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Abstract

In this work, we consider two problems. In the first chapter, we establish the existence

of a positive solution to the nonlinear Schréodinger equation
—Au+V(z)u = f(u), u € DY*(RY), N >3, (p1)

with potential V' which is invariant under a group action G C O(N), where O(N) is the
group of orthogonal transformations, and decays to zero at infinity, with an appropriate
rate, approaching zero mass type limit scalar field equation, and the nonlinearity f, under
very mild assumptions, is asymptotically linear or superlinear and subcritical at infinity,
not satisfying any monotonicity condition. We deal with both finite group actions and
infinite group actions.

In the second chapter, we study the existence of a positive solution for a nonlinear

Schrodinger equation
— Au+V(z)u= f(u), u€ HY(RY), N >3, (p2)

where the potential V' is a positive function, invariant under a group action G C O(N),
which decays to a constant positive potential V. at infinity. As in the first problem, the
nonlinearity f, under very mild assumptions, is asymptotically linear or superlinear and
subcritical at infinity, not satisfying any monotonicity condition.

In both problems the existence of solution is established in situations where the equa-
tion does not have a ground state solution, via a composition of two translated solitons
and its projection on the so called Pohozaev manifold. However, at the end of each chap-
ter, we justify that the method applied is also valid for any finite composition of these

solitons.

Key-Words: Nonlinear Schrodinger equation, positive solution, Pohozaev manifold,

group action, symmetry.

11



Resumo

Neste trabalho, consideramos dois problemas. No primeiro capitulo, estabelecemos a

existéncia de uma solugao positiva para a equagao nao linear de Schrodinger
— Au+V(z)u = f(u), u € DY3(RY), N > 3, (1)

com potencial V' que é invariante sob uma agao de grupo G C O(N), onde O(N) é o grupo
de transformagoes ortogonais, e decai para zero no infinito, com uma taxa apropriada,
aproximando-se da equagao de campo escalar limite do tipo massa zero; e a nao linearidade
f, sob suposi¢oes muito suaves, ¢ assintoticamente linear ou superlinear e subcritica no
infinito, nao satisfazendo nenhuma condi¢ao de monotonicidade. No6s lidamos tanto com
acoes de grupos finitos quanto com agoes de grupos infinitos.

No segundo capitulo, estudamos a existéncia de uma solucao positiva para uma equa-

¢ao nao linear de Schrodinger
—Au+V(x)u= f(u), u e H'(RY), N >3, (2)

onde o potencial V' é uma funcdo positiva, invariante sob uma agao de grupo G C O(N),
que decai para um potencial constante positivo V., no infinito. Como no primeiro pro-
blema, a nao linearidade f, sob suposi¢oes muito suaves, é assintoticamente linear ou
superlinear e subcritica no infinito, nao satisfazendo nenhuma condi¢ao de monotonici-
dade.

Em ambos os problemas a existéncia de solucao da equagao é estabelecida em situagoes
onde o nivel minimo de energia nao pode ser obtido, usando a composicao de dois solitons
transladados e sua projecao na chamada variedade de Pohozaev. No entanto, ao final
de cada capitulo, justificamos que o método aplicado também ¢é valido para qualquer

composicao finita desses solitons.

Palavras-Chaves: Equacao nao linear de Schrodinger, solucao, variedade de Poho-

zaev, acao de grupo, simetria.
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Introduction

In this work, we are interested in the existence of positive bound state solutions for

two classes of nonlinear Schrédinger equations:
— Au+ V(x)u = f(u), u € DYA(RY), N > 3, (p1)

with potential V' vanishing at infinity, possibly changing sign, and an appropriate rate,

approaching zero mass type limit scalar field equation; and also
— Au+V(z)u = f(u), ue H'(RY), N >3, (92)

where the potential V' is a positive function which decays to a constant positive potential
V. at infinity, symmetric under some group action G. For both problems, the nonlinearity
f, under very mild assumptions, is asymptotically linear or superlinear and subcritical at
infinity, f(s)/s, s > 0, not satisfying any monotonicity condition. More precisely, we will

assume that V' is invariant under a group action G C O(N), that is,
V(gxr) = V(x), forall g€ G and all z € R,

where O(N) is the group of orthogonal transformations from RY to RY. Symmetry plays
a basic role in variational problems. For example, H'(R") is not compactly embedded in
L%(RY) because of the action of translations.

Let N > 3 and 2* = 2N/(N — 2). The Hilbert space

DY(RY) = {u € L¥(RY): Vu € L*RY)}

will be used when V(x) — 0, as |z| — oo and the associated limit problem is —Au = f(u).
Given a subgroup G of O(N), we denote by Gz := {gz : g € G} the G-orbit of x and



by #Gu its cardinality. We define the action of G on DY?(RY) by
gu(z) == u(g 'z), for every u € D*(RY), g € G and v € R”.
The action of a topological group GG on a normed space X is a continuous map
GxX— X:[g,ul = gu
such that, given ¢;,¢2 € G and u € X,
(1) u — gu is linear; (i1) (g192)u = g1(gou); (di7) id - u = u,
where id € G is the identity element of G. The action is isometric if
lgull = [Jull
We say that a group G acts effectively on S¥=! := {z € RY : |z| = 1} if, for all z € SV
there exists g € G such that gx # x. This means that if GG is a finite or infinite group, for
all z € SV~ the G-orbit of z satisfies #Gx € [2,00]. We define
((G) == min{#Gz: x € S’ 1}

and in this work we are going to consider only the cases for which ¢(G) < +oo. Hirata in
[23] also considered the case £(G) = +o0, but assuming the condition f(s)/s is increasing,
for s > 0 small enough.

We choose 7o € SV! such that #{gx¢ : g € G} = {(G) and define also

{en, - eqay} = {gw0 1 g € G}, (0.0.1)
dg = H;ém le; —e;| € (0,2]. (0.0.2)
i#]

The space of G-symmetric functions in D"?(R”) is defined by

DG (RY) == {u € DY*(RY): gu = u,Vg € G}
= {u € DY*(RY): u(g'z) = u(x),vg € G,¥or € RV}

Similarly, we define the action of G C O(N) on H'(R") and the space of G-symmetric
functions HL(RY) in HY(RY).
In our work, we will assume that G C O(N), where N > 3 and ¢(G) > 2. Some
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examples are given.

e Taking R* and G = Zs x Zs, where Zs is the cyclic group generated by the 5-th
root of the unity, we have £(G) =5 and d¢ = 11/10 — 2V/5.

e Observe that, when G = {Id, —Id}, we have ((G) = 2 and dg = 2.

e Take R* and G = Zy x Z3. Then, /(G) = 2 and dg = 2. Notice that z; = (1,0,0,0)
is such that #Gx; = 2, whereas x5 = (0,0,1,0) has #Gzy = 3.

0.1 Some known results

Bartsch-Willem in [8] considered the case G = O(NN), that is, the potential V is radially
symmetric and they showed that the corresponding functional satisfies the Palais-Smale
condition and they proved the existence of a radially symmetric solution of (g»).

Bartsch-Wang in [7], for the more general group action G C O(N), where G is an
infinite group, proved that the subspace of G-symmetric functions H5(RY) in H'(RY)
can be compactly embedded into LP(RY), for 2 < p < 2*, under assumption

#{gr g€ G} =0 for all z € SV L.

Furthermore, under the global Ambrosetti-Rabinowitz condition, they proved that pro-
blem (gp-) has a positive solution.

Hirata in [22]| showed the existence of a positive solution of (p9), under V' a constant
potential and f, without Ambrosetti-Rabinowitz condition, but the monotonicity condi-
tion f(s)/s, for s > 0 increasing, restricted to a finite group G. In a subsequent paper,
Hirata in [23] addressed the problem with a symmetric variable potential V' with group
action G C O(N), dealing with both finite and infinite group actions. The existence of a
positive solution was shown for a wide class of nonlinearities f, still assuming that f(s)/s
is increasing, for s > 0 small enough.

Our goal in the first chapter is to find a positive bound state to the problem (),
trying to loosen the assumptions found in the literature, either in the potential or in the
nonlinearity [2,4,5,10,25]. We avoid, for instance, to apply the spectral theory approach
or the so called Nehari manifold constrained approach. Our purpose is to prove the
existence of a positive bound state solution to the problem (g;), when a ground state
solution cannot be obtained, with potential V' which decays exponentially at infinity to
zero and the nonlinearity f does not satisfy any monotonicity condition, i. e. the function

s — f(s)/s is not increasing for s > 0. Here, we assume that the potential V' is invariant
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under a group action G C O(N) and prove that problem (p;) has a positive solution,
applying the symmetric mountain pass theorem of Ambrosetti-Rabinowitz [3|, based on
the results obtained by Jun Hirata in [22,23|. The method applied, assuming for simplicity
G = O(N —1) xZy C O(N), where Zy := {id, —id}, and ¢(G) = 2, allows to combine two
copies of translated positive soliton solutions of the limit problem at infinity, projecting
their sum onto the so called Pohozaev manifold, in order to construct a convenient path in
the mountain pass theorem with G symmetric functions. This was based on the important
papers by Clapp and Maia [16,17].

This new approach allows us to tackle a model problem like

1 2utt — 42U + 4u”
u =
(A +1e]F S

—Au+ u >0, u € DV (R?),

where k& > 2 and f(s) := (2s'! — 4v/25° + 457) /(5! + 1) is asymptotically linear at
infinity, but is such that f(s)/s is not increasing for s > 0, for instance. Likewise,
f(s) = s"(1 —sin(s))/(1 + s*), for s > 0, in R? is super linear and subcritical at infinity
and satisfies mild hypotheses but no monotonicity condition on f(s)/s.

The seminal works of Bahri and Li [6] and Cerami and Passaseo [14]| presented construc-
tions of bound state solutions, whenever the minimal action of the associated functional
is not attained. They succeeded by building a convex combination of two soliton positive
solutions of a limit problem (bumps) and projecting on the sphere of radius one in an
LP space, for a pure power nonlinearity f(s) = s?~!, with 2 < p < 2*. Their method
was applied in many works that followed and in different scenarios, but it would de hard
to list them all; we would refer to [15] and references therein. More recently, a similar
approach was developed to construct bound state solutions by using projections of convex
combinations of two positive bumps on the Nehari manifold, see [16,19,26,30] and their
references. The limitation, in this case, is having to assume some monotonicity on f(s)/s.

In a fundamental paper [17], when the nonlinearity f is subcritical at infinity and
supercritical near the origin, and the potential V' vanishes at infinity, under a suitable
decay assumption on the potential, Clapp and Maia showed that the problem (p;) has a
positive bound state.

This first chapter is organized as follows: Section 2 is devoted to presenting the vari-
ational setup and the properties of the associated Pohozaev manifold. In Section 3 we
study the behaviour of constrained minimizing sequences of the operator associated with
problem (7). Tight estimates of interactions of two translated and dilated copies of a
positive solution of the autonomous problem are obtained in Section 4. Finally, these

estimates are applied in the proof of the main result of existence of a positive solution
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stated in main theorem.

In the second chapter, our purpose is to prove the existence of a positive bound state
solution to the problem (g,), with potential V' which decays exponentially at infinity
to Vo > 0 and the nonlinearity f does not satisfy any monotonicity condition and,
furthermore, the function s — f(s)/s is not increasing for s > 0 sufficiently small. We
also assume that the potential V' is invariant under a group action G C O(N), with
G = O(N — 1) X Zy C O(N), where Zy := {id, —id}, and ¢(G) = 2, from simplicity and,
the method applied is also combining two copies of translated positive soliton solutions of
the limit problem at infinity, projecting their sum onto the so called Pohozaev manifold.
The approach used for equations of type (g2) can be applied to the following model
problem

—Au+V(x)u = f(u), u e HY(RY),

where V(z) := 1+ Ae **l Ak € R, A > 0 sufficiently small, ¥ > 2 and f(s) :=
(257 — 258 4 557)/(s® + 1) is asymptotically linear such that f(s)/s is not increasing for
s > 0, for instance.

The primary works dealing with the existence of solutions for equations of type ()
via variational methods are due to Benci and Cerami in [9] in exterior domains and Bahri
and Lions in [5] in unbounded domains. Using a different approach, Evéquoz and Weth
in [19], Clapp and Maia in [16] and Maia and Pellacci in [30] showed the existence of a
positive solution to the problem (p-), for general non-homogeneous nonlinearities, either
superlinear or asymptotically linear at infinity in an exterior domain.

In a recent paper, Jaroslaw Mederski in [32| studied the following problem
— Au = g(u), uwe H'(RY), N >3, (o)

with a nonlinearity g under the general hypotheses due to Berestycki and Lions in [10],
and proved the existence and multiplicity of nonradial solutions to the problem (). More
precisely, Mederski found at least one nonradial solution for any N > 4 and, in addition,
for N # 5, he showed the existence of infinitely many different nonradial solutions. These
results represent an important improvement to problem (), because they were established
for the first time. Furthermore, these results give a partial positive answer to a problem
which had been open for more than thirty years.

The second chapter is organized as follows: Section 2 is devoted to presenting some
properties of the Pohozaev manifold associated to the problem (g5) and preliminary re-
sults. In Section 3, we study the behaviour of constrained minimizing sequences of the

operator associated to the problem (p,). In Section 4, we obtain the estimates of inter-
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actions of two translated copies of a positive solution of the autonomous problem and,
finally, these estimates are applied in the proof of the main result of existence of a positive

solution stated in main theorem.

0.2 Our results

Motivated by important papers of Clapp and Maia [16,17] and Hirata [22,23], for both
problems (1) and (p2), we will assume that there exists a subgroup G of O(N) that acts
effectively on SV~!, where G will be considered as already mentioned, and the potential
V' is G-invariant.

Let S be the best constant of Gagliardo-Nirenberg-Sobolev inequality

2/2*
s(/ |u|2*dx) g/ V2. (0.2.1)
RN RN

To consider problem (), we will assume the following conditions on the potential V:

(V1) V € C*(RY), V(gz) = V(z) for all g € G and / V=|IN? < SN2 where V() =
RN
min{0, V(z)};

(V3) There exist constants Ag, A; > 0 and k € R, k > max{2, N — 2} such that

V(2)] < Ag(1+|z))™* and |VV(z)- 2| < A (1 +|z))7*, forall x € RY;

N/2
(Vs) / |I/V+|N/2 < <§) , where W (z) := max{0, VV (z) - x};
RN

(Vi) xH(z)z € LN*(RV) and |l‘im zH(z)x =0, where H denotes the Hessian matrix of
T|—00
V.

Moreover, considering F(s) = [ f(t)dt, we will assume the following hypotheses on the

function f:

(f1) fe€CH]0,00)) NC3((0,00)), f(s) >0 for all s > 0;

(f2) There exists a constant As > 0 such that
[FO(s)] < Agls =070,

where f(-U := F and f® is the i-th derivative of f,i=0,1,2,3;
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(fs) lim /(5) = lim /(s) =0 and lim &2€>0;

so0t+ 271 soto00 271 s—+oo 8

1
(f1) Setting Q(s) := Ef(s)s — F(s), there is a constant D > 1 such that Q(s) < DQ(t),
for all s € [0,¢], t > 0, and lim Q(s) = +o0.

s——+00

Our main result in the first chapter is the following

Theorem 1. Assume that (V1)—(Vy) and (f1)—(fs) hold true. Then, problem (1) has a
positive solution u € DV2(RN) which satisfies

u(gx) = u(x), forall g€ G andall x€RY.

To consider problem (), we will assume the following conditions on the potential V:

(V1) V e C2(RN), V(gz) = V(z) forall g € G, inf V(z)>0and lim V(z) =V, > 0;

z€RN |z|—o00

(V3) There exist constants Ay > 0 and k > dg/Vao such that V() < Vao4Ag exp(—Fk]|z|),
for all x € RY;

N N/2
(V3) VV(x) -2 € LN2(RY), lim VV(z) -2 = 0 and / WHN? < (g) , where
RN

|z|—o00

Wt(x) := max{0, VV(x) - x};

(Vi) lim 2H(z)z = 0, where H denotes the Hessian matrix of V.

|z| =00

Moreover, considering F(s) = fos f(t)dt, we will assume the following hypotheses on the
function f:

(fl) feC([0,00))NC3((0,00)) and f(s) > 0 for all s > 0;

(f2) There exist A > 0 and 1 < p; < py < (N +2)/(N —2) =2* — 1 and
FO ()] < An(lsP 7+ [l 77),

where fCY := F and f®@ is the i-th derivative of f, i =0,1,2,3;

(f3) lim L‘S)ze>voo>o;

s—+00 S

~ 1
(f1) Setting Q(s) := 5]‘(3)3 — F(s), there is a constant D > 1 such that Q(s) < DQ(t),
for all s € [0,¢], t > 0, and lim Q(s) = +o0.

S$—+00

The main result of the second chapter is the following
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Theorem 2. Assume that (Vi)—(V4) and (f1)—(fs) hold true. Then, problem (o) has a

positive solution 1 € H'(RY) which satisfies

u(gr) = u(z), forall g€ G andall v € RY,

There are several delicate issues in dealing with the zero mass case, where the potential
is vanishing at infinity. Already the variational formulation requires some care, because
the energy space D2(RY) is only embedded in L* (RY). Equations of the type (1),
where the potential V' is invariant under a group action G C O(N) and that decays
to zero at infinity, is are not common in the literature. However, there are some very
important works, considering equations of the type (g2), the positive mass case, in which
the potential V' is invariant under a group action G C O(N) and tends to a positive
constant at infinity, for example, |7,8,22,23|. Different from these fundamental roles,
which inspire us to develop our work, to prove Theorems 1 and 2, we will not consider
either the global Ambrosetti-Rabinowitz condition or the monotonicity f(s)/s increasing,

for s > 0 sufficiently small.



Chapter

1

Schrodinger equations with potentials

vanishing at infinity

1.1 Introduction

This chapter deals with the existence of a positive solution for the problem
—Au+V(z)u=f(u), uecD"*RY), N>3, (P)

with a potential V' vanishing at infinity, possibly changing sign, and a nonlinearity f under
very mild hypotheses, asymptotically linear or superlinear and subcritical at infinity, not
satisfying any monotonicity condition. The existence of a solution to this problem is
established in situations where a ground state solution is not attained.

We will assume that the potential V' is invariant under a group action G C O(N) and we

try to find a positive solution in the space of G-symmetric functions
D (RY) := {u € D"*(RY): u(gx) = u(zx),¥g € G,Yz € RV},

We will consider the case that G C O(N) is closed subgroup with the following property:
for any o € SV 7!, there exists g € G such that gx # x. This means that G acts effectively

on SV~ that is, G satisfies

#{gy: g € G} € [2,00], for all y € S¥ 71, (1.1.1)
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where #{- -} denotes the cardinal number of sets and S¥~! := {z € RN : |z| = 1}. We
will define
((G) := min{#Gz: 2z € S 1.

We observe that in this work we are going to consider only the case ¢(G) finite and
U(G) € [2,00).

In fact, for simplicity, our study is focused in the case ¢(G) = 2, but could clearly be
extended to finite /(G) > 2.

Let S be the best constant of Gagliardo-Nirenberg-Sobolev inequality (0.2.1).
Throughout Chapter 1, we will consider the potential V' under assumptions (V;)—(Vi)

and the nonlinearity f under assumptions (f1)—(fs)-

Note that F'(0) = 0 and by (f1), F(s) > 0 for s > 0.
Under assumptions (f1)—(f3), the limit problem at infinity

— Au = f(u), u € DY(RY), (Py)

has a ground state solution w which is positive, radially symmetric and decreasing in the
radial direction, see [10] and [31].

Flucher in |20, Theorem 6.5] and more recently Vétois in [35] have shown that under (f;)
and (fy) there exist constants Ay, A5, Ag > 0 such that

Ag(1+]al) N < wla) < As(L+ J]) "), (1.12)

\Vw(z)| < Ag(1 + |z)~N =D, (1.1.3)

A radial solution with decay (1.1.2) is called a fast decay solution of equation (7).

By virtue of G-invariant property, we do not need the uniqueness of positive solution
for the limit problem (F). Since DY?(RY) is not compactly embedded into L?" (RY),
then the mountain pass minimax value for corresponding functional may not be attained.
However, as we are assuming that the potential V' and the function f are invariant under
the group action G, we will show that the symmetric mountain pass minimax value for
functional restricted to the subspace Dy’ (RY) is attained.

Now we can restate our main result of existence of a solution in this chapter.

Theorem 1.1.1. Assume that (V1)—(Vy), (f1)—(fs) hold true. Then, problem (P) has a

positive solution u € Dg*(RN).
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Remark 1.1.2. The condition (V5) implies that V' € LY/?(RY) and VV (z)-x € LN?(RY),

for all € RY. Moreover,
V(z) -0, VV(z)-z—0, asl|z|— oo, (1.1.4)

Note that a model potential V', defined by V (z) := (1+]|z|) %, with k > max{2, N -2},
satisfies the assumptions (V;)—(V}).

Also note that assumptions (f1) and (f2) imply that f'(0) = 0 and extends f’ contin-
uously to 0. Furthermore, L’Hopital’s rule and (f3) give that

im 26 _ i £

s—0+ 271 50+ §27 2

=0 (1.1.5)

and

im 28— L8 (1.1.6)

s$—+00 32**1 s$—+00 32**2

On the other hand, hypotheses (f1), (f2) and (fs;) imply that

i ) oy F)

s—0t 82 s—too 827

= 0. (1.1.7)

1.2 Pohozaev manifold and variational setting

The well know identity obtained by Pohozaev in [33| has since then been very useful
as a constraint in the study of scalar field equations. We will take it as a fundamental tool
for our approach. Its version for non-autonomous problems is based in the work of De

Figueiredo, Lions and Nussbaum [18| which we state here for the sake of completeness.

