smooth function ¢ € C°(R¥,[0,1]) satisfying ¢ = 1 in Br(0) and ¢ = 0
outside Bag(0). We consider the function

uc(z) = K ()" 2p(2)® o(z).
Setting @)

’UE($) = 7”116”2*,}(

we can use the definition of v, and (As) to get

1
I(tsove, ttove) = §||(tsov€, ttove)||? — . K(z)Q(tsove, ttove)dz
R
1 9, 2
- = K (x)H (tsove, ttove)dx < —(s5 + t2)||vell %
2* RN 2
¥ .
- Jtplsgtf/ K(z)lve|Ptde — — K(z)|ve|* H (s, to)dx
RN 2% RN
o2 2 t*
= Sk —om syl [ K@l de - S H(sut),
where (s,,t,) appeared in (2.2.10) and p; € (2,2*). Denoting the right size of the above
equality by he(t), as in [18, Lemma 3.5] we conclude that h(¢) has a unique critical point
te > 0 such that

he(te) = max he(t). (2.2.13)
Define
t2 >
ge(t) == 5(32 + ) ||vell% — o H(s0:10), >0, (2.2.14)
and notice that the maximum of g.(t) is attained at
2 . 42 1/(2*-2) 1/(2% -2
=gk = { ek L (2.215)

Since the function g, is increasing in (0, ), we can use the definition of k. to get

1 [ 2412 /2
v () - omsd [ K@lpas

From [50, pp.1043-1046], we have

he(te) <

vl % = S+ O(e), (2.2.16)

which implies

1 [ s2+t2 NP2 5
< [ ot _ otPlgY 1y, 9
he(te) < N <H(So,to)s + O(e)) ottt sl /RN K(x)|ve|Ptdx.  (2.2.17)
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From Lemma 2.2.5, we obtain
1 /-

he(te) < N (SK,H + O(e)) - Utplthﬁ/ K(x)|ve|P*dz.

If a,b > 0 and m > 1, then (a +b)™ < a™ + m(a + b)™ b. Therefore,

1 ~
hlte) < 5 S + O D2 oty [ K(@)lud
K RN

Moreover, we can obtain p > 0 such that t. > p for € small. Hence, it follows from the
above inequality that

1 - 1 P14P1
helte) < S gy + N2 (c ”pfv 252 / K (z)|v. |p1da:).

From [50, Proposition 3.2], we have that lim Ay / K(z)|ve[P*dx = 400, which

e—0+ €l
we concluded that, for € small enough

1 ~
Cx < sup I(tsove, ttove) < he(te) < —Sg/}?[.
>0 N

2.3 Proof of Theorem 2.1.1

Proof. From Lemmas 2.2.2, 2.2.3 and 2.2.6, there exists a sequence (up,v,) C X x X
verifying I(up,v,) = ¢« and I'(up,v,) — 0 with

1 ony2
O < C* < NSK,H

From (A;) we have

1
Cx +0on(1) = I(up,v,) — fI (U, Up ) (Un, Up)

=<§—pmwmmW+(—)/ K () H (0, 0,)

1 1

2 (5~ ];)Il(umvn)HQ’

which implies that the sequence (uy,v,) is bounded in X x X. Then there exists (u,v) €
X x X such that, and, up to a subsequence, (up,v,) — (u,v) in X x X. From [45,
Proposition 2.1], up to a subsequence, we have that (uy,v,) = (u,v) in L’I’((IR{N) X LZI)((RN).

Considering (wp, zn) = (un — u,v, — v) and using Lemma 2.2.1 we get (wp,2y) is a
(PS)q for I and I(wy, 2n) = I(un, vn) — I(u,v) + on(1).

Moreover, from weak convergence and [45, Proposition 2.1] again, we obtain I’ (u,v) = 0
and I'(wn, zn) = I'(up, vy) = 0,(1). Since

x K(2)Q(wn, zn)dz = o,(1), (2.3.1)

where conclude that

|(wn,, zn)] / K(z)H (wn, zn)dz + 0, (1).
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Then, there exists [ > 0 such that

| (wn, z0)||> = 1 and o K(x)H (wp, zn)dz — 1.

Suppose, by contradiction, that [ > 0 and note that by definition of §K7 H, we have that

[ > Sy/7. Then,

1
Cx + On(l) = I(Um Un) - ill(um Un)(“nv vn)
1
= I(wp,2n) — §Il(wn, Zn) (Wny 2n) + 0 (1)
1 1 1 ~
> [ K@ Hwn e+ on(1) = 1+ on(1) 2 18,
which is absurd. Hence, [ = 0, which implies that (u,,v,) — (u,v) in X x X. O

2.4 Supercritical case

To solve system (SC”), we first consider a truncated problem which involves only a sub-
critical Sobolev exponent. As in the case of critical growth, we will use the Mountain Pass
Theorem to show the existence of a positive solution for the truncated system. After that

we are going to show that any positive solution of truncated system is a positive solution
of system (SC").

2.4.1 Truncated problem

First of all, note that since Y; > 2* we cannot use directly variational techniques to study
system (SC’). Hence we construct a suitable truncation of on the nonlinearity in order to
use variational methods. This truncation was used in [26] in the escalar case and in [66] in
the system case. Consider the functions [; : R — R given by

0 ift<O0,
L) =< tT 1l ifo<t <1,
=l if e > 1,

¢
where 2 < p < 2* and i = 1,2. Considering £;(t) = / [;(s)ds, we have
0

1
(1) < P71 and £(t) < —tP (2.4.1)
p
and the truncated system

(SCT)

{—div(K(x)Vu) = K(2)Qu(u,v) + K(z)ly (u) in RY,
—div(K (2)Vv) = K(2)Qy(u,v) + K(x)la(v) in RY.

We recall that the weak solutions of (SCT') are the critical points of the functional

Jo(u,v) = 1H(u, v)|? - / K(2)Q(u,v)dx — K(z)L(u)dx — K(x)L9(v)dx
2 RN RN RN
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and

Jy' (u,v)(p, ) = . K(z)[VuVy + VoV dzx

- K(x) [Qu(u7 U)SO + Qv(U; UW] dx

RN
- [ K@ (g + byl ds
Moreover
1, 11 )
Jo(u,v) — ];JU (u,v)(u,v) > (2 — p) || (u, v)]] (2.4.2)

_ Note that the functional associated to system (SCT') depends on o due to the hypothesis
(A3).

2.4.2 The existence result for the truncated system

Theorem 2.4.1. Assume that conditions (A1), (As), (A3) are hold. Then, system (SCT)
has a weak positive solution.

Proof. Arguing as Lemma 2.2.2, there exist positive numbers p and « such that,

Jo(u,v) > a > 0,Y(u,v) € X x X :||(u,v)|| = p.
Now since 2 < p < 2, arguing as Lemma 2.2.3, there exists (e1,e3) € X x X with
Jo(e1,e2) <0 and ||(e1,e2)]| > p.

Using a version of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz [10],
without (PS) condition (see [76, Theorem p.12]), there exists a sequence (up,v,) C X x X
satisfying

Jo(tp,vn) = ¢ and  Jy (up,v,) — 0,

where

o = inf Jy(7(t)) > 0, 2.4.3
¢r = Inf max (v(t)) (2.4.3)

and
I''={yeC(0,1],X x X) :v(0) =0, J,(v(1)) < 0}.