Proposition 1.2.1. Let u € D"?(RY)\ {0} be a solution of problem —Au = g(x,u),
x €, u( ) =0, x € 99, where Q C RY is a reqular domain in RN and g € C(Q xR, R).
If G(z,u) = [, g(x,s)ds is such that G(-,u(-)) and 2;G,,(-,u(-)) are in L'(), then u

satisfies

N
N/ Q(x,u)d:v—i—Z/xigxi(x,u x——/ |Vul*dz = = / |Vul?z - n(x
0 — Ja

where n denotes the unitary exterior normal vector to boundary 0S2 and dS, represents
the area element (N — 1)-dimensional of 9. Moreover, if = R, then

|Vu| dx = N/ G(z,u da:—l—Z/ Gz, (x,u)d (1.2.1)



1.2 Pohozaev manifold and variational setting 12

Proof. We have

Au(Vu - z) = div(Vu(Vu - x)) — |Vul* — V(WTul) T

2 _
= div <Vu(Vu ‘) —x |V2u| > + N2 2|Vu|2. (1.2.2)

On the other hand, we also have that
N
g(z,u)(Vu - z) =div(z G(z,u)) — NG(x,u) — Z Gy, (x, u). (1.2.3)
i=1

Therefore, multiplying the equation —Au = g(x,u) by Vu - x, it follows from (1.2.2) and
(1.2.3) that

N -2

VU NG o)+ S ) — 2 v
= T, u 2 Gy, (x,u 5 ul”.

div (ac G(xz,u) + Vu(Vu-z) —x

Thus, by the Divergence Theorem, we have

[Vul?

/ (xg(:c,u)—i-Vua:‘Vu—x vu
o9

) (e,
_ /Qdiv (:1: Gz, u) + Vu(Vu - ) — @) iz

N N-—2
= / (Ng(:c,u) + Ziﬁzgx(%u) - T|VU|2) dx.
Q i=1

Since u = 0 on 0N and so G(x,u) = G(x,0) = 0, we have Vu = (Vu - n)n. Hence, it
follows that, on 0f2,

(Vu(Vu.x)—x ]V2u] )-77 — [(Vu nn(Vu-x) —z |V2u] }
- [(W W (V- )y~ ;"]
— (Vun)(Vu- ) o~
.
— |Vu|2x 77 ’VUP |VU|2CE ’
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and so we conclude that

N
N/ Q(x,u)dx—i-z/a:igmi(:c,u)dx—w/ |Vul*dz = 1/ |Vul?z - n(x)dS
0 ‘— Ja 2 Ja 2 Joo

Now let us consider = RY. Since |Vu| € L*(RY), we have

/ \Vu\zdx:/ / |Vu(r, 0)2dS,w~ " tdr
RN o JoaB.(0)
= / P2 / IVu(r,0)*rdS,dr < +oc.
0 8B, (0)

We will show that there exists a sequence of reals numbers (r,) such that, as n — oo,
Tn — 400, rn/ \Vu(r,, 0)|*dS,, — 0. (1.2.4)
aB”‘n( )

Suppose, by contradiction, that there is no such sequence satisfying (1.2.4). Then, there

exists a constant v > 0 such that

lim inf 7‘/ \Vu(r,0)?dS, > a > 0.
9B:(0)

r—-+00

Thus, we have
&(r) = T/ \Vu(r,0)?dS, > a >0
B, (0)

/ |Vu|2dx:/ TN_2§(r)dTZ/ ar¥"2dr = 400,
RN 0 0

which is a contradiction, using that |Vu| € L*(RY). So there is a sequence of reals

and so

numbers (r,) that satisfies (1.2.4) and, furthermore, as n — oo, we have:

/ |Vul?dz — / |Vul*dz, / G(z,u)dr — G(z,u)dx
By, (0) RN By, (0) RN
and

Z/ ngxxudx%Z/ Gy, (z,u)dx
B,

and so we get (1.2.1). O
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In the case of problem (P), by (1.2.1), we have the following Pohozaev identity

N —2 2 1
—_— |Vul*dz = N (F(u) - V(:B)u—) dx — —/ VV(z)- zu?de.  (1.2.5)
2 RN RN 2 2 RN

Associated with problem (P), we define the functional Iy : D5*(RY) — R by

Iy(u) = %/RN (IVul® + V(z)u?)dz — /]RN F(u)dz.

Let us define the functional Jy : DG*(RY) — R by

VV(z)- -z
N

N -2 N
Jy(u) = —— - |Vul*dz + — - (

5 5 + V(a:‘)) w*de — N [ F(u)du,

]RN

and define the Pohozaev manifold associated to the problem (P) by
PS¢ = {u € DGR\ {0} : Jy(u) = 0}.

Let us also consider the Pohozaev manifold Py associated to the limit problem (F,). We
have
Po := {u € DR\ {0} : Jo(u) = 0},

where N9
Jow) == —= [ |Vul’dz— N [ F(u)dz.
2 RN RN
We recall that solutions of (F) are critical points of the functional I : DV(RY) — R,

1

Ih(u) == 5 /RN \Vul*dz — /]RN F(u)dz, u € DY(RY).

We also recall that w is a ground state solution of the limit problem (F) if
To(w) = mg := inf{ly(u) : u € DY*(RY)\ {0} is a solution of (Fp)}. (1.2.6)

We will denote
po = inf In(u). (1.2.7)

u€Po

It was shown in [31] that mo = pg, under more general hypotheses, which contains ours
as a particular case.
We define f(s) := —f(—s) for s < 0. Then, by condition (f;), we have f € C*(R)

and it is an odd function. Note that, if u is a positive solution of problem (P) for this
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new function, it is also a solution of (P) for the original function f. Hereafter, we shall
consider this extension, and establish the existence of a positive solution for (P).
Recall the space of G-symmetric functions in DV?(RY)C L?"(RY), with its standard

scalar product and norm

(u,v) ::/ Vu - Voudz, ||| ::/ |Vul*dz. (1.2.8)
RN RN

Since f € CYR) and f satisfies (f1)—(f3), a classical result of Berestycki and Lions
establishes the existence of a ground state solution w € C?(R¥) to problem (F), which
is positive, radially symmetric and decreasing in the radial direction, see [10, Theorem 4].

Let us denote || - ||, the LI(RY)-norm, for all ¢ € [1,00) and C, C; are positive constants

which may vary from line to line. Given u,v € Dé’z(RN ), let us define
(u,v)y = / (Vu - Vv + V(x)uv)de, |ul| = / (|Vul? + V(z)u*)dz.  (1.2.9)
RN RN

By assumptions (V7) and (V3), we can see that the expressions in (1.2.9) are well defined
and, using the Sobolev inequality, we conclude that || - ||y is a norm in D5*(RY) which is
equivalent to the standard one. Indeed, for all u € DG*(RV)\ {0}, using (), Gagliardo-
Nirenberg-Sobolev inequality (0.2.1) and Hélder inequality, there exists a constant C; > 0
such that

HUH%/ = /RN (|Vu|2 + V(:E)u2)dx

2/N 2/2*
z/ |Vu|2dx—(/ |V_(x)]N/2dx> </ |u|2*dx)
RN RN RN

> cl/ Vuldz = Cylul. (1.2.10)
RN

On the other hand, by condition (V3), it follows that V' € LV/?2(R"), and so using (0.2.1)
and Holder inequality, there exists a constant Cy > 0 such that

lully = | (9l + Vi) ds

2/N
g/ |Vu|2dx+(/ |V(a:)|N/2d:c) (/ |u
RN RN RN

Vv
S/ |Vul*dz + | HN/2/ \Vul*dz
RN S RN

< 02/ \Vul*dz = Cyl|ul. (1.2.11)
RN

2/2*
2*alzzc)
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Hence, from (1.2.10) and (1.2.11), we conclude the statement.

Remark 1.2.2. Throughout this chapter, to denote an inner product or norm in the
space DM?(RY), we will use the same notations adopted for the subspace of G-symmetric

functions in Dg*(RN).

Consider the following problem in the space of G-symmetric functions Dg*(RY), for
N >3,
— Au+V(z)u= f(u), u € DG (RY). (Pg)

We will show that solutions of (Pg) are also solutions of (P). Indeed, suppose that
uy € DG°(RY) is a weak solution of problem (Pg), that is, ug is a critical point of the

restricted functional Iy restricted to Dy’ (RY), and so
I (ug)v =0, for all v € DG*(RY).

Set
(D (®Y))" = {w e D?RY) : {u, g}y =0, for all p € DG*(RY)}.

To show that ug is a critical point of the functional Iy in DY2(RY), it suffices to show that
I, (up)v = 0, for all v € (Déﬁ(RN ))L, and this is a consequence of the following lemma,
which holds for all u € Déf(]RN ), not only critical points of Iy .

Lemma 1.2.3. Assume that (V1)—(V2) and (f1)—(f3) hold true. Then,
/N~ 1,2 mN ~ 12 Ny
I, (o =0, for anyue Dg"(RY) and v € (Dg"(RY)) .

Proof. Let u € DG*(RY) and h : RY — R defined by h(z) = f(u(x)), for all z € RV, So,

we have
h(gx) = f(u(gz)) = f(u(x)) = h(z), for any g € G and x € RV, (1.2.12)

Consider the following linear problem

(1.2.13)

—Av+V(z)v=h(z), in RY,
v € DM2(RY).

By Riesz representation theorem, we can find the unique solution vy € D2(RY) to the
auxiliary problem (1.2.13). By (1.2.12) and V(gx) = V(z), vo(g(+)) satisfies

—Avg(gx) + V(z)vo(gx) = h(gz) = h(x)
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for any g € G and x € RY. It follows from the uniqueness of solutions that vy = vy o g
and so vy € Dg*(RY). Thus, for any o € (Déf(RN))L, we get

I (w)o = (u,0)y — - fu(x))o(x)de = — /RN h(x)o(z)dx

= _<U071~}>V = 07

which proves the lemma. O

1.3 Auxiliary lemmas for bounded sequences

In what follows, to find solutions to the problem (P), we will try to find solutions to
the problem (FPg), that is, let us try to find critical points of the functional Iy .

Next lemma presents a new variant of Lions’ lemma in D'?(RY), which was proved
by Mederski in [31, Lemma 1.5].

Lemma 1.3.1. Suppose that (u,) C DV*(RY) is bounded and for some r > 0,

lim sup / |up |*dx = 0. (1.3.1)
B(y,r)

n—oo yE RN
Then, limy, o0 [on Y(un)dz = 0, for any continuous function U : R — [0,00) satisfying

W) gy ) ) (1.3.2)

s—0 |S‘2* |s|]—00 ’8’2*

Proof. Let € > 0 and 2 < ¢ < 2*, given arbitrarily, and suppose that ¥ : R — [0, 00) is
a continuous function satisfying (1.3.2). Then, we find §, M € R with 0 < § < M and
C. > 0 such that

(i) W(s) <els]", for|s| <0;
(ii) W(s) <els|?”, for|s| > M;
(i13) W(s) < C|s|?, for |s| € (4, M].

Hence, in the view of Lions’ lemma we get

limsup/ U (uy,)dr < 5limsup/ (Jun|® + |un]*") da.
RN RN

n—oo n—o0

Since (u,) is bounded in L?(RY) and L? (R"), we may take the limit ¢ — 0 and conclude
the proof. n
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Recall that a sequence (u,) in Dg*(RN) is said to be a (PS)q-sequence for Iy with
d € R if Iy(u,) = d and VIy(u,) = 0 in (DG (RYY. A sequence (u,) in DG*(RY) is
said to be a Cerami sequence for Iy, at level d € R, denoted by (Ce)q, if Iy (u,) — d and
IV )l oy (1 ) = 0

Lemma 1.3.2. Assume that (f)—(fs) hold true and let (u,) in Dg*(RN) be a Cerami

sequence for Iy at level d € R. Then, (u,) has a bounded subsequence.

Proof. Suppose, by contradiction, that (u,) C Dé’z(RN ) has no bounded subsequence.
Then, we can assume that u, # 0 for all n € N and ||u,|ly — +o0o. Let us define
Up, = Uy /||unllyv for all n € N. Thus, (@,) is a bounded sequence and ||, ||y = 1. Hence,
up to a subsequence, it holds @, — @ in DéQ(RN ). Thus, one of the two cases occurs:

Case 1: limsup sup / |, |*dx > 0;
Bi(y)

n—oo y RN

Case 2: limsup sup / |, |*dx = 0.
Bi(y)

n—oo yeRN

First, let us suppose that Case 2 occurs, and let L > 1 be an arbitrary constant. In

particular, we have

2

L

”un”V

dr = L*limsup sup / |, |*dx = 0.
Bi(y)

n—oo  yeRN

lim sup sup /

By hypotheses (f1)—(f3) and using that f(s) = —f(—s) for s < 0, we have F(s) > 0 for
all s € R. Moreover, we have
F(s) . F(s)

lim —= = lim —% = 0.
s—0 |S 2 |s]—o0 |8 2

So, applying Lemma 1.3.1, we obtain

L
lim [ F(Lay,) = lim F<———-de:0
RN

u
n—o0 RN n—oo ||unHV

L L? L L?
Iv(—un):——/ F( un)de—
[[unlv 2 Jun \lunllv 4

for n sufficiently large. Since ||u,||y — +o0, then W € (0,1), for n sufficiently large.
So, there exists n; € N such that

Hence,

L L?
max Iy (tu,) > Iy (—un) > —

te[0,1] lwn v 4’
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for all n > ny. Let ¢, € [0,1] be such that Iy (t,u,) := m[(z]i)lc] Iy (tu,). Thus,
te|0,

LQ
Ty (twun) > -, (1.3.3)

for all n > ny. Since t,, < 1, using (f4) and the fact that f(s) = —f(—s) for s < 0, we

obtain

Iy (tyu,) = Iy (thu,) — %I{,(tnun)(tnun) +0,(1)

_ /R ) (% F(tntin) (ttty) — F(tnun)) dz + o0,(1)

<D (%f(un)un - F(un)) dz + 0,(1)

= D([V(un) — %I{/(un)un) + 0, (1)
= Dd + 0,(1).

So, there exists ny € N such that
Iy (tyuy,) < 2Dd, (1.3.4)

for all n > ny. Taking ng := max{n,,ns}, it follows from (1.3.3) and (1.3.4) that

LZ
Z < ]V(tnun) < 2Dd7

for all n > ny. Taking L > 3v/ Dd, we come to a contradiction.
Now suppose that Case 1 occurs, that is, there exists § > 0 such that

limsup sup / |, |2 dz = 0.
Bi(y)

n—oo ycRN

If (y,) C RY is a sequence such that |y,| — oo and fBl(yn) |G, |?dz > §/2, whereas

N )
/ () > 2
B1(0) 2

o
[ P> 3,
B1(0) 2

showing that @ # 0. Thus, there exists a subset of positive Lebesgue measure Q2 C B;(0)

Un (- + yn) — U, we obtain

and so
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such that

0 < Ji(x)| = Tim |in(x + )] = lim (28l g g
n—oo

oo lunlv
Since ||uy|ly — 400, it follows that

[un(x 4+ yn)| = +o00, Ve

Then, using the hypothesis (f;) and Fatou lemma, we obtain

n—0o0

lim inf /R ) B Fltn (4 90))tn (& + ) — Flan(z + yn))} dz

> lim inf/Q Ef(un(x + Y ) n (T + Yp) — Fun(z + yn))} dx

> [ tmint |3 e+ )t + )~ Flane + ) o

n—oo

= +o0.
On the other hand, we have
1 Cn ] < 1 ) oy el < T3 ey (1 all) =,

and so, I{,(uy)u, = 0,(1). Therefore, for n sufficiently large, we have

which gives a contradiction.
If (y,) is bounded, then there exists R > 1 such that |y,| < R for all n € N and

)
/ |t (2 + y)|Pda 2/ |t (2 + y) |Pd > ~.
Byg(0) B1(0) 2

Since Uy, (- + yn) — @ in Byg(0), it follows that

/ |(z) [*dz > é
B1(0) 2

Similarly to the previous case, there exists € C B(0), with |Q;| > 0 such that

lim eE )l G 5yl = ()] £0, Vo€ O
— 00

n—oo Uy ||y n
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The argument follows as in the previous case where |y,| — 400 and we arrive at a

contradiction. Therefore, neither Case 1 nor Case 2 can occur and lemma is proved. [J

For future purposes, we need a version of Brezis-Lieb lemma [12]| for DY2(RY) found
in [31], Lemma A.1.

Lemma 1.3.3. Suppose that (u,) C DY?(RY) is bounded and u,(x) — uo(z) for a.e.
x € RY. Then

lim (/RN \I/(un)dx—/RN \If(un—uo)dx> :/RN U (ug) dx (1.3.5)

for any function ¥ : R — R of class C' such that ¥(0) = 0 and |¥'(s)| < C|s|* ! for

any s € R and some constant C' > 0.

Proof. Observe that

/RN () — U, — g dx—/RN/ __\1; = sug)dsdx

/ / — Sug)ug dsdzx.
RN

So, by Vitali’s convergence theorem, where we have to

U (uy, — suo)| < Cluy — supl* ™1 < Cy(|un|* 71 + |ug/* ).

Let
Fo = |V (u, — su0)| o] < C(Jun]® Huo| + |uol* "Huol) =: gn,
note that
fo(x) = |V (U — sug)||uo| := f(x), asn — 400
and

gn(z) = C’(|ﬁ0|2*_1|u0| + |u0|2*) =g(x), asn — +oo.

Where | f,,| < |gn| a.e. in RY and ||g,, — ¢ 1rry — 0, as n — +00. Then ||f, — fll;r — 0
(RY)
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and |f| <|g| a.e RY. Thus, we get

lim (W () — VU (u, — up)|dr = lim / / — Sug)ug dsdx
RN

n—oo JpN n—00

:/ / W' (ug — sug)ug drds
RN
/ / ——\I/ (ug — sug)dsdz
]RN

_ /RN W (ug)dar — W(0) = /RN (o) da

]

The following lemma, combined with assumptions (f;) and (f2), provides the inter-
polation and boundedness properties that are needed to prove the next results. Its proof

can be found in [17, Proposition 3.1]. Let 2 < p < 2* < ¢, in the next results.

Lemma 1.3.4. Let o, 3 > 0 and h € CO(RY). Assume that ¢ < 2 and 3 < q, and that
there exists M > 0 such that

»
|

|h(s)] < M min{|s|*, |s|’} for every s € R.

Then, for every r € [%,g], the map DY?(RY) — L"(RY) given by u + h(u) is well

defined, continuous and bounded.

Also, before proving the result, we will need the following versions of Brezis-Lieb

lemma.

Lemma 1.3.5. Assume that (V1)—(V2) and (f1)—(f3) hold true. Let (u,) be a bounded
sequence in DG°(RN) such that u,(x) — u(x) for a.e. x € RN. Then, the following

statements hold true:
(@) Nunll} = llun — ull® + [l + on(1);
©) [ 1) = Fllelds = 0,(1), Jor cvery o € G (RY);
Flun)de — | Flug —u)de = [ Fu)dz + o,(1);
© [ Flede= [ Pl —ude= [ Fude+o,(0)

(d) f(un) = flun —u) = f(u) in (DFRY))".
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Proof. Since (u,) C Dg*(RN), it follows that u,(gx) = u,(z) for any g € G and z € RV.

Thus, as u,(z) — u(z) for a.e. z € RN, we have

u(gr) = nl_)IIolO un(gr) = nh_)rglo U, (z) = u(r) ae xcRY,

which shows that u € Dg*(RY).
Next, for each n € N, define v,, := u,, — u. So, we have a sequence (v,) such that
v, — 0 in DG*(RY).

(a) Since u, — u in DG*(RY), it follows that (u,,u)y — (u,u)y = ||Jull3-. So, we have

[oall = llun — ull} = (up — w1 — w)y
- <un7 un)V - <un7u>V - <u7 U/n)V + <u7 u>V

= [l = 20, whv + ullyy = llualliy + [[ulli + 0a(1). (1.3.6)

On the other hand, assumption (V3) implies that V € LN2(RM)NLY(RY) for any § > N/2.
Hence n := 20/(0 — 1) < 2*, and it follows that v, — 0 in L]

I (RY). Moreover, given

e > 0, we may fix R > 1 sufficiently large such that
/ V() |V 2de < N2,
RN\BR(0)

Thus, using Hoélder inequality with conjugate exponents 6 and 6/(0 — 1) and also N/2
and 2*/2, we get

[ WV@lPde = [ We@lePdo [ V)P
RN Br(0) RN\Bg(0)

6—1

; i
< (/ |V(m)|9dx) (/ (vi)% dx)
Br(0) BRr(0)
2 2
~ N o o
+ (/ ]V(a:)|2dx) (/ (vi) 2 da:)
RN\BR(0) RN\BRr(0)
] :
< </ |V(m)|0d:v) (/ |vn|7’dm)
RN Br(0)
2 2
N N * 2*
+ (/ ]V(a:)|2d:c) (/ 0,2 d:c)
RN\BR(0) RN

= [IVllollvallZn(saoy) + IV a2 mgop 1vallz- -

Since (v,) is bounded because (u,) is bounded in DG*(RN), v, — 0 in L! (RY) and
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D5*(RY) is continuously embedded into L*’(RY), there exists C; > 0 such that
/ V(@) |[oal?dz < 0a(1) + Che,
RN
and so, there exists C' > 0 such that
/ IV (@)|[onPdz < Ce,
RN

for n € N large enough. Therefore, it follows from the last inequality that

vall? = / |V, |*dx +/ V(z)vidx
RN RN
 onl? +/ V(@)odz = [[on]]? + on(1). (137)
RN
Substituting (1.3.7) in (1.3.6), it follows that

lenlly = llonll® + [lully + on(D),

proving item (a).