Since the embedding X < L% (RY) are continuous for 2 < s < 2* and compact for
2 < s < 2* [45, Proposition 2.1], we can use well-known arguments to prove that there is
(u,v) € X x X such that J,(u,v) = ¢, and J,'(u,v) = 0. O

Let us now consider the following problem

{ —Aw = [w[P' 2w in Q,

w e HY(Q), (Fa)

where p; is the constant which appears in the hypothesis (113) It is well-known that
using the Mountain Pass Theorem [10], problem (Pq) has a nontrivial solution w € H{ ()
satisfying

JolByy oy = [ o da. (2.4.)
Q

This information will be used to obtain an estimate for ¢, and it will be crucial to show
the existence of a solution for the supercritical system.
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Lemma 2.4.2. lim ¢, =0.
o—+00

Proof. Note that, by definition of ¢,, (2.4.4) and (As), we have

A

e < maxJ,(tw) < max [tQ/K |Vw\2dx—/K tw,tw)dx]
>0 >0

< max [*Ky — Knot? ] ol o)
p1/(p1—2)
= L [(2)2/(1)12) _ (2)1)1/(1012)]
(K o)2/(P1=2) P ’

where Ky = max K(z) and K,,, = mln K (x). Since 2 < p1, we have that [( )2/(p1=2) _ (p?l ypr/(1=2)| >
re xeQ)

0 and the prove is over. ]

2.4.3 Proof of Theorem 2.1.2

Let (u,v) be a solution of (SCT), by definition of @ and £; we can assume without loss of
generality, that u,v > 0. It is sufficient to show that |u|oc < I and |v|ee < M.

For each L > 1 we can define

~J u(z), ifu(x) <L
uL(z) = { L, ifu(x)>L

and (@) )
~J u(z), ifu(x) <L
vi(z) = { L, ifu(z)>L "
Consider wy = uui(ﬁ_l) and wy = vviw—l), where 8 > 1 is a constant to be determined

later. Taking (w1,0) as a test function, we obtain

K(x)VuVwider = K(x) [Qu(u,v)widr + 1y (u)w; ] dz.
RN RN

Since
K(x )uuL( Dy, vu = / K (z)u®P=Y|vul? > 0,
RN L

it follows that

K(2)u2 P |vuf? < / K(z [Qu(u Vyut P Ve + 4 (P de. (2.4.5)
RN
Note that 0u(5.1)
. s\S, - . i
slig)lo o1 = llg(l) Qs(s,t) =0 (2.4.6)

where c; is the constant that appeared in (H#{). Combining (2.4.6), the definition of uy, and
(2.4.1) with (2.4.5), we conclude that there exists M; > 0 suchat

K(2) 2P D\ Vulde < (My +1) | K(z)uPu2? Dz, (2.4.7)
RN RN
On the other hand, consider uy, = uug_l. Since uy, < u, we have

SK||uL||2*K</ K@) (i) [Pdr <52/ K (2)u2 PV |V u|2da.
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Then, using (2.4.7) we obtain

3*71{ < 2 (M; +1) x K(x)upu%(ﬁ_l)da;

Skllur
_ B (M +1) / K (22, 2da.
RN

Now, applying the Holder inequality with exponents —* and %, we get

2" —(p—2)
2F

Skllar3

T 52(M1+1 HuH2 </ K(x IuL|2*—<P 2)>

From continuous embedding from X x X into L% (RY) x L2 (RY) and (2.4.2) we have

2% —(p—2)

~ 2pc 2%
SwlclBese < 52<M1+1>( pa) </ K(o)a, 75 2>> |

where we conclude that

p72
-~ 2pcs
Silulf e < 82 0n + 1) (299) 7
with ¢ = m Using uy, < |ul, we have
R 2, 2/¢
Srclarl3- x < B (M1+1)< P ) (/ K(zx ]u\ﬁcda:> .

By Fatou’s Lemma in the variable L we obtain

P—

2pcy '\ 2
Sl < 82 o+ 1) (229 "z
which implies
p 1
1/8 | g-1 2pcq v
[ullgas,xc < B | Sk (M1 +1) - l[ullge k-

We now taking § = 2*/¢ > 1, and note that, since u,v € L%; (RM), the above inequality
is holds for this choice of 8. Moreover, since 2¢ = 2%, it follows that the inequality also
holds with /3 replaced by 2.

Hence,

27 352
9 3 2pCO' oo% | 28
lullgaric < (837 [SK1<M1+1> (22) ] lallozc1c

By iterating this process and recalling that 8¢ = 2%, we obtain, for k € N,

k  ip—i _ 2pce,
ol geae e < 587 | S22 (0 4+ 1) (pp )

5 w2 1

P]Z 16l
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Note that since K(z) > 1 for all z € RY, 3 > 1, from continuous embedding from
X x X into LZ(RY) x L%(RY) and (2.4.2), we have we can take the limit as k — oo to

get
p—2702 1/2
_ 2pcy \ 2%F 2pc,
< BT St (My+1 z
fulle < 8 [SK< e e )

where
o0

o= Ziﬁ_i o = Zﬁ_i-
=1

i=1
Choosing o* sufficient large and fixing ¢* < o, we have |ull.c < 1. Repeating the

same reasoning with the test function (0,ws2), we have [|v|loc < 1 and, in this case, if
(u,v) € X x X is a positive solution of system (SCT), then it is a solution of system (SC").
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Chapter 3

Existence of positive solutions for a
class of elliptic problems with fast
increasing and critical exponent
and discontinuous nonlinearity

3.1 Introduction

In this chapter we are looking for positive solutions to a problem with nonlinearity discon-
tinuous. To be specific, we are looking positive solutions for the following class of problems

— Au-— %(ac -Vu) = M(z) + H(u — a)|u[* 2u in RY, (3.1.1)

where a > 0, N > 3, 2% is the critical Sobolev exponent (i.e. 2* := 2N/(N —2)), h: RN — R
is a nonnegative function and H is the Heaviside function, defined as

0 if s<0,
H(S)‘_{ 1if 5> 0.

Since many obstacle problems and free boundary problems (that appear in certain
physical situations) may be reduced to partial differential equations with discontinuous
nonlinearities, in recent decades, the study of existence, nonexistence and multiplicity of
solutions for problems with discontinuous nonlinearity has attracted the interest of several
researchers, see [8,9,11,15,16,18,19,27-30,38,51,58,67,70] and the references therein. For
more recent papers, see [5—7,34,68,72]. Moreover, some physical problems are related to
discontinuous surface

To(u) = {o € RYu(z) = a}
which causes difficulties in analyzing this kind of problems, as can be seen in [8] and [12].

On the operator, we would like to emphasize that, as observed by Escobedo and Kavian
in [36], problem

1
—Au — 5(3: -Vu) = \u+ [uP"%u in RY,
with 2 < p < 2* naturally appears when we deal with the nonlinear heat equation

u — Au = |ulP"2u in (0,00) x RY,
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and look for solutions with the special form uy(t, z) = t*u(t~*/%z), for A = 1/(p — 1). We
quote the works [13], [21], [25], [46] , [54], [62], [63] and references therein for information
about existence, nonexistence, decay rate and many other aspects concerning this subject.

Since the exponential-type weight K (z) = exp(|z|?/4) verifies VK (z) = 32K (z), prob-

lem (3.1.1) can be written as

— div(K (z)Vu) = K (z) ()\h(x) +H(u — a)yuP*—?u) in RY. (3.1.2)

We are looking for solution of (3.1.2) on the space X defined as the completion of the
smooth functions with compact support C2°(R™) with respect to the norm

|ul|* = / K(2)|Vul|?dz; v € X. (3.1.3)
RN
As quoted in [45, Proposition 2.1], X is a Banach space and the weighted Lebesgue spaces
L5(RYN) = {u measurable in RY : ull%,s == /N K(x)|ul’dz < oo}
R

are such that the embedding X < L3 (RY) are continuous for 2 < s < 2* := % and
compact for 2 < s < 2%,

Since the nonlinearity in (3.1.2) is discontinuous, we will consider the following notion
of solution to (3.1.2) inspired by Chang in [27] and [28]. A function u € X is a solution of
(3.1.2) if

— div(K (z)Vu) — AK(z)h(x) € K(a:)fH(u) a.e in RY, (3.1.4)

where fH is a multi-valued function
{0} if s < a,

fAH(S) =< {71} if s > a,
[0,a* 1] ifs=a.

We emphasize that the solutions of (3.1.2) are critical points of locally Lipschitz func-
tional Iy , : X — R given by

I o(u) = K(2)|Vu|*dz — / K(x)Fa(u)dz — A K(z)h(x)udz.
RN RN RN
Throughout the paper, we will assume A is a nonnegative function which satisfies
1 1
h e LY (RY) with gt o =1 and h#0. (3.1.5)

The main result is:

Theorem 3.1.1. Assume that (3.1.5) holds. Then, there exists A\, > 0 and a. > 0 such
that for all X € (0,\s) and a € (0,a.), problem (3.1.2) has two nonnegative solutions
u; = ui(a),i = 1,2, with the following properties:

(i) —div(K(x)Vuy;) € L (RY).
(i1) meas({u; = a} := {x € RN : u;(z) = a}) = 0.

(iii) meas({u; > a} := {x € RN 1 u;(x) > a}) > 0.
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(iv) I)\ya(’l,LQ) <0< IA7a(u1),

where meas(-) denote the Lebesque measure. Moreover, if a, — 01 there exist two functions
v; € X,1=1,2, such that, up to a subsequence, u;(a,) = v; in X, Iyo(v2) <0 < I)o(v1)
and v1,ve are solutions of

{ —div(K (2)Vv) = K(z) (A(2) + [v[* "?v)  a.ein RY, (3.1.6)

veX,v>0 a.e in RV,

for all X € (0, \y).

Remark 1. The item (ii) of Theorem 3.1.1 is very important because it ensures that the
following equality is true

—div(K (x)Vu;) = K(x) ()\h(az) + H(u; — a)|ui|2*_2ui> a.e in RY.

Item (iii) implies that each u; is different from of solution of the equation —div(K (x)Vu) =
MK (z)h(z) in RV,

Our arguments were strongly influenced by [2], [3], [4] and [34]. In [2], using convex analysis,
the authors establish the existence of at least two nonnegative solutions for the quasilinear
problem

_ _ . p*72 . N
{ Apu = An(z) + H(u —a)[ul”"?u aein RY, (3.1.7)

u€ WHRN) u>0 a.e in RV,
where A, is the p-Laplacian operator and h is a positive function.

The authors in [3] study the existence and multiplicity of positive solutions for a class
of semilinear elliptic problems of second order, posed in all of RY, where the nonlinearity
is discontinuous and of the form Ah(z)H(u — a)ud 4 |ul? ~2u.

Assuming that f is a discontinuous function with exponential critical growth, in [4],
the authors have applied variational methods for locally Lipschitz functional to get two

solutions for
—Au = ¢eh(z) + H(u — a)f(u) a.ein R%
uwe HY(RN),u>0 a.e in R?,

where € is a positive small parameter. The version of problem (3.1.7) with fractional
Laplacian was studied in [34].

Below we list what we believe that are the main contributions of our paper.

1) The arguments involved in the study of the problem (3.1.2) are not standard ones:
First of all because we are working with the exponential-type weight K (z) = exp(|z|?/4),
which causes some difficulties, as can be seen in Lemma 3.1, Lemma 3.3 and Lemma
3.4.

2) In [2], [3] and [4] the asymptotic behavior of the solutions found was not studied. Fur-
thermore, in order to carry out this study of asymptotic behavior, some independent
estimates of the parameter a were necessary.

3) We study the asymptotic behavior of the solutions w; = u;(a), ¢ = 1,2, when the
parameter a goes to 0, which, in general, it is not studied in problems of this nature.
This study requires delicate uniform estimates of the parameter a to prove that (u; )
is bounded and that the weak limit is nontrivial.
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4) Since we have the presence of the function H(u — a), we are not able to use Varia-
tional Methods for C' functionals. For this reason, we use Variational Methods for
nondifferentiable functionals, motivated by the works of Chang [27], [28], [29], [30]
and [52], see Section 2.

This chapter is organized as follows. In Section 2 we remember some results from
Convex Analysis. Some estimates on the minimax level is given in Section 3. The proof of
the main result is in Section 4.

3.2 Basic results from convex analysis

In this section, for the reader’s convenience, we recall some definitions and basic results
on the critical point theory of locally Lipschitz continuous functionals as developed by
Chang [28], Clarke [29,30] and Grossinho and Tersian [52].

Let E be a real Banach space. A functional I : E — R is locally Lipschitz continuous,
I € Lipioe(E,R) for short, if given u € E there is an open neighborhood V :=V,, C E and
some constant M = My, > 0 such that

| I(03) — I(w1) |< Mo — ], v €V, i = 1,2
The directional derivative of I at w in the direction of v € E is defined by

I h -1 h
I°(u;v) = limsup (uthtov) = I{u+t )
h—0, ¢l0 o

Hence I°(u;.) is continuous, convex and its subdifferential at z € X is given by
IP(uyz) = {p € B 1w v) > I°(us 2) + (p,0 — 2), v e X},

where (.,.) is the duality pairing between E* and X. The generalized gradient of I at u is
the set
OI(u) = {p € E*; (u,v) < I’(u;v), v e E}.

Since 1°(u;0) = 0, 01(u) is the subdifferential of I°(u;0). A few definitions and properties
will be recalled below.

0I(u) C E* is convex, non-empty and weak*-compact,

mp(u) =min{ || p ||g+;p € 0I(u)}, (3.2.1)

and
OI(u) ={I'(w)}, if I € C'(E,R).

A critical point of I is an element ug € E such that 0 € 9I(ug) and a critical value of I
is a real number ¢ such that I(ug) = ¢ for some critical point uy € E.
A sequence (uy,) C E is called Palais-Smale sequence at level ¢ (PS), if

I(uy,) = ¢ and mr(uy,) — 0.