(b) By hypothesis (f3), we have
If'(s)] < Agls|* 72, VseR.
By the mean value theorem, there exists £ € (0,1) such that

|fun) = f(u)| = £/ (u+ &§(up — u))|[un — ul
< Aslu+ &(un — ) > 2 uy, — ul

< Ay(Ju + [u —u)* 7|

un - ’U/’.
Note that
(] + ot — u])? =% < 2max{ul, |un — [} =2 < 222 (jul* 72 + Juy — uf*72),

and so

[f () = F()] < As(fu] + [upn — u))* 7 uy, — ul
S Cl(|u 2% —2
= Cr(Jul* 2fun — ul + |up — uf* 1) . (1.3.8)

+ |u, — u|2*_2) |t — ul
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Next, we fix § € (0, +5) and consider ¢; := 2* — § and ¢ := (2* — §)/(1 — §). Thus,
using Holder inequality with conjugate exponents (2* — 4)/(2* — 1) and (2* —9)/(1 — 9),
for any p € C3°(RY), we obtain

/  — uf” plda = / it — uf” plda
RN supp(y)

2% 1 1-6
. 2*_5 =5 0% g 5
([ T a) ([ )
supp(y) supp(y)

*

2% —1 1
q1 q2
([ adrae) " ([ felran)
supp(p) supp(y)

q
scmouoo( / |un—u|qldx) 1
supp(p)

As (uy,) is bounded and, passing to a subsequence, u, — u in Dg*(RY) and u, — u
strongly in L{_(RY), it follows that

/ up — a2 Mp|dz = 0n(1), Ve € C(RY). (1.3.9)
RN

On the other hand, for any ¢ € C5°(R”), we obtain

2% 9
[ = lieldz = [
RN supp()
2% -2 2
N _2% 2% o* 2*
([ P man) ([ - i) o)
supp() supp()
*— 2

22*2 3
_ ( [ %) ( [ ¥ dx) ,
supp(¢) supp(¢p)

. N . : . . 2(2*—5) 2(2*=5)
and so, using Holder inequality with conjugate exponents =%— and Z7—5, we get

" un — ullplde

2
*

RS . L
( [ =l da:) < ( [ —u|q1da:) ( / ISOI‘Bdw)
supp(y) supp(¢) supp(¢p)

1

q
<Cllll( [ - ulnae)”
supp(¢)
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where ¢; :=2* — § and ¢3 := 2;£2i;5§)' As u,, — u strongly in L (R"), it follows that
s\
([ o=l i) = o),
supp(y)
and thus,
/N [ul* 2w, — ul|o|dr = 0,(1), Vi € CRN). (1.3.10)
R

It follows from (1.3.8), (1.3.9) and (1.3.10) that

[ 17w = f@lelds = 0,(1), Yo e CRRY),

which proves item (b).

c) Since (u,) is bounded in D and u,(x) = u(x) for a.e. z € R, applying Lemma
Si is bounded in D5*(RY) and f RY, applying L

1.3.3 with U = F, (see |31, Lemma A.1]), we get

lim (/RN Fun)dz — /RN Flu, — u)dx) _ /RN F(u)da,

which proves item (c).
(d) Hypothesis (f2) and the fact that f(s) = —f(—s), for s < 0, imply that |f(s)] <
Ayls|? 1 for all s € R. Thus, arguing as in (b), see (1.3.8), we obtain

[ (un) = Flun = w)] < Oy (Jun = uf* 2u] + Juf” ),
and so

< Cy(Jun —u 2ul + |u 2**1) + Aslu
2| 4+ (CL + Ay |u)*

2*—1

= Cy|lu, —u

Let ¢ € DG*(RY) and R > 0 be. Since (v,) is bounded in DG*(RY), where v,, := u,, — u,
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and DG*(RY) is continuously embedded into L*(RY), we have
[ 1) = fun = 0) = f)llde
|z|>R
<G / un —u
lz|>R

< Cy </ |un—u]2*dx) (/ lu
|z|>R |z|>R

*

Y Hullplds + (Cuot Ay [ ol elda

|z|>R

2/2*
2*/2’(p|2*/2d1}>

21 1/2*
+(C1+ Ay) </ |u|2*dx) (/ |2 dq:)
|z|>R |z|>R
1/2% 1/2%
< Clun — w2 ( / ruP*dx) ( [ d)
|z|>R lz|>R

*

|u

b ol ([ o)
lz|>R

1/2* 21
(/ \u|2*dx) + (/ ]u|2*dx) :
|z[>R |z|>R

Thus, given € > 0, we may choose R > 1 sufficiently large such that

< Cllellv

/| ) = £ =) = el < slol (13.11)

On the other hand, as f € C*', by (1.1.5) and (1.1.6), for any € > 0 and 2 < p < 2* < g,
we find 0 < 0 < M and C. > 0 such that, for i =0, 1,

FO(s)] < elsf? =D, for 0 < |s| <3 or [s] > M

and
[fO(s)] < Cemin]s[P~0Y, |70 for § < s < M.

Hence,
[FO(s)] < els =) + Comin{[sP~D |57V} Vs e R.

Consider h. : R — R defined by

he(s) = C. min{|s|p_2, |s|‘1_2} )
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Note that, for any 2 < p < 2* < ¢, we have

2p—2*—p = 2p—2*—2* 2%(p—2) p-—2
2q—2"—q ~ 2q—2—=2* 2*(q—2) q-—2
and o o
q < P .
2q=2"—q 2p—2"—p
Hence,

q_ 2'q - 2'p <P
=27 2¢—-2"—q 2p—-2—-p  p—2

Y

It follows from Lemma 1.3.4 with « = p — 2 and § = ¢ — 2 that, for every r € [i L },

q—27 p—2
the map DY?(RY) — L"(RY) given by v + h.(v) is well defined, continuous and bounded.
In particular, for r = szp,_p, it follows that h.(|u| + |u, — u|) is bounded in L™(R"). So

by the mean value theorem, there exists £ € (0, 1) such that

[f (un) = f(w)] = | f'(u A+ &(un — w))|tn — ul

< 5(|u| + un — u|)2*_2|un —u| + h€(|u| + un — u|)|un — uj.

Thus, given ¢ € D5°(RY) and R > 0, we have

/ ) — Fw) [l < e / (Tu] + tm — ) 2 1 — o]z
le|<R

lz|<R

+/ he(|u] + |un — u])|u, — ul|p|de.
el <R

Observe that, by Holder inequality, we get

€/l <R (Jul + =)™ fun — ullpldz < e[Jul + [un = ul15272[lun = ullo- | oll2-
and as D5*(RY) is continuously embedded into L*>'(RY), there exists C' > 0 such that
5/ (lu] + [tn — u])® "2 |un — ulp|dz < C. (1.3.12)
lzI<R

Using successively Holder inequality with conjugate exponents p and p/(p — 1) or 2*(p —
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1)/p) and 2*(p — 1)/(2*(p — 1) — p), for any ¢ € D5*(RY), we obtain

/ el -+l — ul)lun — ulliolde
|z|<R

p—1

<( [ et on = aleh ) " ( / SRrun—urpdx)’l’

L
*

: 5 .
< ( / <h€<|u|+|un—u|>>rdx) ( / |so|2*dx) ( / |un—urpdx)
el <R jal <R 2| <R
1
or (/ |, — u|pda:'>p
e[ <R

Since (u,) is bounded and, passing to a subsequence, u, — wu in Déf(]RN )y Up — U
strongly in L2 (RY) and Dy*(RY) is continuously embedded into L*'(RY), there exists
C' > 0 such that

= [1he(lul + Jun = u)) ]l ll¢

/ he(ul + |un — ul)|u, — ullp|dz < Clle|lv (/ |ty — u|pdx) = 0,(1). (1.3.13)
|z|<R |z|<R
It follows from (1.3.12) and (1.3.13) that
/ ) = F@llelds < <C, (1.3.14)
z|<R

for n € N sufficiently large. Moreover, we have again

|f(lun — ul)] < elu, — u|2*_1 + C. min{|un — u|p_1, lu, — u|q_1}
= elu, — ul* 7" + Comin{|u, — uP, u, — u|? % Hu, — u

= elu, — u\Q*_l + he(|un — ul)|un — ul,

1,2

and so, for any ¢ € D5 (RY) and R > 0, arguing as before, we get

/ If(un—U)IWIdeE/ ity — il da + / e[t — )| — uliplde
lz|<R |z|<R

lz|<R

1
P
o (/ |t — u|pdx> .
lz|<R

From Lemma 1.3.4 again, it follows that h.(|u, —u|) is bounded in L"(R") and, moreover,

> e

<élun —u 20 + [ he(lun = ul) |l llo
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u, — u strongly in P (RY) and D5*(RY) is continuously embedded into L?(RY). Hence,

/||<R | f(u, — u)||pldx < eC, (1.3.15)

for n € N sufficiently large. From (1.3.14) and (1.3.15), we obtain

/ 1 1tm) — ftn — ) — f ()| pld
|z|<R

< / ) = F@llelde + / 1 1t — 10) gl

lz|<R

<eC (1.3.16)

for n € N sufficiently large. Therefore, from (1.3.11) and (1.3.16), given ¢ > 0 and
¢ € DG*(RYN), there exists C' > 0 such that

[ ) = £ =0 = f)pds| < <

for n € N sufficiently large, which proves item (d). ]

Next, we will present the standard result about the splitting of bounded (PS) se-
quences. The proof follows closely the proof of [17, Lemma 3.9] using Lemmas 1.3.3 and
1.3.1 either for W(u) = F(u) or ¥(u) = f(u)u, u € Dg*(RY), wherever convenient.

Lemma 1.3.6 (Splitting). Assume that (V1)—(V2) and (fi1)—(fs5) hold true. Let ¢ € R

and (uy,) be a bounded sequence in DG*(RN) such that
Iy(u,) = ¢ and VIy(u,) =0 in (DéQ(RN)),.

Replacing (u,) by a subsequence, if necessary, there exist a solution u € DgQ(RN) of
problem (Pg), a number k € N U {0}, k sequences () C RY, 1 < j < k and k nontrivial

solutions w,- -+ ,w"* of the limit problem (Py), satisfying:
(i) u, — @ weakly in DG*(RN);
k
(iid) w, — 10— Y w/(-—y)) =0 in D*(RY);
j=1
k

(iv) c¢=Iy(u)+ Z To(w?),

J=1
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for k € N. In the case k = 0, the above holds without w?, (y?).

Proof. Since (u,) C Dg*(RY) is a (PS)~sequence for Iy restricted to Dg*(RY) | it follows
from Lemma 1.2.3 that [{,(u,)0 = 0 for any v € (Déf(RN))l, and so (u,) is also (PS).-
sequence for [y, defined in the whole space DV2(RY). As (u,) is bounded, passing to a
subsequence, we get 4 € DV?(RY) such that u, — @ in D¥*(RY) and u,(z) — u(z) for
a.e. © € RV, Let us show that @ € DS*(RY). In fact, as (u,) C DG’ (RY), we have
U, (97) = un(z) for any g € G and z € RY, and so

u(gr) = nll_)rlolo un(gz) = nll_)rlolo un(r) = a(z) ae. xRV,

which shows that @ € DG’ (RY). Tt follows from weak convergence and Lemma 1.3.5(b)
that, for any ¢ € C3°(R”), we have

onl1) = Iy (u) = [

RN

(Vu,Vo + V(x)u,p)de — /RN f(up)pdx

= /RN (VaVe + V(x)up)dr — - f(u)pdx + o0,(1)

= Iy (@) + 0n(1),
which shows that I{,(7)¢ = 0, and so, as C$°(RY) is dense in DV2(RY), it follows that
I (@) = 0 for any v € DV2(RY). Since @ € DG*(RY) and I}, (a)s = 0 for any 7 €
(DEQ(RN ) L, we conclude that @ is a critical point of functional Iy restricted to D’ (RN).

For each n € N, define u,, ; := u,, — @. Thus, we have a sequence (u,, 1) such that u,; — 0
in DS*(RY). By Lemma 1.3.5 the following statements hold:

() [unlly = lunall* + [|2ll3 + on(1);

0) [ 1) = F@lelds = 0,(1). for every i € CiF(RY):

(c) /RN F(uy)dr — /RN F(up,)dz = / F(i)dz + 0,(1);

RN

(d) f(un) = funs) — f(@) in (DG(RV))".
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Therefore, it follows from (a) and (c) that

1 1
() = Tolun) = (@) = 3lhunllp = [ Flunde = SlnalP+ [ Fluns)da

L. _
-l + [ F@d
RN

1 i
= 5 el = llun ” = fally ]

~ [ IF(u) = Flun) = Fa)lde
= o0,(1),
and thus,
Ty () = Iy(@) + Lo(unt) + on(1). (1.3.17)

Next, we will show that V Iy (u,;) — 0in (DgQ(RN))’. Indeed, by hypothesis, VI (u,) —
0 in (D};’Q(RN)), and so it follows that VIy (u,)v — 0, for any v € Dg*(RY). So, we have

on(1) = VIy(u,)v = VIy(u,1 + @)v
= / (Vu, 1 Vo + V(x)u,v)de + / (VaVo + V(z)uv)dz
RN

RN

— f(tn1 + u)vde

RN
= Viy(up1)v + . f(unq)vde + VIy(a)v + . f(u)vdx
— f (up)vdx
RN
= Viy(una)o-+ V(@ = [ [F) = o) = f@lods

The fact that VI (2) = 0 and item (d) imply that
VIy(tup1)v = 0,(1), forall v € DF*(RY),

which shows that, as n — oo, VIy(u,1) — 0 in (Déf(RN))/. If u,1 — O strongly in
Dg(RN), the proof is completed. So, assume that it does not. Then, as VIy (u,1)un1 —

0, after passing to a subsequence, there exists a constant C; > 0 such that

0< O < [lua| = /N Fltn )it 1d + 00 (1),
R

Therefore, applying Lemma 1.3.1 with W(s) = f(s)s, there exist § > 0 and a sequence
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(y}) in RY such that
/B " U1 (2)|*dx > 0. (1.3.18)
1 (Yn

Let us consider a sequence (v}) defined by
U = U (- + 1)

Since (uy,1) is bounded in Dg*(RY), then (v) is bounded in DY?(RY), and so we have,

n

up to a subsequence,

vl —w!, weakly in DV2(RY),
vl — wl, strongly in L2 (RY),

loc
1

vi(z) = wl(x), ae xeRV.

n

Since v} — w! in L?*(B;(0)) and

/ |v}1(m)‘2 dr = / |tn1 (z + y,ll)|2da: > 4,
B1(0) B1(0)

it follows that

/ ! () Pdz > 6,
B1(0)

and so w' # 0. The fact that u,; — 0 weakly in D5*(RY) implies that (y!) is unbounded
and, passing to a subsequence, we may assume that |y!| — co.

So, about the sequence (u,,) the following statements hold:
(@1) flunll¥ = llunall* + @l + on(1);
(b1) Iv(un) = Iv (@) + Io(un,1) + on(1);
(c1) VIy(u) =0 in (DG (RY))".

Next, we shall show that w? is a nontrivial solution of the limit problem (7). As (u, 1) C
D5 (RY), by Lemma 1.2.3, we have I}, (u,1)o = 0 for any o € (Dé’z(RN))l, and so
I (un1) — 0 in (DY2(RM))". Moreover, assumption (V3) implies that V € LN?(RN) N
LO(RYN) for every § > N/2. So, taking § > N/2, as n := 20/(6 — 1) < 2*, it follows that
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Up1 — 01in L] (RY). Thus, given ¢ € C5°(RY), we get

loc

L V@lualidlds = [ V@l da

supp(y)

1/6 . e
<([ wore) ([ (o)
supp(y) supp(y)
20 02;91 20 92;91
§||VH9</ |un,1|eldx) (/ le“dx>
supp(y) supp(¢)

1
n n
1o ([ funabran) ([ foira)
supp() supp()

1

<OVl ([ funalids) =o,00) (1.3.19)
supp(¢)
and so,
On(l) = ](/(uml)@
= / (Vup, Vo + V(z)u,1p)de — f(tn1)pdx
RN RN
= / Vu,1Vodr — f(unq)pde —i—/ V(z)un1pdx
RN RN RN
= I(’)(un,l)gajL/ V() Uy 1 pda
RN
= I§(un,1)p + 0n(1).
Hence,
I (tn 1) = 0,(1), for all p € Cg°(RY), (1.3.20)

which shows that, as n — oo, I}(u,1) — 0 in (Dm(RN))/. For any £ > 0, there exists
ng € N such that n > ng implies that

sup ‘[(l)(un,1)<10’ <ég, VQO € CSO(RN)
el <1

Given ¢ € C3°(RY), we define ¢} := (- — yl). Thus,

sup |Ig(va)el = sup [Lg(una(-+ )l = sup [Tg(una)e(- — yp)l
lellv <1 lellv <1 let—uh)llv <1
= sup |Ig(un1)pn] < sup [f(una)dl <, ¢ € CGF(RY),
ekl <t lellv<1

for n € N sufficiently large. So, for any ¢ € Cg°(R"), since v}, — w' weakly in D"?(RY),
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we get

/RN [VurVe + V(z)vye|de = / [Vw'Ve + V(z)w'p]dz + 0,(1)

RN
and arguing as in (1.3.19), as v} — w' in L] (RY), we obtain
/ V(z)vipdr = / V(z)w'odr + o,(1).
RN RN
Moreover, using the same ideas applied in Lemma 1.3.5(b), we can conclude that

flog)pdr = | f(wh)pdr +on(1).
RN RN

Therefore, for any ¢ € Cg°(RY)

on(1) = I(v)p = | VoVedr— | flu)pde
RN RN
:/ [VU}LV¢+V(;E)U}190]CZ:L’—/ V(x)v,llgoda:—/ fwl)pdx
RN RN RN

= /RN [Vw1V<p + V(x)wlw] dx — V(z)w'pdr — / fwhpdr + 0,(1)

RN RN

= Vw'Vpdr — fwh)pdr + o0,(1)
RN RN

= I(l)<w1)90 + on(1),

1

which shows that I}(w')p = 0, and so, w' is a nontrivial solution of the limit problem

(Fo)-
Let us define now

Ung o= Upy — w' (- = yy,).
So, as before, we have
(a2) [unll5 = [lunzll® + 1all3 + lw]* + 0n(1);
(b2) Iy (un) = Iy (@) + Io(uns) + Io(wh) + 0,(1);
(€2) Ij(tn2) — 0 in (DV2(RN))"

The verification of these items follows the same argument used previously in the analogous
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items for the sequence (u,,1), with the necessary adaptations. Indeed, using (al), we have

[l = (ung — 0! (- = yp), uny — w' (- = yp))
= JJunall® + lw' (- = y)IIP = 2w, w' (- = y))
= 0 (1) + [|unllt — @l + [lw' (- = yo)II?
= 2(un,1,w' (- = Y))- (1.3.21)

Making a change of variables, we obtain

=)l = [ | [Vw o= gl
:/ V'l (2)[2de = [|w'|]* (1.3.22)
RN

Moreover, for any ¢ € C5°(RY), we have

VulVpdr = / Vo,V +V(x / V(z)vpdx
RN RN RN
- / [Vw'Ve + V(z) / V(z)w'edr 4 0,(1)
RN RN
= Vuw'Vedz + 0, (1)
RN

and so as Cg°(RY) is dense in DH?(RY), it follows that

(g, w' (- =) = | Vuna(2) Vo' (z — y,)dz

RN

= Vi1 (z + yp) V' (v)dz

RN

= Vol (z)Vw'! (z)dx
RN
= |lw'||* + on(1). (1.3.23)

Substituting (1.3.22) and (1.3.23) in (1.3.21), we obtain
lunlly = llun2ll® + El15 + 1w + 0a (1),

proving (a2).
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Using the previous results obtained in (a2) and (c), we have

Iy (un) = Iy (@) = Io(upz2) — Io(w')
1 1, _
=Sl = [ Flds =Sl + [ F@
RN RN

- SlhunalP + [ Fw)de =GP+ [ P
1 e A T AT
= [ 1P () = Plun) = Fa)lde
——A@{F@mﬁ—amegux+léNF@&ﬁm
—on(V) = [ [Planale +2) = Flunalo+gi)]do+ [ Flu')da
—on() = [ [Flunsla+40)) = Flunale +31) = Flu'(@0)]do

:%ﬂ%iéNF@b—F@#ﬂf»—Fwwwm

Applying Lemma 1.3.3 with ¥ = F' again, (see [31, Lemma A.1]), changing u,, by v} and

uo by w!, we conclude that

and so
Iy (u,) = Iy (@) + Io(un9) + Io(w') + 0,(1),

which proves (b2).
Next, we will show that [)(u,2) — 0 in (DLZ(RN))/. The fact that VIy(u,;) — 0
in (DgQ(RN))/ implies that, by Lemma 1.2.3, I};(u,;) — 0 in (D“*(RY))’, and so
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I (un1)p — 0, for any p € C5°(RY). On the other hand, as I}(w') = 0, we have

Ly (un1) = L (una +w' (- = yn))yp
= /RN (Vg a(x)Vo(z) + V() up(z)p(z))de

+ /RN (V' (z = y,) Vo(x) + V(z)w! (z - y,)p(2))dz

= | Sale) w2~ )l

= Iy (un2)p+ | flun2(2))p(z)de

+ / (Vo' (@) V(e +y3) + V(e + ya)u' (@)p(e + yy))da
= || Sl
= Tyluna)o+ [ Hlunala))ple)ds
+ [ VU@ Tela+ e+ [ Vi + g @ele + e
= | Sl
= Iy(ung)o+ [ flung(x))p(z)de

RN

It Yol 4 ya) + / F(w (@))o(a + yl)de

[ Ve @t b= [ fluna(@)eta)ds
= Tyluna)o+ [ V(e +ybo’ @ole + sh)do

- /RN [f(una (@ +yp)) = flunz(@ +y,)) — fw! (@)@ + y,)dw.

Using (V3) and applying Lebesgue dominated convergence theorem, it follows that

/RN V(ZE + y}@)wl("t)gp(q} + yé)dm _ On(l).
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Next we will show that
[ [ nala+52) = Fltnalo +92)) = S @) olo + yh)do
= [ 17 = k= wh) = f@) ]t + s = 0u (1)

Indeed, by hypothesis (f2), we have | f(s)| < As|s|* ~! for all s € R. Thus, arguing as in

(1.3.8), we obtain

2*—2|w1| + |w1 2*—1) ,

f(vp) = floy —wh)| < Ci (|, — w!

and so

| (vg) = f (v, —w') = fwh)] < |f(vn) = fog —wh)]+ |f(w)]
S Cl(|v7ll - wl 2*_2‘w1| + |’LU1 2*_1> + A2’w1
22wt 4 (C + Ay)|wt )P

2*—1

= O1jv) —w'!