A functional I satisfies the (PS). condition if any Palais-Smale sequence at nivel ¢ has
a convergent subsequence.
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Proposition 3.2.1. (See [29, 50, 52]) Let I,,Is : E — R be locally Lipschitz functions,
then:

(1) I1 + Iy € Lipioc(E,R) and (11 + I2)(u) C 011 (u) + 0Ix(u), for allu € E.
(13) O(AL1)(u) = AOI1(u) for each A € Ryu € E.

(7i1) Suppose that for each point v in a neighborhood of u, I; admits a Gateaux derivative
I{(v) and that I : E — E* is continuous, then 0I1(u) = {I](u)}.

Theorem 3.2.2. (See [29, 30,52]) Let E be a Banach space and let I € Lip;.(E,R) with
1(0) = 0. Suppose there are numbers a,r > 0 and e € E, such that

(1) I(u) >, forall we€ E;|u|=mr
(i1) I(e) <0 and |le| > r.
Let

c= ;Iélﬁ trél[a)f} I(v(t)) and T'={y € C([0,1],X) : v(0) =0 and y(1) = e}. (3.2.2)

Then ¢ > « and there is a sequence (u,) C X satisfying
I(up) — ¢ and my(u,) — 0.
If, in addition, I satisfies the (PS)c-condition, then c is a critical value of I.
Theorem 3.2.3. (Riesz representation theorem) Let ® be a bounded linear functional on

Lh(RN), 1 < r < co. Then, there is a unique function u € L%(RN) with % + % =1, such
that

(®,¢) = /]RN K (x)updz, for all ¢ € L (RY).

Moreover, [|®||Lr wny: = lullk,r, where (L5 (RN))* ds the dual space of Lt (RN) and
Il s given in (3.1.3).

Proof. Consider T : L. (RN) — (L} (RN))* be the operator given by
(Tu, ) = / K (z)updz,
RN
by the Holder inequality, it follows that
1 1
(Tug) = || K@k} pds

< Jullgrllollgy, forall ue L (RY),p € Li(RY).

Hence, arguing as in the proof of [20, Theorem 4.11], for the case K (z) = 1, we conclude
that ”TUH(L;;(RN))* = ||ul| g for all u € L5 (RY) and T is surjective.
O

For the next lemma we need of the following definitions: Let iH’?H : R — R be the
functions N-mensurable, see [28], defined by

Fyq(0) = limess infy_ s fra(s) and  Fr(t) = lmess supy s fra(s).

Using the Theorem 3.2.3 and arguing as in Chang [28], we obtain the following version
of the [28, Theorems 2.1 and 2.2] and your proof will be omitted.
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Lemma 3.2.4. The functional g : L% (RY) — R given by

Ppy(u) = o K(z)Fg(u)dz, (3.2.3)

where Fy(t) / fr(s)ds and fr(s) = H(s —a)s* 1, satisfies:

_2*
(i) ®g € Lipioe(L% LRN),R) and for every p* € d® g(u) there exists p € Ly, " (RY) such
that p € [f y(u), fu(u)] a.e in RN and

(p*, p)= /RN K(z)ppdz, for all ¢ € Li (RY).

(ii) If (I)H‘X is the restriction to X of ®g, then 8(<I)H‘X)(u) = 0®g(u), for allu € X.

Remark 2. By definition of fu, it is clear that f .(s) = fu(s) =0 for all s <a, f .(s) =
fu(s) = f(s) for all s > a and fu(s) = 0,fu(s) = f(a) for s = a. Then, defining
Fu(s) = [f (), F(s)), we have

~ {0} if s < a,
fa(s) =< {s¥ 1} ifs>a,

0,671 ifs=a.

Now, let us consider the energy functional I) , : X — R defined as follows:
1
Doa(u) = = ||ul|* - / K(x)Fu(u)dz — A K(x)h(z)udz, (3.2.4)
2 RN RN
for a > 0. We observe that for the case a = 0, the functional I o is given by
Do) = 5l = 5 [ K@@ de=x [ K@h(uds
RN

where ut = max{u, 0}. It is clear that, different of the case a > 0, the functional I, o is of
class C1(X,R).

Lemma 3.2.5. For each a > 0, the functional Iy, € Lip;,.(X,R) and critical points of
I, are solutions of (3.1.2) in the sense of (3.1.4).

Proof. In fact, note that by (ii) of Lemma 3.2.4 we can write Iy o(u) = ¥ (u) — @y (u) with
U e CYHX,R) and @y € Lipi,.(X,R), where

Q) = 3 ul? - /K 2)uds

and @y is given in (3.2.3). Hence, by Proposition 3.2.1, we have Iy, € Lipj.(X,R) and
0 q(u) C{Q'(u)} — 0Py (u), for all u € X.
Therefore, if u € X is a critical point of I , there exists p € L% (RY) such that

K(x)VuVpdr = X K(x)h(z)pdx + K(x)ppdz, forall o € X, (3.2.5)
RN RN RN
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where p € 0®(u). From Remark 2, we have p € J/‘\H(u) with

{0} if u < a,
Faw) =3 (w1} ifu>a, (3.2.6)

0,671 ifu=a.

Taking ¢ = u~ := min{u,0} as a test function in (3.2.5) and using (3.2.6), we get
[u=|| <0, then u=u" >0 a.e in RY. From (3.2.5), we have

—div(K(x)Vu) = L1 + Ly in X7,

where L1, Lo : X — R are linear functionals given by

Li(v) = A K(x)h(z)v dx and La(v) = K(x)pv dx.
RN RN

Since L1, Loy € (L%(RN)* C X*, by Riesz’s Theorem, see Theorem 3.2.3, we have L1, Ly €

L9 (RY) and so
— div(K (z)Vu) € L (RN). (3.2.7)

Since (3.2.5) holds, then
—div(K (2)Vu) = AK (z)h + K(z)p a.e. in RY
which implies that
—div(K (x)Vu) — AK(z)h(z) = K(x)p € K(x)f(u) a.e. in RV,

This conclude that u is a solution of (3.1.2) in the sense of (3.1.4).

3.3 Preliminary results

The next result says that the functional I , satisfies the Palais-Smale condition at any level
c smaller than a certain threshold related to the best critical Sobolev constant Sk of the
injection X — L%; (RN). More precisely, Sk is defined by

/ K (2)|Vul*dx
RN

K = inf

>0, (3.3.1)
ueX\{0} (

2/2°
K(z)|ul? da:)
RN

see [25, Section 4] for more details.

Lemma 3.3.1. I, , satisfies the (PS). condition for each X\,a > 0 and
1
< Nsﬁ” e ANET, (3.3.2)

where cx = cx (N, 0,||h||Kk.0) is a positive constant that will be fized later.
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Proof. Let (u,) C X be a (PS). sequence for Iy 4, that is,
Ina(up) —c and  my,  (un) — 0.
From (3.2.1) and Lemma 3.2.4, there exists (wy,) C 0I) 4(uy) such that
[[wn |« = mIA’a(Un) =op(l) and w,= ' (un) = pn,

where p, € 0Pg(uy,). Then,

1
c+ 1+ [Junll = Ixa(un) — 55 (Wnsun) + on(1)

2
= Inalia) = g (W) = ) + 00 (1)
(3.3.3)
= <; _ 21*> | + <21* - 1) A - K(x)h(z)updz

+ /RN K () <21*pnun - FH(un)> dz + 0,(1).

Note that by Lemma 3.2.4 and Remark 2,

1
/ K(z) <pnun - FH(un)> do = — K(x)ppdz > 0. (3.3.4)
RN 2% 2% {unza}

Moreover, by (3.1.5), Holder inequality and the embedding properties of the space X,
we have

1
%

A K(z)h(z)udz < X < . K(:v)h(a:)%x)é </sz K(x)|u\2*d:c>

RN (3.3.5)

_1
< ASE Pk pllull, for all u € X,

where Sk is given in (3.3.1).
Hence, by (3.3.3), (3.3.4) and (3.3.5), we obtain a constant C; > 0 such that

ACq

1
=l g ollun]l + e+ 1+ [lun|l > < [lun® + 0n(1),
0 N

which implies that the sequence (u,,) is bounded in X. Using [45, Proposition 2.1], passing
to a subsequence if necessary, we obtain

Uy —u in X, u, > u in L5(RY)
K(z)u,(z) = K(z)u(z) a.ein RV (3.3.6)
lun(z)| < @(x) for some ¢ € L5 (RY), s € [2,2%).

Since X — H'(RY) — D%2(RY) we can argue along the same lines of the proof the
classical concentration-compactness principle due to Lions [61, Lemma 1.1], to obtain J an
at most countable index set, sequences (u1;), (v;) C [0, +00) and (z;) € RY such that

n = K(x)|[Vun)?> = p and v, := K(z)|up|> — v (3.3.7)
in weak*-sense of measure, with

p> K@) Vul + Y pide;, v=K@)ul* +> b, (3.3.8)
jeJ jedJ
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and SKVJZ/Q* < pj for all j € J, where 4, is the Dirac mass at ;.
We claim that J = (). Arguing by contradiction that J # ), we fixe i € J. Considering
¢ € C3°(RY,[0,1]) such that

1, it e Bi0),
o(z) =10, if e RN\ By(0),
V| <2

and we define ¢, () = ¢ (2=2) , where r > 0. Hence, V¢, () = 1V¢ (%=%), which implies

r

that the sequence (¢,u,) is bounded in X, hence o0,(1) = (wy, ¢ru,), that is,
on(1) = K(x)Vu,V(¢rup)dx — )\/ K(x)h(z)prupdr — / K(x)pporupdz
RN RN RN

= K(2)unVu,Vo,dr + / K(2)|Vu,|*¢rdx (3.3.9)
RN RN

—A K(z)h(x)prupdx — K(z)pnorupdx.
RN RN

Since supp(¢,) is contained in B, (x;), by Holder’s inequality and the boundedness of

(uyn), we get
1/2 1/2
2 2 9
< ([ x@Fupa) ([ K@l Pee? )

1/2
<M </ K (2)|ul2|Vé, ? d:v) +on(1),
RN

K(z)upVu,Vo, dx
RN

and taking the change variable x = ry + x;, we obtain

r

1/2 1/2
M </ K (2)[ul|Vr|? dw) =— (/ K(ry + x)u(ry + z;)?|Vo(y) [*rY dy)
RY r<|z—z;|<2r

1/2
< Mr%_1|v¢|oo </ K(ry+xi)u(ry+:ni)2 dy>
r<|z—z;|<2r

1/2
<oMr2! ( K (z)u(z)? d:v) = 2M7 2 Y|k 2.

RN
Thus,

lim | lim K(z)u,Vu,V¢, dr| = 0. (3.3.10)

r—0 [n—oo JpN

Moreover, using the same argument we also obtain

lim | lim A K(x)h(z)pruy dx| = 0. (3.3.11)

r—0 | n—o0 RN

Since 0 < pn, < |up)?> ™! ae. in RY from (3.3.9), (3.3.10) and (3.3.11), it follows that
on() = 00, (1) + [ K@IVuuPosdo— [ K@) 6 da, (3.3.12)
R R

where oy, (1) is a quantity that satisfies lim,_,¢ lim,_,~ 05, = 0. From (3.3.7),
/ K(z)|Vuy,|*¢,dz > / ¢rdp and / K(z)|un|** ¢pdx — / ordv,
RN RN RN RN
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then, by (3.3.12) we obtain
lim ¢rdy > lim ordp. (3.3.13)
r—0 JrN

r—0 JrN

From Concentration-Compactness Principle, we have

/ @dy—/ wdg;—/ o K () uf” dﬁ;% vi (1)
/ o K (x)|ul* d:n—i—Zujqu xj)

JjeJ
/ or K \u|2 d:n—{—Zu]gb( $1> .
jeJ
which give us
lim ordv = vj;.

r—0 JrN

In the same way,

¢Tdﬂ>/ K (2)|VulPde + 3 6 ( ;x>

N
R jeJ

thus, we have

lim [ ¢rdp > .
r—0 (¢}
Hence, from (3.3.13), we conclude that v; > p;, wich implies S Kyf /2
2/N
v, > SK.

Now, we shall prove that the above inequality cannot occur, and therefore the set J is
2/N

< v;, so we obtain

empty. Indeed, arguing by contradiction, let us suppose that v;"" > Sk for some i € J.

Then,

<\I//(“n) - pmun> + on(1)
A

2
= K(x) (;pnun - FH(un)> dx — 2 Jo K(z)h(x)updz + o,(1)

> = o) K (2)|u,|? ¢7‘dl‘+N/ (z)pnordz — K (2)h(z)undz + op(1)

{un= a} 2 RN

= N/ K(x ]un|2 ¢rd$—/ K (z)h(x)undx + oy + op(1),

in the last equality we use the fact that

/ K(:U)]un]2* ¢rdx = op, and / K(z)ppérdz = oy,
{un<a} {un=a}

where lim, o lim, o0 0y, = 0.
Since (un)* is bounded in L% (RY), going if necessary to a subsequence, we may assume
uy, — u in L% (RY), or equivalently (by Riesz representation theorem),

K(z)uppdr — K (z)ugpdz, for all ¢ € L (RY),
RN RN
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where 6 = 2*/(2* — 1). This fact and (3.1.5), imply that

1 .
c> / K(z)|un|?* ¢pdx — )\/ K (z)h(z)udr + orn + on(1),
N RN 2 RN ’

by Holder inequality and by passing to the limit, we get

1 x A
ez 5 ([, K@ ordo+ 3 vion 00)) -5 lcollulcan

Jj€J

Hence, using v; > Sg/ % we conclude that

1.y 1 o A
e > SE 4 lulFe — 2 Ihllolullxo
= NSK + g([lull % 2+)5
, o LA 1 :
where g is the function given by g(t) = Nt - §||h||K79t2* . Hence, if we define the constant
N
ck = cx(N,0,||h||kp) >0by min g(t) = —CK)\%, we have ¢ > 52 —CK)\%, which

€(0,00)
contradicts (3.3.2).

O]

The next lemma shows the functional I , verifies the mountain pass geometry.

Lemma 3.3.2. There is A\g > 0 such that for all X\ € (0, ) and a > 0 the functional I,
satisfies:

(i) There exist r,a > 0, which are independent on a, such that Iy ,(u) > a for all u €
X; [luf =.

(i3) There exists e = e(a) € CP(RY) such that Iy 4(e) < 0 and |le]| > 7.