Let R > 1 be. Since (v}) is bounded in DV?(RY) and D'?(RY) is continuously embedded

into L¥(RY), we have

/| D) = ok =y = At +

|z|>R

<G b wl P el e+ (ot A [l el ) de
|z|>R

*

2:2 2/2*

2

caf [ uewFa) ([ W s i)
lz|>R |z|>R

zo1 12
pera ([ wra) ([ et i)
lz|>R |z|>R
1/2* 1/2*
([ wrEa) ([ e bPa)
|z|>R |z[>R

b el ([t
|z|>R

1/2* 1
(/ \w1|2*d$> + (/ ]w1]2*d1’) :
|z|>R |z|>R

< Clei —w!

2
2 >
dz

< Cllellv
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Thus, given € > 0, we may choose R > 1 sufficiently large such that
/| [f(vn) = flvg = w') = flwh)llo( +y,,)de < ellgllv. (1.3.24)
z|>R
On the other hand, from (1.3.8) and hypotheses (f1) and (f2), we get

| f(un) = fun —u) = f(W)] < [f(un) = fF(W)] +[f(un — )]
< Cl(|u\2*_2]un —ul + |u, — u\Q*_l) + Aguy, — u* !

= Cl|u|2*’2|un —u| + (C1 + Ag)|u, — u\z*’l,
and so

/||<R [ F(tn) = flun = u) = f(w)l|plde

< 01/ lu
|z|<R

We fix § € (0, ++5) and consider ¢; :=2* — § and ¢o := (2* — §)/(1 — §). Thus,

N-2

2*_2\% — ul|pldz + (Cy + Ag)/ [t — u|2*_1|gp|d$.

lz|<R

*

. sz N\ s \P5
/ [, — u)® 7 pldr < (/ (g — u|* 1) > d:c) (/ \gp\lédm)
|z|<R |z|<R |z|<R

*

2% 1 1
= (/ |t —u]‘“da:’) " (/ |g0\(12dsc)q2
lz|<R lz|<R

2% -1

q

<Cllel( [t ular) "
lo|<R

As u, — u strongly in L (R"), it follows that

/| . lup, — ul* eldr = 0,(1), Vo€ CPRY). (1.3.25)
z|<

Moreover, for any ¢ € C5°(RY), we have

fooal
lz|<R

2
*

2% _9
_2* 2% * 2
2—2|un—u||so|dx:(/ <|u2—2)2*2dx) (/ <|un—u\|so|>idx)
|z|<R |z|<R
2% _9
|z|<R

2 dx) ( JRCEEE das) ,
lz|<R
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. N : . . : 2(2*—5) 2(2*=5)
and, using Holder inequality with conjugate exponents =%— and Z7—,

we get

2
*

N . .
( [ = ulleh® dx) < ( [t —u|q1das) ( / |so|qadx) ’
jal<R el <R 2| <R

1

a1
<Clidle( [t = ulras)”.
lz|<R

(2 =9) As u,, — u strongly in L%C(RN), it follows that

2*—26

( /| =i ¥ d) —ou(1),
[t

It follows from (1.3.25) and (1.3.26) that

where ¢ :=2* — § and ¢3 :=

and thus,
22y, — ul|pldz = 0,(1), Y € CF(RY). (1.3.26)

/ ) = o =) = J(0) gl = (1), (13.27)
From (1.3.24) and (1.3.27), we conclude that

[ 1) = £ = 20 = f)glde = o),
Therefore,
L (una) = I (tna)e + 0,(1),  for all p € Cg°(RY),

which shows that, as n — 00, I}, (uns) — 0 in (D"*(RY))". Furthermore, arguing as in
(1.3.19), as u, 2 — 0 in L _(RY), we obtain

loc

| IV@llunalielde = 0,0,
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and thus,
on(1) = I, (uns)p = /N (Vu, oV + V(z)u,2p)de — N f(un2)pdx
R R
= / Vu, 2 Vodr — f(un2)pdx + / V() up20dx
RN RN RN
= ](’)(ung)go—i-/ V() un2pdz
]RN
= Io(un2)e + on(1).
Therefore,

Io(tn2)p = on(1), for all p € C°(RY),

and 50, as n — 00, Ij(u,2) — 0 in (DV2(RN))’, proving (c2).
Thus, if |Ju, 2| — 0 as n — 0o, we have completed the proof. Otherwise, if u,2 — 0
in D?(RY) and does not converge strongly to zero, we take u, 3 := u, 2 — w?(- — y2) and

repeat the argument. Hence, we obtain
[V(un) = IV(E) + I()(wl) + [0('11]2) + 0n<1)

Continuing this way, we get a sequence of points (y7) C RY such that |yi| — oo,
ly2 — yi| = oo if i # j and sequences of functions u, j := u, ;-1 — w/ (- —yi 1), j > 2,
such that

g +3) = w0l in DIR(RY),

where w’ is a nontrivial solution of the limit problem (7). Since Iy(w’) > mgy = poy and

Iy (u,) — ¢, there exists a positive integer k£ such that

Iy (up) = Iy(@) + > Io(w’) + 0, (1),

j=1
and the proof of lemma is complete. O

Remark 1.3.7. Note that if u # 0 is a solution of (Pg) then u € P& and the following
statement holds
N2

N
N[ F(udr=——[ |Vul’dz+ — (

VV(z)- x

v V(x)) u?da.
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Then, using Holder inequality and hypothesis (V3), we have that Iy (u) > 0. Indeed,

Iy(u) = %/RNOVUF + V(z)u?)dx — /]RN F(u)dx
1

_ §/RN(WU\2 V(@) da

_N-2 Vu|?dz — 1/ (M + V(x)) wlda
RN RN

2N 5 ¥
= ]1[ Vul*dz — N/RN VV(z) - zuldz
- ]1[ !VUIde B % (/ lw+(l’)|N/2 dx)Q/N (/RN |u2|2*/2 dm)Q/T
[ e ([ a)”
> % ox |Vu|?dx > 0.

The next corollary is a fundamental result in order to prove strong convergence of

(PS).-sequences.

Corollary 1.3.8. Assume that (Vi)—(Vs) and (f1)—(f1) hold true. Let (u,) C DG*(RY)
be a bounded (PS).-sequence for Iy. If 0 < ¢ < £(G)poy, where py is given in (1.2.7), then

the functional Iy has a nontrivial critical point @ € DG*(RN) such that Iy () = c.

Proof. By Lemma 1.3.6, passing to a subsequence, we get a solution u € Dg(RN ) of
problem (Pg) such that u, — @ weakly in Dg*(RY). Next, let us show that u, — @
strongly in D1G2(RN ). Suppose that u, /4 4. Applying Lemma 1.3.6 again, replacing

(u,) by a subsequence, if necessary, there exist an integer k£ > 1, k nontrivial solutions

w', -+ w” of the limit problem (P) and k sequences (y7) C RY 1 < j < k such that
|yJ| = oo and
k
Z (-—yl) =0 in DY}RY), (1.3.28)
c=Iy(u ZIO (w?). (1.3.29)

Then, up to a subsequence, we have

Yn esVl forj=1,--- .k
i

J .
z) =

and as (27) is bounded in RY and S¥~! is closed, there exists 2/, € SN~! such that
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zl — 2J_ asn — +o00. We claim that the set {2J_: j = 1,--- ,k} is G-symmetric. Indeed,
for any integer j € {1,--- ,k} and g € G, as u,,u € DéJQ(RN), we have u,(gzr) = u,(x)
and (gx) = @(x) for all x € RY. In particular, u,(gz) = u,(x) and a(gz) = u(z) for all
r € By(y)). By (1.3.28) and (1.5.1) with R =1,

2

dx > a >0,

k
lim inf |Vu,(z) — Vi(z)*dr = lim inf

oo JBi(yl) o0 J Byl

Vuw'(z —yp)
=1

and so, we also get

lim inf/  |Vu,(gr) — Va(gr)|Pdz > 0.
Let us show that, given j € {1,...,k}, there exists an integer ¢ € {1,...,k} such that
{9y} — yt1°>°, is bounded. Otherwise, for any ¢ € {1,...,k} and j and g € G fixed,
{9y} — y°}22, is not bounded. So, there exists a subsequence of n; € N, for simplicity

still denoted by n, such that |gy) — 3| — oo, as n — oo, for all £ € {1,...,k}. Hence,

0<a< liminf/ |V (z) — Va(z)| do
By (

"= JBi(h)

—liminf [ |[Vun(x+19) - Va(e + )| da
n—oo Bl(O)

= lim mf/ Vun(g(z +y2) — Vilg(e +3))| da
n—oo B1(0)

k 2

= lim inf/ VY w(g(z+yl)—y)| dv
E 2
= lim inf/ Vw'(gz + gyl — )| dx

=0,

since the domain of integration is the ball B;(0) and [£!| = |gy? —y' | — 400, as n — 400
and |Vw?| € L2(RY), for 1 < i < k, and this gives us a contradiction. Therefore, there

exists £ € {1,...,k} such that {gy! — y%}>°, is bounded. So, there exists a constant
M > 0 such that

gyl —yhl <M, ¥neRY.
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In order to conclude the claim, using |y/| — +o00, as n — +o0, then from above

M
—||Qyn n’—_]|_>0 n — +00.

This yields,

J 1 (A
gzl = lim g( Yn ) = lim —gyn = lim y” = lim |y—"’y—” =24, (1.3.30)

if we prove that lim, . |v°|/|y?| = 1. In fact,

M
|£||gyn yn|_m—>0 as n — 00.

So, !gy,%/lyﬁ\ - yﬁ/’yﬁﬂ — 0 and hence

vl
y7 -

= lim

1= lim Tl = lim
n—oo

n—oo ‘ |yn n—oo

E
|yn|

Therefore by (1.3.30), {27, : j=1,...,k} is G-symmetric, and so if we denote #Gx :=
#{gx : g € G},

((G) =min{#Gr :x € SN} <min{#Gzl_ 1 <j <k} <#{ 1 <i<k} <k
Since Iy(w’) > mg = po for j =1,--- |k, we obtain from (1.3.29) and inequality above

As Iy(0) = 0 and @ is a solution of problem (Pg), by Remark 1.3.7, I/ (@) > 0. It follows
from (1.3.31) that
¢ 2 Iy(u) + U(G)po = U(G)po,

which is a contradiction with the hypothesis that ¢ < ¢(G)pg. Therefore, u,, — u strongly
in DS*(RY). Since (u,) converges strongly to @ and Iy is continuous, it follows that
Iy(u) = ¢ >0, so u # 0 and the proof of corollary is complete. H

1.4 Existence of a positive solution

We will need the following result of [17, Lemma 4.1] and we refer to that for the proof.
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Lemma 1.4.1. (a) Ifyo,y € RN, yo # vy, and o and B are positive constants such that
a+ [ > N, then there exists C; = Cy(a, B, |y — yo|) > 0 such that

/ dx
rv (14 |2 — Ryol)*(1 + |z — Ryl)

for all R > 1, where i := min{a, ,a+ 5 — N}.

3 <CiR™"

(b) If yo,y € RN\ {0}, and 6 and ~ are positive constants such that 6 + 2y > N, then
there exists Cy = Ca(0,7, Yol |y|) > 0 such that

dx
/RN (1 +[2)?(1 + |z — Ryo|)'(1 + |z — Ry|)

for all R > 1, where 7 := min{#,2y,0 + 2y — N}.

S OQR_Ta

Proof. (a): Performing a suitable translation, we may assume that y = —yo. Let 2p :=
ly — yo| > 0. In the following, C' will denote different positive constants which depend on
a, fand p. If |x — Ryo| < pR, then |z — Ry| > pR. Hence

/ dx < / dx
Byr(iye) (112 = Ryo)*(1 + [z — Ry|)? = Jp, n(ryo) (1 + |2 — Ryo|)*(pR)?

— CR—B/ d—x <C [R—B + RN—(a+B)} < CR™™.
B,p(0) (14 [z[)°

Similarly,

dx
/BPR(R@,) (1 + [z — Ryo|)*(1 + [ — Ryl)

s <C[R 4+ RV <CR™

Let
HY :={zecR":|z—Ry| > |z — Ryy|} and H :={z€R" : |z — Ry| < |z — Ryol}.

Setting x = Rz we obtain

/ dx < / dx
H+Byr(Ryy) (1117 — Ryo)*(1 + [z — Ry[)’ = Ju+ B, n(ryo) (1 + |2 — Ryo|)>*+*

N N
- / fdz = / R opved < opon
H*+\By(yo) (1 + R|Z - Z/ODOHFB Ht\B,(0) (1 + R|Z|)a+ﬁ N B

Similarly,

dx
H-~B,r(Ry) (1 + |7 — Ryo|)*(1 + |z — Ryl)

5 < CR™.
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Since RY \ [B,r(Ryo) U B,r(Ry)] = [H" \ B,r(Ryo)] U [H~ \ B,r(Ry)], the previous
estimates yield (a).
(b): From Holder’s inequality and inequality (a), we obtain

dx
/]RN (1 +[2)?(1 + |z — Ryo|)'(1 + |z — Ry|)

dr 1/2 dx 1/2
<(/ ) (/] ) =
e I P+ o= Bl ) o TF 2P0+ 7 =

as claimed. 0

In this section we will prove our main result. Its proof requires some important
estimates and the previous lemmata.

In what follows, for simplicity, we will consider G = O(N — 1) x Zy C O(N), where
Ly := {id, —id}, and ¢(G) = 2. That is, for all g € G, we have

g(xlv o 7$N—17xN> = (gl(xlv Tt 7$N—1)7:|:$N)7

where g; € O(N — 1). Moreover, we will consider y = (0,---,0,1) € RY and w a
ground state solution of the limit problem (F,), which is positive, radially symmetric and
decreasing in the radial direction, such that Io(w) = my. Observe that, for any g € G
and 2 € RV, we have w(gr) = w(|gz|) = w(|z|) = w(x) which shows that w € Dg*(RN).
We will construct a positive solution of (Pg) exploiting the interaction of two trans-
lated bumps. Let us denote B, (z) := {x € RN : |z — x| <r}. For y = (0,---,0,1) and

R > 0, we define
w? = w(-— Ry), wf:=w(-+ Ry). (1.4.1)

In the next lemmas we study the interaction of powers of these two translated solitons.

Lemma 1.4.2. Let & and B be constants such that 2a > 2* and 3 > 1. Then, for any

R > 1, there exist constants C3 = C3(N,a, ) > 0 and Cy = C4(N, &, B) > 0 such that
/ (W) (W)’ < CuR- V2, (14.2)
RN

and

/R . (w®)* ()’ < C,R V-2, (1.4.3)
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Proof. By definitions in (1.4.1) and inequalities in (1.1.2), there exists C' > 0 such that

/RN () (wh)’ do = / (w(z — Ry))® (w(z + Ry))? do

RN

<0f (ko= Ryl 1k ot Ry) PO
RN

Since @ > 2*/2 and B > 1, then (N —2) > N and B(N —2) > N — 2. Therefore,
we can apply Lemma 1.4.1(a) with a = a(N —2) and 8 = B(N — 2), in which u :=
min{a, f,a+  — N} > N — 2, to obtain C5 > 0 such that

/ (W™ (wh)? do < C,R-V2).
RN
Similarly, there exists Cy > 0 such that

/ (W (w")? do < CLR-V2),
RN

Next, let us define

€R ::/ f(wl) wl_%d:c:/ f(wf) wf dx (1.4.4)
RN RN

and we will obtain some estimates for ¢y.

Lemma 1.4.3. Assume that (f1)—(f2) hold true. Then, for any R > 1, there exists a
constant C' > 0 such that
er < CR V-2, (1.4.5)

Proof. Using hypotheses (f1) and (f2), we have

Ep = / f (wf) whde < Az/ (wf)z*_l whdz.
]RN ]RN

Since 2* — 1 > 2*/2, applying Lemma 1.4.2 with @ = 2* — 1 and § = 1, for any R > 1,
there exists C' > 0 such that
ER S CR_(N_Q).

]

Now observe that, since w is the positive radial ground state solution of the limit
problem (F), it follows that [,y [Vw|*dz = [on f(w)wdz. Then, there exists zy € RY
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such that f(w(zg)) > 0. By continuity of function f, we can get ro = ro(f,w) > 0 (which
depends only on f and w) such that f(w(x)) > f(w(zo))/2, for all x € B,,(xo).

Lemma 1.4.4. Assume that (f1)—(f2) hold true. Then, for any R > 1, there exists a
constant C' > 0 such that
ep > CR~WN-2), (1.4.6)

Proof. In the above considerations, since zy and 7y are constants independent of R, we
can assume without loss of generality that 2o = 0 and 1y = 1. So it follows that f(w(z)) >
f(w(0))/2, for all z € B;(0). Thus, for any R > 1, a change of variables z = z — Ry and
(1.1.2) yield

ER = - f(w(z — Ry))w(x + Ry)dx = . fw(z))w(z + 2Ry)dz
f(w(0))
> /Bl(o) fw(2)w(z + 2Ry)dz > / Tw(z + 2Ry)dz

B1(0)

>C (1+ ]2+ 2Ry|)"N2dz > CR-V-2),
B1(0)

which proves the lemma. O]

The next lemma presents the order of interaction between the gradients of two trans-

lated solitons.

Lemma 1.4.5. For any R > 1, there exists a constant C' > 0 such that
/ [V V'l de < CR-V72). (1.4.7)
RN
Proof. Observe that, taking the derivatives and using (1.1.3), we obtain
/ Vw? - Vwf| de = / |\Vw(z — Ry) - Vw(x + Ry)| dx
RN RN
<cl Q+lr—Ry) N VA +|z+Ry) N Vda
RN

_ c/ (14 )Y (1 + | + 2Ry|)" N da.
RN
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Since |2Ry| = 2R, if | + 2Ry| < R, then |z| > R. Hence

/ (14 2)" YD1 + [z + 2Ry~ NV
Br(—2Ry)

< / R-OD(1 4 |z + 2Ry|)" VDl

Br(—2Ry)

= R_(N_l)/ (1+|z))" W Vdz < CR-V=2),
Br(0)
Similarly, we have
/ (14 )" D(1 + o + 2Ry|)" ¥ Vdw < CR-V2),
Br(0)

Let

HY :={z eRY : |z +2Ry| > |z|} and H :={x € RY : |z +2Ry| < |z|}.
Setting z = 2Rz, we obtain

/ (14 2" N1+ 2 + 2Ry~ Ve
H+~Br(—2Ry)
< / (1 + ) 2D
H+~Bgr(—2Ry)
:/ 2(1+2R|z|) 2NV RNgz
H¥\By/2(~y)
< OR72(N71) RN/ ’Z‘fZ(Nfl)dZ
H\By/2(~y)
< CR - WN-2),

Similarly, we have

/ (14 o) D(1 4 o + 2Ry|) Nz < CR- V2,
H~~Bgr(0)

Since RY \ [Br(—2Ry) U Br(0)] = [H" \ Br(—2Ry)] U [H~ ~. Bg(0)], by previous esti-
mates, we obtain C' > 0 such that

/ ’wa . wa| dr < CR-WN=2),
RN
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We will need the following estimates adapted from a result in [1, Lemma 2.2|.

Lemma 1.4.6. Assume that (f1)—(f2) hold true. Then, there exists o € (1/2,1] with
the following property: for any given Cs > 1 there is a constant Cg > 0 such that the
inequalities

[f(u+0) = fu) = fv)] < Csluv]”
and

|F(u+v) = F(u) = F(v) = f(u)v = f(v)u] < Cgluv|*
hold true for all u,v € R, with |u|, |v] < Cs.

Proof. Hypothesis (fy) implies that there exists a constant C' > 0 such that | FO(s)| <
C|s|>=+Y for i = 1,2,3, and |s| < Cs5. Set ¢ := 2* — 1 and ¢ := min {2"/4,1} =
min {N/(2(N —2)),1} € (1/2,1]. The proof of the inequalities follows by simple calcula-
tions. Indeed, given u,v > 0, there exists a constant C' = C'(g, C5) > 0 such that

F(u+v) = f(u) = f)| = < 01/ / 512 ds dr

< C u—l—v —u? — 01 < C(uwv)?,

"(s)dsdr
q

|F(u+v)— F(u) — F(v) — f(u)v —

<Cl//// 2973 dz dt dr ds

< Cy [(u+ )™ —ut™ — o™ — (g + Duto — (g + )v%u] < Cluv)™ .

"(2)dz dtdr ds

Let us define the sum of the two translated solitons
U= wf +wh, (1.4.8)

and present some of its properties and estimates. Next, we will show that Uf € DéQ(RN ).
Indeed, as w is radially symmetric and G = O(N — 1) x Zy, given g € G and z € RY, we

must consider two situations:
(1) g(xr,- on-1,2n8) = (91(21,- -+ ,oN—1),7N), Where gy € O(N — 1);

(i1) g(x1, - ,on—1,2n) = (g1(21,- - ,2N-1), —2N), Where gy € O(N —1).
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If g($17 o, TN-1, xN) = (g1(551, T 7$N71), xN)7 then

U (gz) = w(gz) + wli(gr) = w(gz — Ry) + w(gx + Ry)
= w(gl(fﬁ, T 733N—1),95N - R) + w(gl(ﬂé’b T ,flfN—1),$N + R)
=w(xy, - ,on-1, 28y — R) +w(zy, - ,oy_1, 28 + R)

= w(r — Ry) + w(z + Ry) = wlf(x) + wf(:c) = UR(I).
If g(xy, - ,on—1,2n) = (g1(21,- -+ ,xN-1), —ZN), then

U (gz) = w(gz) + wi(gr) = w(gz — Ry) + w(gz + Ry)
= w(gi(z1, - ,xn-1),—2n — R) +w(g1(z1, -+ ,xN-1),—2Nn + R)
=w(zy, -, ey_1,2n + R) +w(xy, -+ ,an_1,2y — R)

= w(z + Ry) + w(z — Ry) = wi(z) + wi(z) = U ().