Proof. Using fr(s) < |s|?" for all s € R and (3.3.5), we have

1 1 *
Ina() 2 5l = s luliE 2 = Mialxolul

= K,2*
1 S_Q*/2 * —1/2
L S R G LA 1
1 572*/2 * —1/2 _
= llull? { 5 = ZE—lul® 2 = XS Bl ol ) |
2 2
. . . . 1 5;(2*/2 2% _9
where Sk is given in (3.3.1). Making P(t) = 3 St we have
73
1 2% N
= — */2
4 4S5
Thus,
P(t) = Ahll kot > = if A< A r
- K,0 o ! 0= Qi
8 8[| hllx6
and so there exists @ > 0, independent on a, such that I ,(u) > a whenever |ju| = r, for

all A € (0, \9) and a > 0.
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Taking ¢ € C§°(RY), such that meas({y > a}) > 0. We recall that meas(A) is the
Lebesgue measure of the measurable set A C RY and {p > a} := {z € RY : p(x) > a}. We
get for each t > 1,

t2
Dalte) = Slel = [ K@Futte)ds -1 [ K@) do
RN RN

< Sl -5 / K ()¢ de + % meas(suppy)
{p>a}
— t)\/ K(z)h(x)pdz,
which implies in the existence of e satisfying (ii). O

Lemma 3.3.3. There ezist Ay, a. > 0 and 5 € (1,3/2), independent of a, such that for all
A€ (0,)) and a € (0,a), we have
0 < a<c=inf max I),(y(t)) < —S’N/Q BCK)\% (3.3.14)
NeT0<t<1 N°K '
with T’ = {y € C([0,1], X) : v(0) = 0, v(1) = e}, where a,e and cx are as in Lemma 3.3.2
and Lemma 3.3.1, respectively.

Proof. Consider the family of functions w. : RV — R given by

we(x) = [Ne(lV — 2)1\], ; €>0.

(e+[f?) ="

We taking a smooth function ¢ € C°(R¥,[0,1]) satisfying ¢ = 1 in B1(0) and ¢ = 0
outside By(0). We consider the function

uc(z) == K(z) V2 p(x)we(z), z € RV,

Now, let
ue(z)
[tel2+, i’
Note that there exists ¢, = t(a) > 0 such that Iy ,(t,ve) = max I) o(tve). We claim that

(ta)ae(0,a,) is bounded in R, for some a, > 0 fixed. In fact, let T(t) = Iy o (tve), then,

ve(x) :=

2
1(t) = el - / K@) Fy(tv)de — M | K(2)h(z)v.ds.
{tve>a} RN

Since Y(t,) > 0 we have that t, >t := ”2 Jan K (x)h(z)vedz. If meas({t,ve > a}) = 0,
from Y'(t,) = 0 and A > 0, we get t, = ”v H2 Jen K (2)h(x)vede. If meas({t,ve > a}) > 0,
using once more that A > 0 and Y(¢,) > 0, we have

t?* 2%

t2 o a
K(x)v: dr — meas({tqve > a})2—

o llv ? > =
2 {tave>a}
then, as supp ve C B2(0),t, >t and {tv. > a*} C {tv. > a}, it follows that

a? 25 t2* o
meas(Bz(0)) o *H ve||* > o ; }K(a?)ve dx,
tve>ax
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hence, (ta)ac(0,q,) is bounded in R, for some a. > 0 fixed.

Now, observe that, Qq := {z € RV : tve(z) > a} C {z € RY : tv.(z) > a}, thus,

2
I o(tve) < —Hv€|]2 / K(z)Fg(tve)dr — M K(z)h(x)vedx
RN
2+ 2+
_ —||v€||2 )\t/ K@ h@)vdr — — [ K@) K (2)dx,
2" Ja, 2* Ja,
using that ||vell2« x = 1 and K(z) > 1in R, for all t > 0 we get
2" 2
Iy o(tve) < g(t) — At K(z)h(z)vedr + — K(m) 2 K(x)dx,
’ e 9+ 2 Jo,

where g(t) := %HwHQ t2* :t>0and Q° := {z € RY : tgu(r) < a}. The function g has a

maximum at t = ||v| % which satisfy
_ 1 o N 1 N ..
g(t) = N(HUEH )2 = N(SK +O(e))2, see [50, Proof of Proposition 3.2].
Hence,
1 N/2
Do(tave) < —=(Sk+0(€))"" — M, K(x)h(z)vedx
N RN
2 . 2
+ = K (z)v? K(z)dz.
Moreover note that Q, C Bs(0) because if |x| > 2 we have v.(z) = 0 < a. So, fQ x)dr <
fB ) dz < oo, for all @ > 0. This and the fact that (t4)ae(0,0,) 15 bounded 1mply that
a® 2 *
o K(z) dr -0 and ? K(z)w¥dr —0 as a— 0. (3.3.15)
Q Q¢

Since 1 < 2N/(N + 2) we can find A\; > 0 small enough, such that

3CK . 2N
toA K(z)h(x)ve do > 7/\1\/”, for all A € (0, \1). (3.3.16)
RN

Hence, by (3.3.15) and (3.3.16)7 we choose a, = a()\l) satisfying

[ K@)h(z)ve do + o [ () de < — 3K\,
RN Qc 2
for all a € (0,a,) and A € (0, A1).
Thus, it follows that for all a € (0,a,) and X € (0, A1),
1 3
Daltavd) < 5 (Sic+0(e) V> = AT

< sNﬂ () K

_ N/2 ((N-2)/2 1 3cK

N S <O(1) e g M ).
Since c

lim ! = 400,

e—0+ e(N=2)/2
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0, by choosing ¢ = v, in Lemma 3.3.2, we conclude that, for ¢ > 0 small enough, such that
meas({we > a*}) > 0, there exists § € (1,3/2) independent of a, such that

1 N/2 2N
c <sup yq(tve) < =Si'° — ck BAN+2, (3.3.17)
>0 N

for all a € (0,a.) and X € (0, \,), where A\, = min{Ag, A1} with Ao and A\; give in Lemma

3.3.2 and (3.3.16), respectively.
O

Lemma 3.3.4. Let B, be the ball of radius v and a., \s given in Lemma 3.3.2 and 3.3.3,
respectively. There exist a sequence (u,) C B, and a constant M < 0, independent on a,
such that for all a € (0,a.) and X € (0, \.), we have

Iya(un) — ¢ and my,  (un) — 0, (3.3.18)
where
¢:=infl,, <M <0. (3.3.19)
Br

Proof. Fixed a nonnegative function ¢ € C§°(R™) \ {0}, we have

t2
Dnalte) < M(0) = GllelP =0 | K(a)h(o)y do.