Therefore, we conclude that U € Dg*(RN).

Corollary 1.4.7. Assume that (f1)—(f2) hold true. Then, it holds

RN‘F(UR) — F(w®) = F(w?) — fwwf — fwfw?| dz = o(ep). (1.4.9)

Proof. Set w_ := wf, w; := wf and U := UF. By Lemma 1.4.6, since w_, w; and U are
bounded uniformly in R, there exist constants C' > 0 and ¢ € (1/2, 1] such that

@) = Pl = Plu) = oy, = S de < C[ (0w, de

RN

Let us consider two cases: if N > 4, then o := min {2*/4,1} = 2*/4 = N/(2(N — 2)).
Thus, using (1.1.2) and Lemma 1.4.1(a) with « = g = 20(N —2) = N and p :=
min {20(N —2),40(N —2) — N} = N > N — 2, we obtain

/ (w7w+>20 dx < C (1+ ‘x—Ry|>_2U(N_2) (1+ |I+Ry’)—20(N—2) dx
RN RN

< CR™.

By Lemmas 1.4.3 and 1.4.4, it follows that

/}R NF() = Flwo) = Flwy) = oy, — flwJu|dz = ofer).
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The case N = 3 is a little more delicate since 0 = 1 and p = 1, which gives
/ (w_w,)*dr < CR™ = O(eg).
RN

However, using hypothesis (f;) for ¢ = 3 in the proof of Lemma 1.4.6, in fact we can
obtain C' > 0 such that

P(U) - P(w) - Flws) - flw_wy — flw)w-| < Clotw? +wd el +uwl]

and so, again using (1.1.2) and Lemma 1.4.1(a), we get
[ @) = o) = Fw) = fw-yu = S| ds < CR™ = ofer),
R

which yields (1.4.9), and the proof is complete. O

Lemma 1.4.8. Assume that (V1)—(V2) and (f1)—(fs) hold true. Then, the following

statements hold:

(a) / |VURy2dx:2/ \Vw|*dz + og(1);
RN RN

(b) / F(U®dr = 2/ F(w)dz + og(1),
RN RN
where og(1) — 0 as R — +oo.

Proof. Set w_ := w®, w, = wf and U := U®. Thus, we have
/ |VU|?dx = / \Vw_ + Vw, [Pdz
RN RN

= / Vw_|*dz + 2
RN

:/ \Vw|*dz + 2 Vw_'Vw+dJ:+/ |Vw|*dx
RN RN RN

Vw_ - Vw, dx —I—/ |Vw, |*dx
RN

RN

= 2/ \Vw|*dz +2 | Vw_ - Vw, dr.
RN

RN

By Lemma 1.4.5, there exists C' > 0 such that

/ \Vw_ - Vw,|dz < CR™WV-2),
RN
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proving item (a). We also have

/RNF(U)dx — Q/RNF(w)dx = /RNF(U)dx — /RNF(w_)dx — /RNF(w”df"
= [ IF@) = Fla) = Fla) = -y, = fw o) do

o [ 1w+ Sl de

By definition (1.4.4) and inequalities (1.4.5) and (1.4.6), it follows that

[ o+ ) do = 220 = on(1)

and, by Corollary 1.4.7,
/R NF(U) = Flw-) = Flw,) = -y — flwJu|dr = ofer) = on(1),

which proves item (b), concluding the proof of the lemma. O

Lemma 1.4.9. Assume that (V1)—(Vy) and (f1)—(fs) hold true. Then, there exists Ry >

1 such that for any R > Ry, there exists a unique positive constant s := ST such that

UR(Q) e PE,

s

where UR is given as in (1.4.8). Moreover, there exist oy € (0,1/2) and Sy > 1 such that
SE € (09,Sy) for any R > Ry. In addition, ST is a continuous function of the variable

R.

Proof. Denote, w_ := w® = w(- — Ry), wy = wh = w(-+ Ry) and U := U = wf + wl.
Let &y : (0, +00) — R be defined by

N-2

Ev(s) = Ty (U(-/s) = > D) /RN VU |*dz + 87

V(sz)U?dx — SN/ F(U)dx.
RN RN
Then, U(-/s) € PG if and only if &, (s) = 0, where

€ (s) = 2N / VU|2de

2 RN

+ N3 {32 (% /RN (w + V(s:c)) Udx — /RN F(U)dx)} :
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Since s > 0, we have &{,(s) = 0 if and only if

¥ [ IVUPd = N URN F(U)dz — %/RN (w + V(sx)) Ude} |

Observe that

/RN Ude = /RN (wy +w_)?dz < 2/RN [(w:)? + (w-)? |dw = 4/ widr,

RN

which gives that ||U||; is bounded uniformly for any R > 1. Since [y |[Vw|*dz > 0, using
(V3) and Lemma 1.4.8, there exists Ry > 1, sufficiently large, and g € (0, 1/2) sufficiently

small such that

? . IVU|*dz — Ns® VRN F(U)dz — %/RN (w + V(s:c)) U?da

and so it holds &, (s) > 0, for every s € (0,00] and R > R;.
Now let us define a function ¢y : (09, +00) — R by

by (s) = s VRN F(U)dx — %/RN (w + V(s:c)> U%} .

Note that

>0,

s VV(sz) - (sz), , (sz)H (sz)(sz)
2V — N U do| |
Observe that
(11 Jsaf)k < J 00 QTN i oo <s <1
Tl e, i 1<

Therefore, using the hypothesis (13), we obtain constants C, Cy > 0 such that

[ vnivias < e (@ fel) o+,
RN RN

[ 9VGsa) sa)lUde < Caf (1-+lal) o +wd,

for every s > 0q. Thus, using the inequalities in (1.1.2) and applying Lemma 1.4.1(b), we
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obtain
/RN |V (s2)|U%dz = og(1), /RN |VV () - (s2)|U?dx = og(1), (1.4.10)

where og(1) — 0 as R — +o00. Furthermore, note that

/ ((sz)H (sx)(sx)| Uldzr < 2/ |(sx)H (sz)(sz)] [(w_)2 + (w+)2} dr.
RN RN

Let us prove that [y |(sz)H (sz)(sz)|(w_)*dz = or(1). Indeed, let ¢ > 0 be given
arbitrarily. Since ||wl|ls > 0, using the hypothesis (V}), we can take p > 0 sufficiently
large such that if s > 0 and |z| > p/og, then

3

|(sz)H (sz)(sx)| < TR

So, for all s > 0y, we have

€ € €
sx)H (sz)(sx wzdxg—/ w,2dw§ / wdr < =.
Jog N0 < g [ 0Pt = g [ e <5
(1.4.11)
On the other hand, as lim |(z)H(z)(x)| = 0, there exists a constant C3 > 0 such that

|z| =00

|(sx)H (sx)(sz)| < Cs, for every s> o0y and |z| < p/oy.

Thus, using (1.1.2), for every s > 0y and R > 25/0, we obtain

/ i \(sx)H(s:c)(s:z;)\(wf)2 dr < 03/ (w(z — Ry))Q da
|z|<p/o0

|z[<p/o0

< C/ (L+]e— Ry) ¥ Dde<C / (I1Ry] — |2) Ve
|z|<p/o0 lz|<p/o0

R~V
< C(R — 5) < CR W=2, (1.4.12)
Therefore, inequalities (1.4.11) and (1.4.12) give that

/]RN |(sz)H (sx)(sz)|(w_) dz < Z +CR W2, (1.4.13)

for every s > 0y. By an analogous procedure, there exists C' > 0 such that

/R N(sn)H(so) ()l de < &+ CRAV), (1.4.14)
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for every s > 0y. From (1.4.13) and (1.4.14), we obtain

/]RN ((sz)H (sx)(sx)| Uldz < 2/ |(sz)H (sz)(sz)| [(w_)2 + (w+)2} dx

RN
<e+CR W2, (1.4.15)

for every s > 0g. Since € > 0 was taken arbitrarily, it follows from (1.4.15) that

/R (s) H(s0)(s0)| Uz = on(1) (1.4.16)

Thus, knowing that [, F(w)dz > 0, using the hypotheses (V3), (Vi), Lemma 1.4.8(b),
(1.4.10) and (1.4.16), there exists Ry > 1 sufficiently large such that
1
i (s) = 2s {/ F(U)dx — —/ V(sa:)Ude}
RN 2 RN

- g [(N +3) /R ) —vv(sf\g 52) 2y 4 /R ) (s2)H ﬁx)(sx) U%dz| > 0,

for every s > 09 and R > R; sufficiently large. This means that 1y (s) is increasing for
s > o0p and R taken sufficiently large. This implies that the term in the brackets for
&/ (s) is decreasing for s > 0y, and goes to —oo as s — +00. Therefore, there is a unique
s = S® > o4 such that &, (s) = 0, i.e. UE(-/s) € PG. Furthermore, again by Lemma
1.4.8(b) and (1.1.4) there exist Ry > 1, sufficiently large, and Sy > 1 such that &, (s) < 0,
for all s > Sy and R > R,. Taking Ry = max{R;, R2} the result follows. Finally, from
the uniform estimates for U, VU and F(U) with respect to R > Ry, the continuity of S

in this variable is clear, and the proof is complete. O
From here on, consider S¥ as obtained in Lemma 1.4.9.

Lemma 1.4.10. Assume that (V1)—(V4) and (f1)—(f3) hold true. Then, it holds that

lim S%=1.
R—4o00

Proof. By Lemma 1.4.9, there exist constants Ry > 1, Sp > 1 and oy € (0,1/2) such that
SH € (09, 8p) for any R > Ry. Denoting w_ := w® = w(-—Ry) and w; := wl = w(-+Ry),
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we have

N -2
Jo(w- +wy) = — /. |Vw_ + Vw, | = N IR{NF(w_ +w,)

) {¥/RN up _N/RN F(w)] + {%/RN Vol =N F(wﬂ

+(N=2) [ Vw_-Vw, =N[ [F(w-+wy)—F(w) = F(wy)].

RN RN

Since Jo(w) = 0, it follows that

Jo (w_ +wy) = (N—Q)/ Vw_-Vw, — N[ [F(w_+wy)—F(w.)—F(wy)].
RN “ (14.17)
Lemma 1.4.5 yields
/ \Vw_ - Vwy| < CR™WV-2, (1.4.18)
RN

On the other hand, using definition (1.4.4) and its estimates and Corollary 1.4.7, we get
[P ) = F) - P
RN
< [ PG 0 = Flun) = Flws) = flu)wy = f) |
R

+ / ftwoyws + flw)w]

— o(eg) + 2ep < CR-WV-2), (1.4.19)
Therefore, by inequalities (1.4.17), (1.4.18) and (1.4.19), there exists C' > 0 such that
| Jo (w_ +wy)| < CR™WV=2, (1.4.20)

and so, Jy (w_ +wy) — 0 as R — oo. Then, using hypothesis (13), we obtain

Ty (UF) = Jo (w- +wy) + d o (M

5 N + V(x)) (w_ +wy)’dz

< Jo(w- +wy) + C’/ (14 |z)7* (w_ + wy)’de, (1.4.21)
RN

and again using (1.1.2) and Lemma 1.4.1(b) the last integral above is bounded by C R~V =2,
From (1.4.20) and (1.4.21), we get

|7y (U)| < CRV2,



1.4 Existence of a positive solution 59

Therefore, Jy (UR) = og(1), where og(1) — 0 as R — oo, which implies that

lim S —1,
R——+o00

by uniqueness of S and continuity with respect to R. This proves the lemma. O

Lemma 1.4.11. Assume that (V1)—(V2) hold true and take Sp > 1 and 0 < oo < 1/2.
Then, there exists a constant T > N — 2 such that

[ vl + (ly]de < or

for every s € (09, S0) and R > 1.

Proof. Denote, as before, w_ := w¥, = w(- — Ry) and wy := w, = w(- + Ry). Thus, by
hypothesis (13) and decay estimates (1.1.2), we have

N Ve[l + e = 5 [ Vi)l de+ ¥ V(solw) e

< CSY / dx +/ dx
= Uey (U [sa)R (U [z = Ry[PV2 0 S (1 [sz])¥(1+ [+ Ryl)2V2) f7

for every s € (09, 5p) and R > 1. Since 0 < 0y < 1/2 and |sz| > o¢|z|, then by Lemma
1.4.1(b), we obtain

dx dx
<
/RN (1 + [sz)k(1 + |z — Ry|)>™V=2) — /IRN (L +oolz)*(1 + v — Ry|)*N=2)

dx
<0 < CRT
=70 /RN (1+ |z])*(1 + |z — Ry|)20V-2) — ;

where 7 = min {k,2(N — 2),k +2(N —2) — N} > N — 2. Similarly,

dz

<CR™”
/RN (14 |sz)*(1 + |z + Ry|)>N=2) — ’

and so, the lemma is proved. O

Proposition 1.4.12. Assume that (V1)—(V4), (f1)—(f3) hold true. Then, there exist
L > 2 large enough and Ry > 1 such that

Iy (UR<;>> < 2Ih(w) =2py, for all s € (0,L] and all R > R, (1.4.22)

S

and

Iy (UR<Z)> <0, forallR> Ry (1.4.23)
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Proof. By Lemma 1.4.9, there exist constants Ry > 1, o € (0,1/2) and Sy > 1 such that
S® € (09, 9) for every R > Ry. Thus, changing the variables sz = z and, for simplicity,

denoting w_ := w® and wy = wf, we have

1 (U7(2)) = SN; URN Vw_|*dz — QSQ/RN F(w_)dz]

N-2
5 [/ IVw, [*dz — 252/ F(dez}
RN RN
sV 2 N-2
+7/ V(sz)[w- +wi]"dz+ s~ Vw_ - Vwy dz
RN

RN

_|_

Since py = Io(w) = maxyso Io(w(3)) > 0, it follows that
Iy <w <E>> <po,  forall s € (0,00).
Let us set
() i= 5" [ VG2l + (]
(1) i= s [ 1P+ w2) = Flw-) = Flws) = oy = fuwu-|dz
(1) i= 2 [V Vo, = flwoyu = (-]

To show (1.4.22) and (1.4.23), we will estimate (I1), (I2) and (I3). Take L > 2 large
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enough. By Lemma 1.4.11, we obtain
() <CR™,

where 7 > N — 2 for all N > 3, and hence, (I;) = o(eg), for every s € (0, L] and R > 1.
Moreover, Corollary 1.4.7 yields
(I2) = oler),

for all N > 3, for every s € (0, L] and R > 1.

Using the fact that w is a solution of (F,), we also have

/ Vw_ -Vw, dz = flw)wydz = flwp)w_dz,
RN RN RN
and so
1
/ Vwy -Vw_dz = 5/ [f(w)wy + flwp)w_]dz.

RN RN

Thus,
(I3) = sNZ/ [Vw_ - Vw; — $*f(w_)wy — s f(wy)w_]dz
RN
— (5-) [ s+ fwu]d:

where ep = [on fw_)wydz = [pn f(wi)w_dz. So, there exist 0 < 6 < 1/4 and Cy > 0
such that
(I3) = (1 - 252)3]\[72 er < —Cyer, (1.4.24)

for every s € [1 — 4,1+ 6]. Therefore, by previous estimates, there exists R; > 1 suffi-
ciently large such that

Iy (UR<;>> < 21, <w (-)) F (L) + (I) + (Is) < 2p — Coen + o(er) < 2po,  (1.4.25)

S S

for every s € [1 — 9,1+ 0] and R > R;.
Next, let us show that there exists Ry > 1 such that

Iy <UR<E>> <2po forall s (0,1—06)U(1+0 L] and all R> R,

Note that hypothesis (V3), the pointwise limit limg o, U%(x) = 0 and Lebesgue domi-



1.4 Existence of a positive solution 62

nated convergence theorem imply that
SN/RN [V (sz)|[(wy)? + (w_)?*]dz — 0, as R — +00, (1.4.26)
uniformly in s € (0, L]. Also, by Corollary 1.4.7,
SN/RN Flwy +w ) — F(w,) — Fw_) — flw)w_ — f(w ywy|dz—0  (1.4.27)

as R — +oo, uniformly in s € (0, L]. Furthermore, applying Lemmas 1.4.3, 1.4.4 and

1.4.5, we may conclude that
SN_Q/ [Vw, - V- = s* fwy)w- — 8* f(w_)wy]dz — 0 (1.4.28)
RN

as R — +oo, uniformly in s € (0, L]. Hence, it follows from (1.4.26), (1.4.27) and (1.4.28)
that

‘IV (UR (g)) 20, (w(;))) 50 as R— +oo, (1.4.29)

uniformly in s € (0,L]. From (1.4.29) and recalling that the map ¢ — Io(w(3)) is

strictly increasing in (0, 1] and strictly decreasing in [1,00) and Iy(w) = py, it follows that
Io(w(3)) < Io(w) for all ¢ # 1, and so there exists Ry > R such that

Iy (UR<;>> < 2py, for all s € (0,1 —0)U(1+46,L] and all R > Rs. (1.4.30)
s
Thus, from (1.4.25) and (1.4.30), we conclude that
Iy (UR(;)) <2po,  forall se (0,L] and all R > Ro. (1.4.31)
$

Finally, we will prove that (1.4.23) occurs. We claim that Io(w(7)) < 0. Indeed, as w is
a solution of problem (7)), it follows that

N —2
F - = 2
/}RN (w)dx IN Jon |[Vw|*dx > 0,

and so, for L > 2 large enough, we obtain

I <w<z)> - LZZ URN Vwltde — 2L2/RN F(w)dx} < 0. (1.4.32)
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Thus, using the fact that I (w(z)) < 0 and (1.4.29), there exists R3 > 1 such that

Iy (UR(E» <1y (w(z» <0, forall R> Ry (1.4.33)

Therefore, taking Ry := max{Rs, R3}, we get from (1.4.31) and (1.4.33) that
Iy (UR(E» <2po,  forallse (0,L] and all R > R,

and
Iy (UR (Z)) <0, forall R> Ry,

concluding the proof of the proposition. n

Lemma 1.4.13. Assume that (f1)—(fs) hold true and let w be a ground state solution to
(FRy), which is positive, radially symmetric and decreasing in the radial direction. Then,
there exists a path v, € C([0, 1],Dé’2(RN)), with ~9(0) = 0 and Iy(y0(1)) < 0, such that

we (0,1, max o(rolt)) = fow) = mo.
Proof. By hypothesis, for any g € G and z € RY, we have w(gr) = w(|gz|) = w(|z|) =
w(z), and so w € DG*(RY). Moreover, w is a ground state solution to (Pp), which is
positive, radially symmetric and decreasing in the radial direction. Then, we can define
a continuous path « : [0, 00) — DG*(RY), putting a(t) := w(-/t) for t > 0 and «(0) := 0.
Thus, by construction, it follows that Io(«(0)) = 0 and, for every ¢ > 0, we have

tN*Q

5 / |Vw|*dx — tN/ F(w)dz.
RN RN

Therefore, deriving the above expression, we obtain

Io(a(t)) = Io (w(-/t)) =

N -2
ifo(oz(t)) = —tN_3/ |Vw|*dx — NtN_l/ F(w)dx
dt 2 RN RN
N -2
= N3 [— |Vw|2d:z:—Nt2/ F(w) dm} :
2 RN RN

Since w is a solution to (F), then w satisfies the Pohozaev identity

N -2
—_— |Vwl*de = N[ F(w)dz,
2 RN RN
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and thus,
d
2 I(alt)) = NP (1 - £) / Fw)da.
dt RN

Since NtV=3 [y F(w)dx > 0, for every ¢ > 0, it follows that the map t — Io(c(t)) reaches

the maximum value at ¢ = 1. Choosing 1" > 0 sufficiently large, we have

max lo(a(t)) = lo(a(l)) = Ip(w) =my and Iy(a(T)) < 0.

0<t<T

Considering the path o : [0,1] — Dg*(RY), defined by yo(t) := a(tT), the result follows.
[

Lemma 1.4.14. Assume that (V1)—(V3) and (f1)—(f3) hold true. Then, the functional

Iy satisfies the geometrical properties of the mountain pass theorem.

Proof. Observe that Iy, (0) = 0. Moreover, using the hypothesis (f;) and the continuity
of the embedding D5*(RY) into L¥(RY), we get

2%
2*

1 1
R = gl = [ Flude > Sl = Al

1
> 5“““%/ — C1 Az lu

* ]_ *
= |5~ Coallll |l

1/(2*-2)
Since 2*—2 > 0, taking ¢ := min {1, (ﬁ) } > 0, we have: ifu € Dé’Q(RN) \ {0},

with ||u|ly = 9, then

1 *
1ot 2 [ = Coallll 2|l = 4% = &0

On the other hand, if w is a ground state solution to (F), positive, radially symmetric
and decreasing in the radial direction, then for any g € G and x € R, we have w(gx) =
w(|gz|) = w(|z]) = w(z), and so w € DG*(RN). Moreover, from Lemma 1.4.13, for L > 1
sufficiently large, there exists a path v : [0,L] — Dé’z(RN ) defined by v(0) = 0 and
v(t) = w(-/t), for t € (0, L]. We may observe that v satisfies

v(0) =0, ~(1)=w, I(y(L)) <0, (1.4.34)

In(v(t)) < Ip(w), forall t# 1. (1.4.35)

Fix L > 2 sufficiently large such that (1.4.34) holds. Arguing as in Proposition 1.4.12,
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see expression (1.4.29), it follows that

Q) ()]0 e

uniformly in ¢ € (0, L]. Using the fact that Io(w(3)) = Io(7(L)) < 0, we conclude that

w(or () <o

for R > 1 sufficiently large. Therefore, the functional I}, satisfies the geometrical proper-

ties of the mountain pass theorem, concluding the proof. O

Proof of Theorem 1.1.1. Let us apply the mountain pass theorem of Ambrosetti-

Rabinowitz [3]. We define a mountain pass level for Iy on Dg*(RY) by

cy = inf max Iy(y(t)), Dy :={yeC([0, 1, D5 (RY)): 4(0) = 0, Iy (v(1)) < 0} .

yETy 0<t<1

Since [y, satisfies the geometrical properties of the mountain pass theorem, then ¢y > 0
and there exists a Cerami sequence (u,) C Dg*(RN) for Iy at level ¢y. By Lemma 1.3.2,
(u,) has a bounded subsequence that we will denote by (u,). From (1.4.32), we may

choose L > 2 such that I (w(f)) < 0. Next, consider the following path:

UR(—= if ¢t¢e(0,1],
iy = { U E) e (0
0, if t=0.

Note that v € I'y, and, also by Proposition 1.4.12, we may choose R > 1 sufficiently large
such that
Iy (v(t)) < 2py, forall te|0,1],

and so ¢y < 2pg. On the other hand, recalling that ¢y > 0 and ¢(G)py > 2pg, from
Corollary 1.3.8, there exists @ € Dg*(RY) \ {0} such that u, — @ strongly in Dg*(RN),
i.e. @ is a nontrivial critical point of Iy such that Iy () = ¢y. Therefore, it follows that @
is a nontrivial solution of problem (FPg). Using the maximum principle we conclude that
u is positive, proving the theorem.

U

Remark 1.4.15. Assuming that the potential V' is invariant under a group action G C
O(N), with ¢(G) € (2,00) and dg € (0,2], under assumptions (V1)—(V;) and (f1)—(f3),

we may prove that Theorem 1.1.1 also holds.
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Remark 1.4.16. Assuming that the potential V is invariant under a group action G C
O(N), with {(G) € (2,00) and dg € (0,2], under assumptions (V1)—(V4) and (f1)—(f3),

we may prove that Theorem 1.1.1 also holds.

To prove this, we took as basis two important papers by Hirata [22, p. 182-190]
and [23, p. 3180-3188|. We define

)
U= w(- - Rey), (1.4.36)

J=1

where e1,...,eqq € SY! and dg € (0,2], as in (0.0.1) and (0.0.2). Moreover, for
i,7=1,...,0(Q), we denote

ER = . f(w(z — Re;))w(z — Rej)dr = . f(w(z — Re;))w(x — Re;)dz.  (1.4.37)

Following the same ideas applied when we assume that ¢(G) = 2, we can prove that there
exist L > 2 large enough and R, > 1 such that

Iy (UR(E)) < U(G)Iy(w) = (G)po, for all s € (0, L] and all R > R,

and
Iy (UR<Z)> <0, forall R> Ry

From the above inequalities and as Iy satisfies the geometrical properties of the mountain

pass theorem, the result follows by Lemma 1.3.2 and Corollary 1.3.8, using that

O<cey < K(G)po

1.5 Appendix

Lemma 1.5.1. Under the assumptions of Lemma 1.3.5, for any integer j € {1,... k},

there exist R and « positive constants such that, for n sufficiently large,

/BR(yiL)

where w' is a nontrivial solution of (Py) and, as n — oo, |y.| — oo and |y — y?| — oo

ifi .

2
drx > a >0, (1.5.1)

k

V' (z — yp,)
1

1=
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Proof. For 1 <i <k, w* € H'(RY) is a nontrivial function, so there is o;; > 0 such that
/ ’Vwi(x)Fdx > 2a; > 0.
RN
We may choose R; > 0 sufficiently large such that

/ ‘Vwi(x)Fd:c > 2q; > 0.
Br, (0

Take R = max{Ry,..., R;} and o = min{ay,..., o}, and a fixed j € {1,...,k}. Then,

2

k
/ _ ZVwi(x—y;) dIZ/ ||V (@ -y ’ - ZVw dx
Br(yn) |'i=1 Br; (yn) i#j
2
:/ |ij(z)’2dz—/ ZVw dx
BR].(O) yn) i#j
L 2
20, [ S IVale- - )| da
Z#J

> 20, - / Z!vw(x—(yz—yz;))\gdx

) i

= 20, — (JZ/ Vw'(z — (i, — i) 'de.  (1.5.2)

i#]

Since |y’ — yJ| — 0o as n — oo, if i # j, it follows that
i i ME
[ Vit = = [ do = on(),
Br(0)

for 1 <i <k, i+#j. Thus, (1.5.2) > «o; > o > 0 for n sufficiently large, that is,

CZ/ |Vwi(x—(yfz—yfl))‘2da:2aj >a >0,
i#]

and this proves (1.5.1). O



Chapter

2

Nonlinear Schrodinger equations with

general nonlinearities

2.1 Introduction

Our goal in this chapter is to show the existence of a positive bound state solution for
the problem
— Au+V(z)u= f(u), u€ HY(RY), N >3, (P)

where the potential V' is a positive function and the nonlinearity f, under very mild as-
sumptions, is asymptotically linear or superlinear and subcritical at infinity, not satisfying
any monotonicity condition. The existence of a solution to this problem is established in
situations where a ground state solution is not attained.

We will assume that the potential V' is invariant under a group action G C O(N) and we

try to find a positive solution in the space of G-symmetric functions
HLRY) :={u e H'RY) : u(gz) = u(x),vg € G,¥or € RV}

As in the first chapter, we will consider the case that G C O(N) is closed subgroup with
the following property: for any z € SV=!, there exists ¢ € G such that gr # x. This

means that G acts effectively on SV, that is, G satisfies

#{gy: g€ G} € [2,00], for all y € S¥ 71,
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where #{- -} denotes the cardinal number of sets and S¥~! := {z € RN : |z| = 1}. We
will define
((G) := min{#Gz: 2z € S 1.

We also observe that in this work we are going to consider only the case ¢(G) finite and
U(G) € [2,00).

In fact, for simplicity, our study is focused in the case ¢(G) = 2, but could clearly be
extended to finite /(G) > 2.
Let S be the best constant that satisfies Gagliardo-Nirenberg-Sobolev inequality (0.2.1).

Throughout Chapter 2, we will consider the potential V under assumptions (V1)—(V;)

and the nonlinearity f under assumptions (f;)—(f1).

Observe that F(0) = 0 and by (f), F(s) > 0 for s > 0.
Under assumptions (f1)—(f3), the classical result of Berestycki and Lions [10, Theorem
1] establishes the existence of a ground state solution w € C*(R") to the limit problem
at infinity

— Au+ Vou = f(u), u € HY(RY), (Ps)

where w is positive, radially symmetric and decreasing in the radial direction, see also [4]
and [32]. It is well known, see [21], which there exist constants As, Ag > 0 such that

As(1+ |z) =77 eVl < | Diw(a)| < Ag(1+ )~ 7 e V=Rl =01, (2.1.1)

As in first chapter, by virtue of G-invariant property, we do not need the uniqueness of
positive solution for the limit problem (P,). Since H'(R") is not compactly embedded
into LPiT1(RY), for i = 1,2, then the mountain pass minimax value for corresponding
functional may not be attained. However, as we are assuming that the potential V' and
the function f are invariant under finite effective group action G, we will show that
the mountain pass minimax value for functional restricted to the subspace HL(RY) is
attained.

Now we can restate our main result of existence of a solution in Chapter 2.

Theorem 2.1.1. Assume that (V})—(V3) and (f1)—(f1) hold true. Then, problem (P)

has a positive solution u € HE(RY).

Assumptions (f1)—(f2) imply that, for all £ > 0, there exists a constant C. > 0 such
that
|ﬂﬂg§§+qu (2.1.2)
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Hypotheses (‘71), (‘73) and (‘74) imply that, for all z € RY, there exist constants A,, As, A4 €
R such that

V(z) = Vo] < Ay, |VV(2) 2| < A3, |zH(z)z| < Ay (2.1.3)

2.2 Pohozaev manifold structure and preliminary results

Associated with problem (P), we define the functional Iy : H:(RY) — R by

T (u) = 1/RN (IVul + V(2)a?)dz —/ Fu)da

2 RN
Let us define the functional Jy : HL(RY) — R by

N -2 N VV(z) -
Jy(u) = —— - \Vu|*dz + — » (%

5 5 + V(x)) w*dr — N | F(u)dz,

RN

and define the Pohozaev manifold associated to the problem (P) by
Py = {u € HL(RY)\ {0} : Jy(u) = 0}.
Likewise the Pohozaev manifold P, associated to the limit problem (P,,). Set

P = {u € H'(RY)\ {0} : Joo(u) = 0},

(r) - 1)

We recall that solutions of (P, ) are critical points of the functional

where N9
Joolt) = —= [ |Vul|?dz — N
]RN

2 RN

1
Io(u) := é/RN (IVul® + Vaou?) da — /RN F(u)dz, u e HY(RY).

We also recall that w is a ground state solution of the limit problem (P.,) if
Io(w) = m :=inf{Io(u) : w € H'(RY)\ {0} is a solution of (Py)}. (2.2.1)

We will denote
Poo = Inf Io(u). (2.2.2)

U € Poo
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Next lemma was inspired by [24] and [28]. The arguments used to prove its can be found
there.

Lemma 2.2.1. Assume that (f)—(f3) hold true. Then, m = pa.

Proof. To prove this lemma, we follow the same ideas found in |28, Lemma 2.4]. Consider

Soo 1= {u € H'(RY): | Go(u)dz = 1} ,

]RN

where G (u) := F(u) — %u{ and let @ : S, — P be defined by

x N -2 V2o N -2\
0} = — = — 2 = | —— .
(u)(#) u(t> t < v v d:c) < — > I¥ull

Observe that ® establishes a bijective correspondence between S, and P,,. Moreover,

for every u € S, we have

N-2
Io(®(u)) = b / \Vul?de —tY [ Goo(u)dz
2 RN RN
1
=2 [—/ |Vu]2dx—ti]
2 RN
N-2\7% 1 N -2
_ — N-=2 [~ 2 — 2
- (557) T 1w S - SR

1 (N-2\7
_ — N

and so

N-—-2
1 /N—=-2\ 2
= inf Io(u) = inf Io(®(u) = inf —(— N=
o= T = inf Tu@() = it (5557 ) T Ivul = m
since the infimum is achieved and the corresponding value equals the least energy level m.

This can be proved by performing calculations similar to those of [13, Lemma 1(i)]. O

We define f(s) := —f(—s) for s < 0. So, it follows from hypotheses (f1) and (f2) that
f € C'(R) and it is an odd function. Note that, if u is a positive solution of problem (P)
for this new function, it is also a solution of (P) for the original function f. Hereafter, we
shall consider this extension, and establish the existence of a positive solution for (P).
Since f € CY(R) and f satisfies (f1)—(f3), a classical result of Berestycki and Lions

establishes the existence of a ground state solution w € C?(RY) to problem (P,,), which
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is positive, radially symmetric and decreasing in the radial direction, see [10, Theorem 4].
Next we will consider the space of G-symmetric functions in H'(RY) c LP(RY), for

2 < p < 2%, with its scalar product and norm
(u,v)y == / (Vu - Vo + V(x)uv)de, |l = / (|Vul? + V(z)u?)dz.  (2.2.3)
RN RN

Let us denote || - ||, the L4(RY)-norm, for all ¢ € [1,00) and C, C; are positive constants
which may vary from line to line. By assumptions (V;) and (V3), we can see that the
expressions in (2.2.3) are well defined and that || - ||y is a norm in HA(RY), which is

equivalent to the standard one. We will write
(u, v) = / (V- Vo+ Vaude,  [ul = / (IVul? + Viu?) dz.
RN RN

Remark 2.2.2. Throughout this chapter, to denote an inner product or norm in the
space H'(RY), we will use the same notations adopted for the subspace of functions
G-symmetric H}(RY).

Consider the following problem in the space of G-symmetric functions HL(RY), for
N > 3,
— Au+V(z)u = f(u), u € HL(RY). (Pg)

We claim that solutions of (Pg) are also solutions of (P). Indeed, note that the action of G
on H'(RY) is isometric and, furthermore, we can easily see that the functional Iy, defined
in the whole space H'(RY) satisfies I (gu) = Iy (u), for all g € G and all u € H'(R").
So, by the principle of symmetric criticality (see [36, Theorem 1.28|), it follows that if
up is a weak solution of problem (FPg), that is, if ug is a critical point of the restricted
functional Iy, restricted to HA(RY), then ug is a critical point of Iy in the whole space
HY(RY). In fact, to show that ug is a critical point of the functional I, in H*(RY), it
suffices to show that Iy (ug)o = 0, for all 0 € (Hé(RN))l, and this is a consequence of

the following lemma, which holds for all u € H}:(RY), not only critical points of Iy .

Lemma 2.2.3. Assume that (V1)—(Va) and (f1)—(fs) hold true. Then,
I, (w)o =0, for anyu € H5RY) and v € (1"-[};(1@\[))l :

Proof. To prove this lemma, just follow the same ideas used to prove Lemma 1.2.3, substi-
tuting DV2(RY) by H*(RY). O
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2.3 Bounded Palais-Smale sequences

Recall that a sequence (u,) in HL(RY) is said to be a (PS)4-sequence for Iy, with
d € R, if Iy(u,) — d and Ij,(u,) — 0 in H;'(RY). A sequence (u,) in HAL(RY) is said
to be a Cerami sequence for Iy at level d € R, denoted by (Ce)q, if Iy(u,) — d and
I () || 11 vy (1 A+ [ [ ) = 0.

Lemma 2.3.1. Assume that (f1)—(fs) hold true and let (u,) in HL(RYN) be a Cerami

sequence for Iy at level d € R. Then, (u,) has a bounded subsequence.

Proof. Suppose, by contradiction, that (u,) has no bounded subsequence. Then, we can
assume that u, # 0 for all n € N and |Ju,||v — +00. Let us define 4, := u, /| u, ||y for all
n € N. Thus, (4,) is a bounded sequence and ||@,|y = 1. Hence, up to a subsequence, it

holds @, — @ in H5(RY). Therefore, one of the two cases occurs:

Case 1: limsup sup / |, |*dz > 0;
Bi(y)

n—oo y c RN

Case 2: limsup sup / |, |*dx = 0.
Bi(y)

n—oo y RN

First, let us suppose that Case 2 occurs, and let L > 1 be an arbitrary constant. Then,

L L? L
w( i) [ (e
el 2 ey \llunlly

So, using hypothesis (JT‘;), we obtain

L
/ F( un) dz < AILP1+1/ ‘fbnllerldl' + Aleerl/ |ﬁn|p2+1dl‘.

Since 1 < p; < py < 2* — 1, it follows from Lions’ lemma [29] that

we have,

/ |G, [P dr — 0 and / |, [P2 d — 0,
RN RN

and so /
lim F(Lu,) = lim F(—un> dxr = 0.
v\ luallv

n—o0 [pN n—00

By hypothesis (]71) and using that f(s) = —f(—s) for s < 0, we have F(s) > 0 for all

s € R. Hence,
L L? L L?
W) =L [ e )us
[[nllv 2 Jrv o \llunllv 4
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for n sufficiently large. Since |lu,|v — 400, then m € (0,1), for n sufficiently large.
So, there exists n; € N such that

L 12
I tn >I n >_7
oy Tv(fua) 2 V(Hunnv“) =7

for all n > ny. Let ¢, € [0,1] be such that Iy (t,u,) := max Iy (tu,). Thus,
te[o,1

L2
- (2.3.1)

for all n > ny. Since t, < 1, using (f4) and the fact that f(s) = —f(—s) for s < 0, we

obtain

Iy (tau,) = Iy (thu,) — %I{/(tnun)(tnun) +0,(1)
= /RN (%f(tnun)(tnun) — F(tnun)) dx + 0,(1)
<D (%f(un)un — F(un))dx+on(1)

= D(Iv(un) — %I{/(un)un) + on(1)
= Dd + 0,(1).

So, there exists ny € N such that
Iy (tyuy,) < 2Dd, (2.3.2)

for all n > ny. Taking ng := max{ny,ns}, it follows from (2.3.1) and (2.3.2) that

LZ
v < Iy (tpuy,) < 2Dd,

for all n > ngy. Taking L > 3v/ Dd, we come to a contradiction.
Now suppose that Case 1 occurs, that is, there exists § > 0 such that

limsup sup / |, |*dz = 0.
Bi(y)

n—oo yecRN

If (y,) C RY is a sequence such that |y,| — oo and fBl(yn) |y, |?dx > /2, whereas that
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Un(+ 4+ yn) — U, we obtain

)
/ (x4 )P > 2
B1(0) 2

o
| Jatwpds = 3,
B1(0) 2

showing that @ # 0. Thus, there exists a subset of positive Lebesgue measure 2 C B;(0)
such that

and so

0 < |a(z)| = lim |, (z +y,)| = lim [un (@ + yn)|
e n—oo |lun||v

, VYxe.

Since ||uy, ||y — +o0, it follows that
Uy (2 + yp)| = +00, Ve

Then, using the hypothesis (ﬁ) and Fatou lemma, we obtain

lim inf/RN [%f(un(x + Yn) ) Un (T + yn) — F(un(x + yn))l dx

n—oo

> lim inf Bf(un(x + Yn) )t (2 + yn) — F(un(x + yn))} dx

n—o0 [¢)

> /Q lim inf E Fltn (@ + yn))un(@ + yn) — Flun(z + yn))} dx

n—oo

= +o0.
On the other hand, we have
1y (un)un| < 1y (un) || =1 ey il < G () 2 vy (1 [unllv) =0,

and so, I{,(u,)u, = 0,(1). Therefore, for n sufficiently large, we have

[ |30t e ) = Funto )| do = o) = 3w < 41

which gives a contradiction.
If (y,) is bounded, then there exists R > 1 such that |y,| < R for all n € N and

0
/ i (2 + ) |Pd > / |t (2 + y) |Pdz > .
Bar(0) B1(0) 2
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Since 1, (+ + yn) — @ in Byg(0), it follows that

)
/ |i(z)|Pdx > ~.
B1(0) 2

Similarly to the previous case, there exists 1 C B;(0), with [€;] > 0 such that

lim @)l i (z + yo)| = |@(z)| £ 0, YaeQ.
n—ooo  |uy||lv n—oco

The argument follows as in the previous case where |y,| — 400 and we arrive at a

contradiction. Therefore, neither Case 1 nor Case 2 can occur and lemma is proved. [J

Next, let us present the standard result about the splitting of bounded (P.S) sequences.
This lemma is a version of the concentration compactness of P.L. Lions [29] and found
in [34]. Before proving the result, we will need the following versions of Brezis-Lieb lemma.
The proof of this lemma is similar to the proof of Lemma 1.3.5, but unlike Chapter 1, here
we will only use the assumptions and the fact that HL(RY) is continuously embedded
into LP L (RY), 1 = 1,2.

Lemma 2.3.2. Assume that (V1)—(V3) and (f1)—(f3) hold true. Let (u,) be a bounded
sequence in HL(RYN) such that u,(x) — u(z) for a.e. x € RY. Then, the following

statements hold true:
() llunllir = llun — ull® + llullf + on(1);

0) [ 1) = F@leldz = 0,(1), for cvery i € O3 (RY);

(c) /RN F(uy)dr — /RN F(uy, — uw)dz = /RN F(u)dx + 0,(1);

(d) f(un) — flu, —u) — f(u) in HZ'(RY).

Proof. Since (u,) C HL(RY), it follows that u,(gz) = u,(x) for any g € G and z € R".

Thus, as u,(z) — u(z) for a.e. z € RN, we have

u(gx) = nlg& up(gx) = nlgr;(} Unp(x) = u(z) for a.e. x € RY,

which shows that u € HL(RY).
Next, for each n € N, define v,, := u,, — u. Thus, as u, is bounded and wu,(z) — u(x)

for a.e. z € RN, then (v,) is bounded and, up to a subsequence, v, — 0 in H;(RY).
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(a) As u, — uin HL(RY), it follows that (u,,u)y — (u,u)y = ||u||?,. Hence, we have

”Un”%/ = [Jun — u“%/ = (Up — U, Up — W)y
= <un>un>V - <Un, U>V - <u7un>V + <U, u)V
= Jlunlly = 2{un, wyv + [|u]l?

= unlly — [[ulli + 0n(1). (2.3.3)

On the other hand, we have

fonlly = [ (90l + Vio)i)do

- / (|an|2 + Voovi)dx —|—/ [V(z) — Vo] vide
]RN

RN

= [lvall® + /RN [V (z) — Vo] v2da.

As (v,) is bounded in HL(RY) and v,(x) — 0 for a.e. x € RY, there exists M > 0 such
that [Jv,||2 < M for all n € N and, up to a subsequence, v, — 0 in L (RY). Moreover,

loc

by (Vi), we have V(z) — Vi as |z| — +oo. Thus, given £ > 0 there exists R > 1 such
that if |z| > R then |V (z) — V| < ¢/M?. Hence,

[ W -vaektars [ s
RN\ B (0) M2 Jgx\Br0)

Thus, by (2.1.3), it follows that

/ |V (z) — Vao|v2da < Ag/ v2dr = o0,(1).
Br(0)

BRr(0)

Since € > 0 is arbitrary, we conclude that
lonll = lJall® + on(1). (2.3.4)
Substituting (2.3.4) in (2.3.3), it follows that
lwnll¥y = [lvall* + llully + 0a(1),

proving item (a).
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(b) By hypothesis (f2) and the fact that f(s) = —f(—s), for s < 0, we have
f'(8)] < Ar([s 1+ [s]271), Vs eR.
By the mean value theorem, there exists £ € (0,1) such that

| f(un) = f(w)] = [f(u+ E(un — w))|[un — ul
< Al(]u + E(up — w) [P+ |u+ E(up, — u)\m_l)\un —
< Ay [(ful + Jun = w7+ (Jul + fun = w])P2 7 [y — .