We can choose M := M (%) with £ > 0 small enough, independent on a, such that for all
a € (0,as) and X € (0, \,), we have

¢:=infI,, < M < 0. (3.3.20)

T

Now, considering Iy , restricted to B,, we can apply the Ekeland variational principle,
see [35], to obtain u, € B, such that

I o(ue) <inf Iy o+ € and Iy q(ue) < Iy q(u) + €llu — uel|, u # ue. (3.3.21)

r

Since
infly,<0<a< g%f Iy

T

we can consider € > 0 such that

0<e<inf Iy, —infI),.
8Br ) —_ )

r

For this choice of €, one has

I)\,a(us) < igfl)\,a +e< é%f I)\,m

T

which implies that v, € B,. Let v € X and take § > 0 small enough such that us =
ue + 0v € B,. From (3.3.21) we get

I)\,a(ue + 5”) - I)\,a(ue) + 5HUH > 0.
Thus we have

IA,a(Ue + 5”) - I)\,a(ue)
1)

—e||lv|| < limsup < IR ,(ug; v).
510 ’
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From

19, (w0) = max {uv), wve X,
’ MEBI)\,a(u)
we get
—ellv]| < Ig}a(ue;v) = max (w,v), forallve X

WEODI q(ue)

and interchanging v with —v, we obtain

—e|lv|| < weé?fj((ue) (w,—v) = _wealgi,zl(ue) (w,v), forallveX.
Hence,
we@IRiil(ue) (w,v) <e|v|], veX,
which gives
||i1||l£1 wEDTron () W) < e

Finally, by Ky Fan’s Min-max theorem [23, Proposition 1.8] , we get

min  sup (w,v) <e.
wEOIN a(ue) ||v||=1

This together with (3.3.21) gives that there exists (u,) C B, such that

Io(up) = ¢ and my, (up) == min |lw|x+ =0 asn — oo.
’ Weal)\,a(un)

3.4 Proof of Theorem 3.1.1

In this section we will use the previous results to prove Theorem 3.1.1.
Proof of Theorem 3.1.1: First solution (Mountain Pass):

Let A, ax and ¢ = ¢(a) be as in Lemma 3.3.3. For each a € (0,a,) and A € (0, \,),
combining Lemma 3.3.1 and Lemma 3.3.3 with the Mountain pass theorem, see Theorem
3.2.2, we obtain u; = wi(a) € X with Iy o(u1) = ¢ > 0 and 0 € OI) 4(u1). Hence, there
exists p1 € L% (RY) such that

K(z)Vu1Vedr = X K(x)h(z)pdx + K(x)p1pdz, forall p € X, (3.4.1)
RN RN RN

where p; € fH(ul) with fH(s) given in (3.2.6). Therefore, by Lemma 3.2.5 we conclude
that uy is a solution of (3.1.2) in the sense of (3.1.4). Note that the proof of i) of Theorem
3.1.1 was given (3.2.7). Now we will show ii) and iii).

Assume by contradiction that meas({u; = a}) > 0. By using the Morrey-Stampacchia’s
Theorem, we have that —div(K(z)Vui(x)) = 0 a.e. in {u; = a}. Then, by (3.4.1) and
Remark 2,

—A\K(2)h(z) € K(z)f(a) = [0, K(z)a* "] a.e in {u; = a},

which is a contradiction. Therefore, meas({u; = a}) = 0, which proves ii).
Now we shall prove that meas({u; > a}) > 0 for all a € (0, a). Suppose, by contradic-
tion, that ui(z) < a a.e in RV, Then, using u1 as a test function in (3.4.1), we obtain

[ || _/ K(x)pruy dx + A o K(x)h(z)u; dx,
ui=a
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and as a consequence, from ii) and ¢ = I 4(u1) we have

1 A
O<c:\MP—A/ K@ h(@)u de = > [ K(@)h(@)uds <0,
2 RN 2 RN
which is a contradiction.
Second solution(Local Minimization):

To prove the existence of the second solution, we observe that by Lemma 3.3.1 and
Lemma 3.3.4, we can conclude that there is a function ug = us(a) € B, such that, for all
a € (0,a,) and A € (0, \,),

Ina(ug) =¢< M <0 and 0 € 91 4(u2). (3.4.2)

Thus, us is nontrivial critical point de I ,. To verify that uy also satisfies ¢), i) and ug > 0
a.e in RY we use the same arguments used for u;. Moreover, we claim that, reducing a.
if necessary, we have meas({ua > a}) > 0, for all a € (0,a4). In fact, otherwise for each
a, = 1/n there exists ua(an) =: u, € X with 0 < u,(x) < 1/n, for all n € N. This and ii)
imply that u,, satisfies

— div(K (2)Vu,) = AK (z)h(z) in RY. (3.4.3)

Hence,

K(x)Vupn41Ve = K(x)Vu,Ve, forall p € X.
RN RN

Setting ¢ = (up+1 — up) We obtain

(ttnes — wn)|? = / K(@)|V (tngr — wn)> =0,
RN

then w41 = uy, for all n € N. Moreover, by (3.4.3), Holder inequality and the embedding
properties of X, we have

lunl® < Ml pllunllx2e < AC|Allxpllunl

hence, ||u,|| < AC||h| ko for all n € N. In particular, by this and (3.4.3) we get

sup)\/ W) K (z)un, < (AC||h] x.0)*.
neN RN

Since u,(z) — 0 a.e in RY, then the Monotone convergence theorem and once more
(3.4.3), imply that

H%W:A/ K (@)h(x)un — 0.

RN

Thus, we have ¢, = I q(un) — 0 as n — oo, which is impossible by (3.4.2). Hence, the
claim is proved and #i7) holds for wus.

Finally, we will show the last part of the theorem. Let u! := u;(ay),i = 1,2, be the
solutions of (3.1.2), where = uj(ay) and uz(a,) was obtained by Mountain pass theorem
and Ekeland variational principle, respectively. Since H(s — (1*)32*_1 < H(s — a)52*_1 <
(s.)¥ 71, for all s € R, we get

Do(u) < Iy o(u) < Iyg, (u) forallue X,ac€l0,a"), (3.4.4)
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so, we conclude that ¢(0) < ¢(a,) < ¢(as), where ¢(a) is the minimax level associated with
Iyq-
Arguing as in the proof of Lemma 3.3.1, we obtain a constant C; > 0 such that

ACq

1
5 Ihllxcollunll + e(an) + 1+ llug | = £ lunl® + 0a(1),

then, (ul) is bounded in X. Hence, passing to a subsequence if necessary, we obtain
ul — vy in X, ul — v in L (RY)

ul(z) = vi(z) a.ein RY (3.4.5)
[uh(2)] < pulx) for some pq € L (RN, 5 € [2,2°).

Passing to the limit as n — oo in (3.4.1), by using ii), (3.4.5), v1(x) > 0 and H (u),(x) —

an)(ul(2))> 71 = (v1(2))2 7 ae. in RY, we conclude that vy satisfies

K(x)VuVedr = A K(x)h(z)pdx + K(z)v? lpdr, forall pe X. (3.4.6)
RN RN RN

We claim that vy # 0. In fact, note that as u}l > (0 we have

1 .
0. Iy () — Doo(ud) = = [ K@)y do— [ K(@)Fu(ub)da
2 RN RN
un

= K(x) / [(s+)2 1 H(s—a,)s’ 71]dsdx
RN 0
1 x

= */ K(ac)(u}b)2 dx
2" Juh<an)

<& K(x)(u}l)y_lx{w <an}ydr — 0 asn — oo,
2* RN n—="m

where X(u1<4,} is the characteristic function of set {uy, < an}.
Hence, I q, (ul) = Ino(ub) + 0,(1). Similarly, I) 4, (u) = Iy o(u) + 0,(1) for all u € X.
Then, it follows that

clan) = c(0) +0,(1) and Iy (u)) = c¢(0) + 0,(1). (3.4.7)

Now, note that by (3.3.17) and (3.4.7), for all A € (0, \.), we have

c(0) < %Sﬁﬂ — AN, (3.4.8)
where 3 € (1,3/2). So, using the fact that u) is the solution of (3.1.2), (3.4.8) and same
argument of the proof of Lemma 3.3.1, we conclude that ul — vy in X. Since I) 4(u}) =
c(an) > a we have 2a < |lul||* and so 2a < ||v1]|? because « is independent of a, see i) of
Lemma 3.3.2. Hence, the claim is proved.