Observe that for + = 1, 2, we have

(ful + Jun — ul) " < (2max{ul, [u, —ul)" ™ < 227 (Juf ™ + fun —u

Pi*1>
)

and so

[f (un) = F)] < Ax[(ul + Jun — w7+ (Jul + |un — ul)P 7 fup — ul (2.3.5)
< C[(Juf =" 4 Jun — w71 + (w71 + Ju — w71 ] u, — uf

=C, [(|u|p1_1\un —u| + |u, — u|p1) + (|u|p2_1|un —u| + |u, — u|p2)} )

Since (u,) is bounded in HL(RY) and, passing to a subsequence, u, — u and u, — u
strongly in LPHH(RN), 4 = 1,2, for every ¢ € Cs°(RN) and i = 1,2, we obtain

loc
pi—1 i1 2 = il T
/ [l = ullelde < / (Juf? 1)~ do / (lun = ullp)) ™ de
RN RN RN
B 2
i+1 pitt pi+1 p;+1
= (/ |u|Pz dx) (/ (|Un_u||§0|) 3 dx)
RN supp(g)
pitl (/ |un — ulPit da:)
supp(p)

< Cllglly ( [ -
supp(p)

pi—1

< lullpsalle

Pitldy = 0,(1).
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On the other hand, we have

/ iy — Pl = / iy — ulP e
RN supp()
pit+1 %
supp(¢) supp(p)

Y2
< C||90||v( [
supp(¢p)

p;+1
pi“dx) = 0,(1).
Therefore, we conclude that

1
Pit1
Pi+1d$) ¢

[ 1) = F@lelds = 0,(1), - for every € CF(RY)

which proves item (b).
(¢) By hypothesis (f2), we have |F(u)| < Ay (Ju[P**! + |[u[P>*1). Thus, arguing as in (2.3.5)

and using (f»), we obtain

|F'(un) — F(vn)| = [F(u+v,) — F(vy)]
< Aul(foal + [l + (el + a2l < Cl(al? + ) + (el + )]l
= 1 [(|vn‘Pl‘u| -+ ]u|P1+1) —+ (‘Un\m\u] + ’u‘pz-i-l)} :

|F(un) = F(von) = F(u)] < |F(un) = F(va)| + [F(u)]
<C mv ’plyu‘ 4 ‘u|p1+1) (]Un|p2|u| 4 |u]p2+1)] +A1(|u|p1“+ |u]p2“)
= Ci([val™ [u] + [vn[P2[u]) + (Cr + Ay) (Ju[* T + [ufP*) .

Since (v,,) is bounded in H}(RY) and H}(RY) is continuously embedded into LPit1(RY),
1 = 1,2, there exists a constant M; > 0 such that

([ b

Pq

1 pi+1
pit dz S Mz
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So, given € > 0, we may choose R > 1 sufficiently large such that

|F(u,) —F(vn)|dx+/ |F(u)|dx

|z|>R

/|w>R | (un) = F(vn) = F(u)ldz < /

|z|>R

< [/ |vn [PY | u|dx —l—/ |vn|p2|u|dx}
|z|>R |z|>R
+ (Cl + Al) |:/ |u\p1+1das + / |U’p2+1d.’17:|
|z|>R |z|>R
< 01 (/ |Un|p1+1d£(7) (/ |U|p1+1dl’)
lz[>R lz|>R
Py Pt
+ (/ ]vn|p2+1d:c) (/ |u|p2+1dx>
|z|>R |z|>R
+ (C1 + Ay) {/ JulP*tdx + / |u]p2+1da:]
lz[>R |z|>R
T Pl
M, (/ |u|p1+1d$) + M, (/ |u|p2+1d1’) ]
|z[>R |z|>R

+ (Cl + Al) |:/ |U|p1+1dﬂf +/ |U’p2+1d$:|
|z|>R |z|>R

< €.

<

On the other hand, using assumption that (v,) is bounded and v, (z) — 0 for a.e. z € RY
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again, passing to a subsequence, v,, — 0 strongly in Lfoi:rl(RN ), and so

F(u,) — F(v,) — F(u)|ldr < F(u,) — F(u)|dx F(v,)|dz
/Mu) (va) — F(u) /|<> (w) +/ IF ()|

lz|<R

scz[/ el + [ |u|m|vn|da:}
|z|<R |z|<R

+ (Cy+ Ay) {/ v, [P da + / ]Un]p2+1da:]
|z|<R |z|<R
1 i 1 e
< Oy (/ |ufPrt dx) (/ v, |1 dx)
|z|<R |z|<R
by a1
+ Cy (/ W”“dm)m (/ \vn|p2“dx)p2+
|z|<R |z|<R
+ (Cy + Ay) {/ v, [P da + / |vn|p2“d:c}
|z|<R |z|<R
1 1
p1 p1+1d m P2 p2+1d P2
||u||p1+1 |Un| x + ||u||p2+1 |Un| x
|z|<R |z|<R

+ (Cy + Ay) {/ v, [P dx + / |Un]p2+1dzv]
|z|<R |z|<R

<e,

<

if n € N is large enough, which proves item (c).

(d) Again, by hypothesis (f2) and the fact that f(s) = —f(—s), for s < 0, arguing as in
(b), see (2.3.5), we obtain

[f (un) = f (un — )| < Cof(Jun — ™ ul + [ul) + (Jun —ul" ful + [uf)]

and so,

| f(un) = fun —u) = flu)| < |f(un) = flun — )| + | f(u)|
< Ci[[(lun — ul™~Hul + ) + (Jun — ul?> ™ ful + [u]?2)]
+ Ar(fu[" + |ul”?)
= C1 (Jun — u[P " u| + Juy — ulP>~ul)

+ (C1 + A (JulP + |ul??).
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Let ¢ € H5(RY) and R > 0 be. Then,

/ ) — [t — ) — ()] ip|d
|z|>R

<ol [ lw—upulielde s [ fu - ullolis)
|z|>R |z|>R
vcra)( [ oo [ upiolds).

lz|>R lz|>R

Since (v,) is bounded in H}(RY), where v, := u, — u, and HL(RY) is continuously
embedded into LPiTH(RY), i = 1,2, we have

P4 1
p1tl pi+1 pitl
/ [ = uful[plde < ( / (Jun — P u]) 5 dm) ( / |¢|pi+1dx)
‘:E|>R |IL‘|>R ‘w|>R

L P
pi‘" % pitt p-i—l
K3 K3 K
|z|>R |z|>R lz|>R
pi—1 1 1
pi+1 pi+1 pi+1
- (/ luy, — u|pi+1dx> (/ |u|p’+1dx) (/ |<,0|pl+1da:)
lz|>R lz|>R lz|>R
1
pi+1
pi—1 pi+1
< o=l el ([ i)
|z|>R

< C||90Hv( / fu
|z|>R

1
Pitl
pi"rldx) !
Moreover, we have

Ll _1
Pit _ pit+1
/ |u|pz|¢|dxs(/ |u|pl+1|da:) (/ |90|““|d33)
|z|>R |z|>R |z|>R
SCHSOHV(/ |upi“!da:)
|z|>R

Thus, given € > 0, we may choose R > 1 sufficiently large such that

[ 1) = £ = w) = f)lelds < Slely 230
|z|>R
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On the other hand, from (2.3.5) and hypothesis (f2), we get

|f(un) = flun — ) = f(u)] < [f(un) = f)] + [ f(un — u)|
< Cr[(Jul™ ™ fun = ul + Jun = uf?) + (el un =l + fun — uf?)]
+ Av(fun = ul” + fun — ul??)
= Cy(Jul™ fun — | + [ul™ 7 fup — ul)

+(Cr+ A = ul? + = ),

and so, we have

i—1 1 pitl ﬁ
je|<R jo|<R l2|<R

pi—1 1 1
Pitl
m+ldx) !

P
17 piiT
P; Pq
(Lo ey (L
lz|[<R |z|<R |z|<R
= / lu|Pit da / |ty — ulPda / lo|Pitda
lz|<R lz|<R |z|<R
1
PP
< |u pitl (/ |t — upi“d:v)
|z|<R
T
<Cllgle( [ e
|z|<R
Py

and we also have
1
/ |un—u|pi|so|dxs(/ |un—u|pi+1|dx) (/ |so|pi+1|das)
|z|<R lz|<R |z|<R

Y
< O||90||v</ fup —
|z|<R

pi+1|dx> pit1
Hence, as u,, — u strongly in Lfgjl(RN), i = 1,2, we obtain

1
p;+1
Pi+1d$) ‘

IN

il

[ ) = =) = el < Sl 257

for n € N sufficiently large. Therefore, from (2.3.6) and (2.3.7), given ¢ > 0 and ¢ €
HL(RYN), it follows that

[ 1) = =) = ] pda] < <liply
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for n € N sufficiently large, which proves item (d). O

Lemma 2.3.3 (Splitting). Assume that (V)—(V3) and (f1)—(f3) hold true. Let ¢ € R
and (u,) be a bounded sequence in HL(RY) such that

Iy (up) = ¢ and I (u,) — 0 in Hg'(RY).

Then, passing (u,) to a subsequence, if necessary, there exist a solution i € HL(RY) of
problem (Pg), a number k € N U {0}, k sequences (y2) C RN, 1 < j < k and k nontrivial

solutions w', - -+ ,w* of the limit problem (P.), satisfying:

(1) up, — u weakly in HL(RY);

k
(i11) Uy — U@ — ij(- —y2) =0 in HY(RY);
(iv) ¢=Iy(a)+ Z[oo(wﬂ‘),

for k € N. In the case k = 0, the above holds without w?, (y?).

The proof of this lemma is entirely analogous to the proof of Lemma 1.3.6, but unlike
Chapter 1, where we used Lemma 1.3.1 if strong convergence does not occur, here we will

use Lions’ Lemma and follow the same ideas, and so on we get the result.

Proof. Since (u,) C HL(RY) is a (PS).sequence for I restricted to H:(RY), it follows
from Lemma 2.2.3 that [{,(u,)0 = 0 for any 0 € (Hé(RN))L, and so (u,) is also (PS).-
sequence for Iy defined in the whole space H*(RY™). As (u,) is bounded, passing to a
subsequence, we get © € H'(RY) such that u, — @ in H'(RY) and u,(z) — u(x) for
a.e. z € RN, Let us show that u € HL(RY). In fact, as (u,) C HLH(RY), we have
U, (97) = up(z) for any g € G and z € RY, and so

u(gr) = nll_)rlolo un(gz) = nll_)rlolo un(r) = a(z) ae. xRV,

which shows that @ € HL(RY). It follows from weak convergence and Lemma 2.3.2(b)
that, for any ¢ € Cg°(RY), we have

on(1) = Ty (un)o = |

]RN

(Vu,Vo + V(x)u,p)de — fup)pdx
RN

= /RN (VaVy + V(z)ap)ds — - f(@)pdz + 0,(1)

= [\//'(a)@ + On(1)7
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which shows that I{,(#)¢ = 0, and so, as Cg°(RY) is dense in H'(RY), it follows that
I,(W)v = 0 for any v € HY(RY). Since & € HL(RY) and I{,(a)o = 0 for any ¥ €
(HLRY ))L, we conclude that 4 is a critical point of functional Iy restricted to HL(RY),
and so @ is a solution of problem (FPg). Now, for each n € N, we define u,; := u, — .

So, up to a subsequence, we have u, ; — 0 in H5(RY). We state that if

lim sup/ U1 |?dx | =0, (2.3.8)
" \yeRN JBi(y)

then u,, — @ in HL(RY), and so the lemma occurs for k£ = 0. In fact, we have

I (up)up = / (Vu,Vu, 1+ V(x)upuy,1)de — f(up)up 1de
RN

RN

— / (|Vun1|® + VaVu,; + V(:E)ufhl + V ()t )dx — f(ug)up 1dx
RN

RN

= ‘|un71|’%/ + <'L_l,, ’U/n71>V - f(un)un,lda:a
RN

and thus, using that I7,(2)u, 1 = 0, we obtain

Jtnally = Fytens = @ty + [ Flaa)nada

= I{ (up)tpn1 — f(@)uy dr + f(up)up 1de. (2.3.9)
RN RN
Since (uy,) is bounded in H(RY), it follows from definition of u, ; that (u, 1) is a bounded
sequence. Thus, as I{,(u,) — 0in H;'(RY), by hypothesis, it follows that I}, (u,)u, 1 — 0.
By assumption (ﬁ), Holder inequality and by the continuity of the embedding of H}(RY)
into LY(RY), ¢ € (2,2*), we have

f(up)up 1de

RN

< / If(un>|!un,1\dx§A1/ (Tt + ) i |
RN RN

< A [llunllpy i ltnallprer + N5l llpa]

< Clllunlly lwnllpy+1 4 unl[F[[tn 1 llps+a] - (2.3.10)

So if (2.3.8) holds, as (uy,,1) is bounded, it follows from Lions’ lemma [29] that, as n — oo,
Up1 — 0 in LI(RY), for all ¢ € (2,2*). Since 2 < p; + 1 < py + 1 < 2*, we conclude that

‘|un71|’P1+1 — 0 and ||un,1Hp2+1 — 0. (2311)



2.3 Bounded Palais-Smale sequences 86

As (uy,) is bounded in HL(RY), it follows from (2.3.10) and (2.3.11) that

f(up )ty 1de — 0.
RN

Similarly, we have
f(@)up, 1dx — 0.
RN
Therefore, doing n — oo in (2.3.9), we conclude that

U,y — 0, ie. u, — @ strongly in H5(RY),

which shows that the lemma occurs for k£ = 0.

Suppose now that there exists 0 > 0 such that

lim sup/ |t 1 [P dx | = 6. (2.3.12)
"0\ RN JBi(y)

We showed in Lemma 2.3.2 that the following statements hold:
(@) llunlly = llunll® + 12l + 0 (1);

0) [ 1) = F@elds = 0,(1). for every i € CiF(RY):

© [ [Plun) = Fluns) = Fla)de = 0,(1):
(@) Flum) = Flun) = F(5) in HG'(RY).
Therefore, it follows from (a) and (c) that
() = Tlitns) = 10(0) = 3l = [ Plan)da = ShunalP + [ Plun)ds
-l + [ P
[ e = ]

~ [ IP(u) = Flun) ~ Fa)lds
= o,(1),

and thus,
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Next, we will show that I{,(u, ;) — 0 in Hz'(RY). Indeed, by hypothesis, I{,(u,) — 0 in
H;'(RY) and so it follows that I, (u,)v — 0, for any v € HL(RY). So, we have

on(1) = I, (up)v = I}, (up1 + @)v
= / (Vu,1 Vo + V(x)u,v)de + / (VaVo + V(z)uv)dx
RN

RN

— f(un1 + w)vde

= I} (up1)v + f(up1)vde + I, (a)v + f(a)vdx
RN RN
- f(up)vdz
RN
= Tyluna)o+ Ty@o = [ 1) = funn) = Flalode

The fact that I{,(z) = 0 and item (d) imply that
I (unq)v = 0,(1), for all v € H5(RY),

which shows that, as n — oo, I{,(un1) — 0 in H;'(RY). Now observe that, by (2.3.12),

we obtain a sequence (yl) C RY such that

§
/ |t 1 (7)Pd > . (2.3.14)
Bi(yh) 2

Consider a sequence (v.) defined by
Op = Ui (- +Yp).

Since (uy,1) is bounded in H}(RY), then (v}) is bounded in H'(R"), and so we have, up
to a subsequence,

vl — w!, weakly in H1(RY),
(RY),

vl = w!, strongly in L2
1

vi(z) = wi(z), ae zeRY

n

: 1 1o 72 (RN
Since v, — w' in Li. (RY) and

/ {vi(m)‘de = / |up1 (z + y,ll)|2dx > §/2,
B1(0) B1(0)
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it follows that
/ lw! (z)[*dx > §/2,
B1(0)

and so w! # 0. The fact that u,; — 0 in H5(R") implies that (y.) is unbounded and,
passing to a subsequence, we may assume that |y!| — oo.

So, about the sequence (u,,) the following statements hold:
(a1) [lunllf = llunall® + 1Tll} + 0n(1);
(b1) Iv(un) = Iv(a) + Io(un1) + 0,(1);
(c1) I{(un1) — 0 in HG'(RY).

Next, we shall show that w! is a nontrivial solution of the limit problem (P.). So, as
(un1) C HLRY), by Lemma 2.2.3, we have I, (u,1)0 = 0 for any 0 € (Hé(]RN))L, and
so I{;(up1) — 0 in H~1(RY). Moreover, given ¢ € C°(RY), as u,; — 0 in L _(RY),

using (2.1.3) and Hoélder inequality, we get

[ V@ = Vallwnallpldz = [ V(a) = Valltnallel da

supp(p)

1/2 1/2
<[ bac) ([ jopar)
supp(¢) supp(p)

1/2
< C||90||v(/ Iun,1|2d:c) = 0,(1), (2.3.15)
supp(g)

and so,

on(1) = Ty (uns)o = [

RN

(Vuna Vo + V@hinsg)ds = [ fluni)ods
R
- / (Vi1 Vo + Vit r0)der — / F(wns)ode + / V(&) - Violtmpd
RN RN RN

= I (un1)p —i—/ [V(z) — Violun1pdx

RN
= Iéo<un,1>90 + 0, (1).

Therefore,
L (un 1) = 0n(1), forall p € C*(RY),

and it implies that, as n — oo, I’ (u,1) — 0 in H'(RY). So, for any ¢ > 0, there exists

ng € N such that n > ng implies that

1o () | -1 vy = Sup I (unn)l <&, @ € C°(RY).
»ll<1
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Given ¢ € C°(RY), we define o} := (- —y!). Thus,

sup |15 (vp)el = sup [ (uni(- +yp))el =  sup [T (un1)e(- — up)|
loll<1 lol<1 lo(—yb)l<1
= sup Il (un1)op| < sup [I(uni)g <e, ¢ € CRY),
lekli<1 lél<1

for n € N large enough. So, for any ¢ € C°(RY), of weak convergence vl — w! in
HY(RY), we get

/RN [Vo, Ve + V(z)uyp|de = / [Vw'Ve + V(z)w'e]dz + 0,(1)

RN

and arguing as in (2.3.15), as v} — w! in L} _(RY), we obtain

/RN[V(I) — Vaolopp da :/ V(2) = VaJw'odz + on(1).

RN

Furthermore, using the same ideas applied in Lemma 2.3.2(b), it follows that
fl)pdr = fwh)pdr + o,(1).
RN RN
Therefore, for any ¢ € C5°(RY), we have

on(1) = In(e)g = [ [VeVet Viwkgldn = [ foh)oda
RN RN
= / [Vv}lVgo + V(x)v,llgo} dx — f)pdr — / [V (z) — Va]vtp da
RN RN RN
— / [VwIVgp + V(a:)wlgo} dx — fwh)pd
RN RN
—/ [V (z) — VaoJw' o dz + 0,(1)
RN
— / [Vw'Ve + Vow'olde — | f(w')edz + 0,(1)
RN RN
= I (w')p + 0n(1),

which shows that I’ (w')y = 0, and so, w' is a nontrivial solution of the limit problem
(Poo)-

Let us define now

Upg = Uy — W (- —y)).

So, as before, we have
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(a2) [lunll? = llunall® + allf + lw'(* + 0a(1);
(b2) Iy (un) = Iy (@) + Lo (tn2) + Io(wh) + 0,(1);
(c2) I’ (un2) — 0 in H'(RM).

The verification of these items follows the same argument used previously in the analogous
items for the sequence (u,, 1), with the necessary adaptations. Indeed, if follows from (al)
that

[un2ll* = (ung = w' (- = yn), tna — w' (- = y))
=t |I* + 1w (- = y)II* = 21, w' (- = )
= on(1) + llunlly = @y + w' (- = yp)II” = 2(upa, w0 (- = y)). (2.3.16)

Making a change of variables, we obtain

=gl = [ [Vt = )P+ Vsl (@ = )]

= / [[Vw' (2)]* + Voo (w' (2))?] dz = [Jw']*. (2.3.17)
RN
Moreover, we have
vl — wl, weakly in H1(RY),
vl — wl, strongly in L3 _(RY),

vi(z) = wi(z), ae zeRY

n

Thus, for any ¢ € Cg°(RY), using (2.1.3) and Hélder inequality, we obtain
/ [VurVe + Veuyplde = / [Vor Ve + V(z)vyelde — / [V (z) — Vao]vipda
RN RN RN
:/ [Vw'Vp + V(z)w'p|de
RN
—/ [V (z) — VaJw'odz + 0,(1)
RN
= / [Vw' Ve + Vew'p]dz + 0,(1)
RN
and so, as Cg°(RY) is dense in H'(RY), it follows that

/ [Vo,Vu + Vievpu]de = / [Vw'Vu + Vew'u]dz + 0,(1),
RN RN
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for all w € H*(RY). In particular, for u = w!, we get

/ Vo, V' 4+ Vvpw' | de = / [[Vw'? + Vo (w")?] dz + 0, (1)
RN

RN
= [lw'[[* + on(1).

So, we have

(' (- — ) = / [Vt (2) Vo (2 — 1) + Vit ()} (z — y)]de

RN

- / [Vuni(z +yp) V' (z) + Vot 1 (2 + yp)w' (z)] do
RN

= /RN (Vo (z)Vw! (z) + Vv, (z)w' (2)] do
= [[w!|]* + on(1). (2.3.18)

Substituting (2.3.17) and (2.3.18) in (2.3.16), it follows that
lenllt = lun2l* + lEll7 + [[w![|* + 0a (1),

proving (a2).

Using the previous results obtained in (a2) and (c), we have

Iy (up) = Iy (1) — Lo(nz2) — Ioo(wl)

1 1, _
=l = [ Fde =Sl + [ F@
RN RN

1 1
— —Hun,2||2+/ F(up2)dx — —Hw1||2+/ F(w')dzx
2 RN 2

RN

= Il = Nl = el = 10! 17] = [ 1F(un) = Pluns) = Fl@ldo
- /RN [F(tn,1) — F(tn2)|dw + /RN F(w")dz
=0,(1) — /RN [F(uni(z+yy) — Flupa(z +y,))]de + /]RN F(w")dz

= on(1) - /RN [F(una(z +y,)) = Fluna(z +y,)) — F(w'(2))] do

o (1) — /RN (o)) — (v}, — w)) - F(wh)]de.