Now, since (u%) C B, and r is is independent of a, we have, up to a subsequence,
u? — vy in X. It is clear that vy is a solution of (3.4.6).

To see that ve # 0 it is sufficient to use a similar argument as above combined with the
fact that by (3.3.20) and (3.4.4),

&(0) < é(an) < M <0, for all m € N, X € (0, \,),

where ¢(a) := inf I, , with a € [0,a*). This conclude the proof of Theorem 3.1.1.

T
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Appendix A: Genus Theory

This section is dedicated to recalling some basic facts on Krasnoselskii genus theory as well
as its demonstrations, which we use in the proof of Theorem 1.3.1. More informations on
this subject may be found in [57].

Let E be a real Banach space. Let us denote by 2 the class off all closed subsets
A C E\ {0} that are symmetric with respect to the origin, that is, u € A implies —u € A.

Let Q C RY be a bounded open set, f € C1(Q,RY). Recall that f'(z) € L(RYN,RY)
and hence f'(z) can be represented by an N x N matrix. Let S be the set of critical points
of f. In order to make this section clearer, we recall the definition of topological degree.

Definition 3.4.1. Let f : Q — RY be a function in C*(Q,RY) and b ¢ f(S) U f(09).
Then we define the degree of f in Q with respect to b as

0,if f71(b) =0,

3.4.9
>z f—1(p) Sen(det f'(2)), otherwise ( )

deg(f,Q,0) = {

The function sgn denotes the sing, i.e., +1 if positive and —1 if negative. In [56] the
reader can find many properties about deg as well as their demonstrations.

Definition 3.4.2. Let A € A. The Krasnoselskii genus v(A) of A is defined as being the
least positive integer k such that there is an odd mapping ¢ € C(A,RF) such that ¢(x) # 0
for all x € A. When such number does not exist we set y(A) = oo. Furthermore, by

definition, () = 0.

Proposition 3.4.1. Let E = RY and 9Q be the boundary of an open, symmetric and
bounded subset Q C RN such that 0 € Q. Then v(02) = N.

Proof. Trivially, v(09) < N. (Choose h = id.) Let v(9Q) = k and let h € C° (RY;R*) be
an odd map such that h(99Q) 2 0. We may consider R¥ ¢ RY. But then the topological
degree of h : RN — R*¥ ¢ RY on Q with respect to 0 is well-defined (see [55, Definition
1.2.3]). In fact, since h is odd, by the Borsuk-Ulam theorem (see [55, Theorem 1.4.1]) we
have

deg(h,Q,0) =1

Hence by continuity of the degree also

deg(h,Q,y) =1#0

for y € RY close to 0 and thus, by the solution property of the degree, h covers a
neighborhood of the origin in RY; see Deimling [1; Theorem 1.3.1]. But then & = N, as
claimed.

O
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Corollary 3.4.2. y(SN¥=1) = N.
The genus has the following properties:

Proposition 3.4.3. Let A, A1, Ay € A h € CYE;E) an odd map. Then the following
hold:

(i) v(A) 20, F(A)=0 & A=0
(ii) Ay C Ay = v (A7) < v (Ag).
(i) v (A1 U Az) < (A1) + 7 (4A2)

(iv) 7(A) < y(h(A)).

(v) If A e A is compact and 0 ¢ A, then v(A) < oo and there is a neighborhood V' of A
in E such that V € 2 and v(A) = ~v(V).

That is, v is a definite, monotone, sub-additive, supervariant and ”continuous” map-y :

Ql—)NoU{OO}

Remark 3. [t is easy to see that if A is a finite collection of antipodal pairs u;, —u; (u; # 0),
then v(A) =1

Let I be a functional of class C! on a closed symmetric C''!'-submanifold M of a
Banach space E and satisfies the (P.S) condition. Moreover, suppose that I is even, that
is, I(u) = I(—u) for all u. Also let 2 be as above. Then for any k < (M) < oo by (iv) in
the previous proposition, the family

Fo={A€WAC M,(4)> K}
is invariant under any odd and continuous map and non-empty. Hence, for any k <

~v(M), if

= inf supl(u
/Bk Aefkueg ( )

is finite, then f3j is a critical value of I.
Proposition 3.4.4. Suppose for some k,l there holds
—00 < Bk = P41 =-.. = Pryi—1 = B < 00
Then v (Kg) > 1. By observation 3, in particular, if | > 1, K3 is infinite.
In consequence, we have
Proposition 3.4.5. If Be 2, 0 ¢ B and v(B) > 2, then B has infinitely many points.

The reader interested in the demonstrations of these propositions can consult, for ex-
ample, [56,69]
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Appendix B: Some Classical
Results

This section is devoted to recall some classical results that were used throughout this work.
As this section is just for viewing the results, we will not give any demonstrations.

Theorem 3.4.6. (Dominated convergence theorem, Lebesque). Let (f,) be a sequence of
functions in L' that satisfy

(a) fn(x) — f(x) a.e on Q,
(b) there is a function g € L such that for all n,|f,(z)| < g(z) a.e on Q.
Then f € L' and ||fn — f|| = 0.
Proof. See [41, p.54].
Theorem 3.4.7. (Fatou’s lemma). Let (f,) be a sequence of functions in L' that satisfy
(a) for allm, f, >0 a.e,

(b) sup,, [ fn < .
For almost all z € Q we set f(x) = liminf, o fn(z) < +o0o. Then f € L' and

fdx < liminf/fndx.

n—oo

Proof. See [41, p. 52].

Theorem 3.4.8. (Holder’s inequality). Assume that f € LP and g € LV with 1 < p < oo.

Then fg € L' and
1/p , 1/p'
[iralas < ([1spar) " ( fraras)

|
Proof. See [41, p. 182].

Theorem 3.4.9. Let (f,) be a sequence in LP and let f € LP be such that || fn — f|, = 0.
Then, there exist a subsequence (fy,) and a function h € LP such that

(a) fn,(x) = f(z) a.e on Q,
(b) |fn,(x)] < h(x) VEkEN, a.eon Q.
Proof. See [41].

The following theorem gives a useful embedding result for LP spaces over domains with
finite measure. This result was used when we applied Moser’s iteration.
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Theorem 3.4.10. Suppose volQ = [, 1 dz < 0o and 1 < p < q < co. If u € LI(R), then
u € LP(Q) and
lull < (vol @)W/~ |y,

Hence L1(2) < LP(Q). If u € L*>°(R2), then
Jim lullp = flufoo-
Finally, if u € LP(Q) for 1 < p < oo and if there is a constant C such that for all p

[ull, < C,

then
u e L2(Q) and ||lu|| < C.

Proof. See [1, Theorem 2.8].
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