Following the same ideas as Lemma 2.3.2(c), changing the space HL(RY) by HY(RM), u,
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by v}l and u by w', we conclude that

[ TP = Pl =) = Fu')de = 0,(0).

and so
Iy (uy) = Ty (@) + Lo (Un2) + o (') + 0,(1),

which proves (b2).

Next, we will show that I’ (u,2) — 0 in H'(RY). The fact that I{,(u,;) — 0 in
H'(RY) implies that, by Lemma 2.2.3, I{,(u,;) — 0 in H=Y(RY), and so I{,(u,1)p — 0,
for any p € C3°(RY). On the other hand, as I’_(w') = 0, we have

Ly (tn)p = T (tna +w' (- — yh))e
_ / (Vo) Vip(a) + V(@)una(@)p(w))da
n /R (Vo = g Vela) + V(@) @ - yh)e(e)) do
— [ flmale) + w'(z —y,))¢(x)dz
= I}, (uns)p + » fun (7)) p(z)dz
+ /RN (V! (@) Vel + y,) + (x + yp)w' (2)p(x + y,)) de
- [ Hna@)ple)ds
= I () + /R  fluna(2))p()de
N /R (Vo' (@) V(e + ) + Ve (@)p(a + 41)) de
# [ W)~ Ve @t + e — [ o))
() + / Hna(@)plw)ds
+ I (whe(-+ ) + . fw'(2)p(x + y))de
n /RN [V(z+yt) — Vio]w' (2)p(z + yb)de — " f(una(2))p(z)dz
= T (tn2)p + / V(@ +yp) = Vao]w! (@) + y,)da

RN

- /RN [ np(@ + ) = flunz(z +y,)) = f(w!(2))]o(z +y,)de.
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Using (‘71) and applying Lebesgue dominated convergence theorem, it follows that

/]RN [V<CC + yi) - Voo}wl(x)gp(x + yi)dm — On(l)

and, following the same ideas as in Lemma 2.3.2(d), we have

[ [ nala+52) = Fltnalo +42)) = S @)]o(o + yh)do
= [ 1) = pwh = ) = )] + e = 0,(0)

Hence,
I (un1)e = I (tno)o + 0,(1),  for all p € Cg°(RY),

which shows that, as n — oo, I{,(u,2) — 0 in H'(RY). Furthermore, arguing as in
(2.3.15), we get

LIV @) = Vallunallgl e = o,(1),

and thus,

on(1) = Ty (uma)e = [

(Vun oV + V(z)u,2p)de — f(un2)pdx
RN RN

- / (Vun,QVQO + ‘/ooun,%p)d‘r - f(un,2)90dx + / [V(LL’) - Voo]un,2()0dx
]RN

RN RN

~ Lufuma)ot [ V(@) = Vauapds

RN
= I (un2)e + on(1).

Therefore,
I' (tno)p = 0,(1), for all ¢ € C3°(RY),

and so, as n — 00, I’ (un9) — 0 in HH(RY), proving (c2).
Thus, if u,s — 0 strongly in H'(RY), we have completed the proof. Otherwise, if
Upo — 0 weakly in H'(RY) and does not converge strongly to zero, we take u,3 =

Up2 — w?(- — y2) and repeat the argument. Hence, we obtain
Iy (u,) = Iy (@) + Lo (w') + o (w?) + 0, (1).

Continuing this way, we get a sequence of points (y/) C RY such that |yi| — oo,

lyZ — yi| — oo if ¢ # j and sequences of functions u, ; := u, ;-1 — w1+ —yl™), j > 2,
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such that
Unj(-+y)) = w in H'(RY),

where w’ is a nontrivial solution of the limit problem (P,.). Since I.(w’) > m = p,, and

Iy (u,) — ¢, there exists a positive integer k such that

k
Iy (up) = Iv(u) + Z Lo(w”) + 0,(1),

j=1
and the proof of lemma is complete. m

Note that as in Remark 1.3.7 in Chapter 1, if u # 0 is a solution of (Pg) then u € PY
and it holds Iy (u) > 0.

Corollary 2.3.4. Assume that (Vi)—(V3) and (f1)—(fs) hold true. Let (u,) C HL(RY)
be a bounded (PS).-sequence for Iy restricted to H5(RY). If 0 < ¢ < €(G)poo, where poo
is given in (2.2.2), then the functional Iyy has a nontrivial critical point u € H5(RYN) such
that Iy (u) = c.

Proof. To prove this corollary, just follow the same ideas applied in Corollary 1.3.8, sub-
stituting DV2(RY) by HL(RY). O

2.4 Existence of a critical point

In this section we will prove the main result of this chapter. Its proof requires some
important estimates and the previous lemmas.

In what follows, for simplicity, we will consider G = O(N — 1) x Zy C O(N), where
Zs = {id, —id}, ¢/(G) = 2 and dg = 2. That is, for all g € G, we have

g(xla e 7$N—17$N) == (91(3717 e 7$N—1)7:|:$N)7

where g; € O(N — 1). Moreover, we will denote y = (0,---,0,1) € RY and w a ground
state solution of the limit problem (Py), which is positive, radially symmetric and de-
creasing in the radial direction, such that I, (w) = m. Observe that, for any g € G and
r € RN, we have w(gz) = w(|gz|) = w(]x]) = w(x) which shows that w € H5(RY).

As in the first chapter, we will construct a positive solution of (Py) exploiting the
interaction of two translated bumps. Let us denote B,(xg) := {z € RN : |x — zo| < 7}
For any R >0 and y = (0,---,0,1) € RY, we define

w? :=w(-— Ry), wf:=w(-+ Ry). (2.4.1)
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In the next lemmas we study the interaction of powers of these two translated solitons.

Lemma 2.4.1. If iy > pu; > 0, then there exists C; > 0 such that, for all xy, 15 € RV,
/ e~ tlz—a1| ,—pale—z2| 1. < Clefmlzrrml.
RN N
If py > pg > py > 0, then there exists Cy > 0 such that, for all 1,2, 3 € RY,
/ e~ tlz—a1| ,—pele—z2| o —nsle—ws| 1. < 026—%1(\11—962|+|$1—x3|+|r2—w3\)'
RN N
Proof. Note that

pa|ry — wo| 4+ (2 — pa)|r — 22| < pa(Je — 21| + |2 — 2]) + (2 — )|z — 22|

= v — 21| + pol|r — 2.
Similarly, we also obtain the following inequalities
plwy — @3l 4 (ps — p)|w — s < pale — 1] + psle — a3

and

psles — x| + (p2 — p3)|r — 22| < pale — x| + palz — 2.

Therefore, by first inequality, there exists C'; > 0 such that

/ e Hlz—a1| o —palr—a2| g, < / e tlzi—a2| o —(p2—p1)|z—a2| g, < Cle*ullffl*l‘z )
RN RN

On the other hand, as s > py and pug > pyq, it follows that
pr(lzr — @] + |w1 — 23| + 22 — @s]) + (2 — )|z — 2
< 20w — x| + pofw — x| + pslx — x3))
and so, there exists Cy > 0 such that

/ e rle—a] g —pale—aa] g —pisle—rs . < o= 2 (ler—w2|+lz1—ws|+|za—ws]) ,— L2520 o —as] .
]RN

RN
_H1 _ _ _
< 026 5 (lz1—z2|+|z1—23|+|22 903\)

]

Lemma 2.4.2. Let 0 < ¢ < o < oo. Then, for any R > 1, there exist constants
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C1,Cs > 0 such that the following inequalities hold:

/ (W) (W)™ < CLR 5 2 VVR (24.2)
RN
and
/ (wh® (wh)" < CoR™1 77 ¢ 201V Voo lR, (2.4.3)
RN

Proof. Note that, by making a change of variables and using (2.1.1), we obtain

/RN (wf)q2 (wf)q1 dr = / (w(x))? (w(z 4+ 2Ry))"dx

]RN

<C[ (1+|z) 2T e @VVll(1 4 |z 4+ 2Ry|) 0 7 eV Tlet 2Rl gy
RN

< C’/ e-qm/@\a:l(l + |z + 2Ry|)—q1¥e—q1\/@\x+2Ry\d$
Br(0)

+ C (1+ |ac|)*‘12%6*42\/@|$|€*q1\/@\w+21%y\dx
RN\ Br(0)

< CRq1N21/ o2V Voolz| =01V Vool 2 +2Ry|
Br(0)

+ OR- 2 7" o2V Voolz| ; =01V Vool 2 +2Ry| 4,
RN\ BR(0)

< CR-u"s / o2V Va ol a1Vl 2Ry
< .
Therefore, by Lemma 2.4.1, there exists a constant C'; > 0 such that

/ (W) (W)™ < Oy R eV TeR,
RN
Similarly, we get a constant C5 > 0 such that

/ () (wB)" < CR 075 ¢ 2nVVRR,
RN

Next, let us define

ER = /RN fwHwf de = /RN fwhHw dz (2.4.4)

and we will obtain some estimates for ¢p.
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Lemma 2.4.3. Assume that (f1)—(f2) hold true. Then, for any R > 1, there exists a
constant C3 > 0 such that

—1

ep < Cy RT3k, (2.4.5)

Proof. Using hypothesis (f;), we obtain

n = [ Sh)ut,de

< Al/ (w_}ﬁy)p1 wfy dr + Al/ (w_lfy)p2 wl_zy dx.
RN RN

Since 1 < p; < py < 2* — 1, applying Lemma 2.4.2 with ¢ = 1 and ¢ = p; or ps, we find
C3 > 0 such that (2.4.5) holds true. O

Note that —Aw(0) + Voew(0) = f(w(0)), where w(0) is maximum point of the positive
radial ground state solution w of the limit problem (P.). Hence, —Aw(0) > 0 and so
f(w(0)) — Vew(0) > 0, or equivalently f(w(0))/w(0) > Vi > 0. Since the function
f(s)/s is continuous and f(w(0))/w(0) > Vi > 0, there exists ro = ro(f, Voo, w) > 0
(which depends only on f, V,, and w) such that f(w(x))/w(x) > Vi /2 > 0 in the ball

Bro (0)

Lemma 2.4.4. Assume that (f1)—(f2) hold true. Then, for any R > 1, there exists a
constant Cy > 0 such that
ern > Cy Rz e 2VV=R, (2.4.6)

Proof. In the above considerations, since r( is a constant independent of R and y, we can
assume without loss of generality that ro = 1. So it follows that f(w(x))/w(z) > Vy/2 >0
in the ball B;(0). Then, by making a change of variables and using (2.1.1), for any R > 1,

we obtain
en= | f(w(z — Ry))w(z + Ry)dz = . f(w(z))w(z + 2Ry)d=

Ve
> (w(z))w(z + 2Ry)dz > / —w(z)w(z + 2Ry)dz
B1(0) B1(0)

> C’/ (1+ |z|)—¥€—\/ﬁ\zl<1 Flz+ zRyD—%e—\/@\zHRy\dz
B1(0)

> C/ (1+ |z])’¥€*\/@\zl(1 +lz QRZJD*%e*MMe*?\/KRdZ
B1(0)

—1

> C|By(0)| e 2V~ R~"7 ¢ Vel > CR~"7 ¢ 2R,
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Therefore, for any R > 1, there exists a constant Cy > 0 such that
ER > 04 R_¥6_2 VOOR.

]

We will also need the estimates from [1, Lemma 2.2|. Let us define the sum of the two
translated solitons
U= wl +wh, (2.4.7)

and present some of its properties and estimates. Following the same ideas applied in the
first chapter, we can conclude that U € HL(RY).

Corollary 2.4.5. Assume that (ﬁ)—(ﬁ) hold true. Then, it holds
/ IF(U™) — Fw®) — Fw®) — fuw? — fw?)w| de = ofer). (2.4.8)
RN

Proof. Set w_ = wf, w, = wf and U := U®. Using |1, Lemma 2.2|, since w_, w, and
U are bounded uniformly R, there exist constants C' > 0 and o € (1/2, 1] such that

@) = Plus) = Plus) = oy, = fwso-lde < 0 (-, d.

Note that, by (2.1.1), we obtain

[ fwmwsis = [ (wle =~ Byt + By)ds = [ @) (e + 2Ry)ds
RN RN RN
< C/ (1+ |x|)—a(N—1)€—2a\/K\zl(1 + |z + 23y|)_J(N_l)e_%m'”my'd;p
RN
< C/ 6—20\/@\x|<1 + |£L‘ + 2Ry’)—U(N—l)6—20\/K|:L‘-&-2Ry|daj
Br(0)
‘l_ C/ (]_ —|— |m|)_o—(N_1)e_20'\/@lx|6—20\/@|1‘+2Ry|dm
RN\BRr(0)

< CRO’(Nl)/ 6720M|z|6720\/K|m+2Ry|d1,

Bgr(0)
+ C«RJ(NI)/ 6720\/K|x\6720\/@|x+21%y|dx
RN\BR(0)

< CR—U(N—l)/ 6—20\/@|x|6—20\/@|x+2Ry|d‘r
RN

< CRU(Nl)/ e~ VVeslzl g =20V Voo |z+2Ry| g,
RN
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Hence, it follows from Lemma 2.4.2, with ¢; = 1 and ¢» = 20 > 1, that there exists a
constant C'; > 0 such that

/ (w_wy)*de < C;R™IN=Y Je WVeR Oy RTT e 2V VRR,
RN

which yields (2.4.8), proving the corollary. O

Lemma 2.4.6. Assume that (V;)—(Va) and (]71)—(]?;3) hold true and let u € (0,1) be.
Then, for any R > 1 and y € 0B1(0), the following statements hold:

/ (Vwl, -Vl |de < O\ R e V7R = op(1) (2.4.9)
and
/ wl - wh dr < CyR™7 eVl — o(1), (2.4.10)
RN

where og(1) — 0 as R — +oo.

Proof. Note that, by making a change of variables and using (2.1.1), we obtain
/RN |way : lefy‘ dr = /R |Vw(z — Ry)Vw(z + Ry)| dx
< c/N(1+ )T eV (1 4 [o 4 2Ry|) o e VT2 gy
R
< C/ e VVolrl(1 4 |z 4 2Ry|) 2 e VVelo 2Ryl gy
Br(0)

+ (J/ (14 |z]) "7 e VVoelalg=VVaclot2Ryl gy
RN\BR(0)

SCR T eVlelemVValet2l gy
Br(0)
+ CR% e~ VVeclelgmVVaolo 2Ryl gy
RN\Bg(0)

< C’R_NZ_I/ e~ VVooltl o=V Vool 2Ryl .
< .
Since p € (0,1), it follows that

RN

and so, by Lemma 2.4.1, there exists a constant C; > 0 such that

/ (Vwl, - Vwl | de < LR 5 e VWl
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which proves (2.4.9). Similarly, we show that (2.4.10) also holds true, and the proof of

the lemma is complete. O

Lemma 2.4.7. Assume that (V;)—(Va) and (f1)—(f3) hold true. Then, the following

statements hold:

(a) / |VUR‘2dx:2/ \Vw|*dz + or(1);
RN RN

(b) /RN (UR)2dx = 2/ w?dr + og(1);

RN

(c) /RN F(U") dz = Q/RN F(w)dz + og(1);

(d) /RN (F (U*) - V—;(Ufff) dx = ;/RN |Vw|*dx + op(1),

where og(1) — 0 as R — +o0.

Proof. Set w_ := wf, wy := wf and U := U". Then,

/ VU 2dx = / \Vw|’dr +2 [ Vw_-Vw,dz +/ |Vw|*dx
RN RN RN RN

= 2/ |Vwl’de +2 [ Vw_-Vw, dr.
RN

RN
By (2.4.9), we have
/ |[Vw_ - Vw,|dx = og(1),
RN

proving item (a), and by (2.4.10), we have

/ w_ wy dr = og(1),
RN

so this implies that

/ Udr = / w?dr + 2/ w_wy dx+/ w?dr = 2/ w?dx + ogp(1),
RN RN RN RN RN

proving item (b). We also have

/RN F(U)dx — 2/RN F(w)dz :/RN F(U)dx — /RN F(w_)dz — /RN Fw, )dz
— [ ) = Plu) = Flw) = Sy — fluu-ldot

" / [l + e
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By Corollary 2.4.5, it follows that
[ F@) = Py = P = flesus - feu-lds = on(1). (2411)
RN

On the other hand, by definition (2.4.4) and Lemma 2.4.3, we also have

/RN [f(w-)wy + f(wi)w-]de = 2er = or(1), (2.4.12)

and so (c) follows. Now, we denote

Gool(u) := F(u) — ‘%OuQ. (2.4.13)

Thus, using (2.4.10), (2.4.11) and (2.4.12), we obtain

6ot = [ (F o) = 5 (b))

RN 2
= [ (P =G )aes [ () -5 o)
[ Pl s w) = F o) = Floglde = [ Veww,do

_ Qoo(w)dx—/ N

RN RN

RN

Voew_wy dx +/ [fwo)wy + f(wy)w-]dz

RN

n / R +wy) = Flws) = Flwy) — fw Jw, — o] da

=2 [ Goo(w)dzr + og(1).
RN

Since w is a solution of problem (Py), it follows that

Goo(w)da = /

RN 2N RN

RN

(F(w) — %uﬁ) dx = N =2 |Vw|*d,

which proves (d), concluding the proof of lemma. ]

Lemma 2.4.8. Assume that (V1), (V3) and (Vi) hold true and let a < s < b, for positive

numbers a and b. Then, the following statements hold:

(a) /]RN |V (sz) — Voo|(UR)2dx = ogr(1);

(b) /RN YV (sz) - (s2)| (U)? da = or(1);
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(©) /R N(sn) H(s)(52)] (U7 d = og(1),
where or(1) — 0 as R — +00.

Proof. Let us prove only the item (a). The other items can be proved analogously. To

simplify the notation, let us consider w_ := wf, wy = wf and U := U*.

Let € > 0 be given arbitrarily. Since ||w||3 = / w?dz > 0, using the hypothesis (V;),
N
we get 7 > 0 large enough and fixed such that

V(sz) = Vael < 7o

lwll

for any a < s < b and || > 7. Hence,

15 15 15
IV (s2) — Vi (w_ )2z < — / (w_)2de < —° / Wiz = 5. (2.4.14)
/|x|>7' 4||w||% lz|>T 4||w||% RN

On the other hand, for any a < s < b and R > max{l,7}, using (2.1.3) and (2.1.1), we

obtain

e

/|ng |V (s2) — Vio|(w-)*dz < AQ/ (w_)de

|z|<7

< C/ (1 + ’x _ Ry‘)lfN 6—2\/@|x—Ry|dx < C/ 6—2\/@|x_Ry\dx
|lz|<T

|z|<7

< C/ e~ 2V (llyl=laD) g < Ce=2VVee(B=T) | B_(0)| < Ce VYR (2.4.15)
lz|<T

So by (2.4.14) and (2.4.15), it follows that
/ V (s2) — Vao|(w_)?dz < £y Ce VV=lt,
RN 4
Similarly, for any a < s < b and R > max{1,7}, we get
/ IV (s52) — Vio|(wy)2dz < & + Ce VTR,
v 4
Therefore, for any a < s <b and R > max{1,7}, as
U? = (w- +wy)* <2(w-)" +2(wy)”,

it follows that
/ |V (s2) — Voo | U?dx < & + Ce™ VV=E,
RN
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Since ¢ > 0 was taken arbitrarily, we conclude that
/ |V (s2) — Vao| U?dx = 0p(1)
RN
which proves item (a). Using (V) and (V), proceeding as before, we can prove (b) and

(c), respectively. ]

Lemma 2.4.9. Assume that (V;)—(V4) and (f1)—(f3) hold true. Then, there exists Ry >

1 such that for any R > Ry, there exists a unique positive constant s :== S® such that
UR<Q) e PG,
s

where UR is given as in (2.4.7). Moreover, there exist oo € (0,1/2) and Sy > 1 such that
SE € (00,8) for any R > Ry. In addition, ST is a continuous function of the variable
R.

Proof. Denote w_ := wf = w(- — Ry), wy := wl = w(-+ Ry) and U := U? = wf + wl.
Let £ : (0,4+00) — R be defined by

&(s) =Ty (U(-/s)) = i 27 /]RN VU |*dz + % V(sz)U?dx — SN/ F(U)dx.

RN RN
Thus, U(-/s) € PG if and only if £'(s) = 0, where

N -2
g(s) = —SN_?’/ |VU|*dx

2 RN
+ N3 {52 (1/ (M + V(sx)) Udx — / F(U)dx)] .
2 RN N RN
Since s > 0, we have £'(s) = 0 if and only if

¥ . VU dz = Ns” URN F(U)dx — %/RN (w + V(sx)) U2dx] .

Note that

/RN Uldx = /RN (w- +wy)*de < 2/sz [(w-)? + (w)*] dw = 4/sz w2dz,

which shows that ||U], is bounded uniformly for any R > 1. Since [,y |Vw|*dz > 0,
using assumptions (V1) and (V3) and Lemma 2.4.7, there exist Ry > 1 sufficiently large



2.4 Existence of a critical point 104

and oy € (0,1/2) sufficiently small such that

? N IVU[2dz > Ns® URN F(U)dx — %/RN (w + V(sa:)) Uzdx] :

and so it holds &'(s) > 0, for every s € (0,00] and R > R;.
Now let us define a function ¢ : (09, +00) — R by

o(s) = 5 [ /R () - % /R ) (w + V(sx)) Uzd:z:] |

Note that, denoting

as in (2.4.13), we obtain

¢'(s) = 2s [ » Goo(U)dz — % /R WV(s) = Vil UQdm}

-3 [(N +3) /R i (_VV(S?\? ' (Sx)) U%d + /R ) ((“)Hg\j@(m) Ude]

and so
S(s) > 2s { [ G- % /R IV(s2) - Vi U2dx1 (2.4.16)
—g {(N+3) /IR i —vv(sf\?'(”) U2dz + /R ) (S$>H§$x)(sx) U%} .
By Lemma 2.4.7(d), there exists Ry > 1 sufficiently large such that
2| Guo(U)dz > 1 \Vw|*dz, (2.4.17)

RN - 2* RN

for every R > R,. The bounds given by (2.1.3), the pointwise limit limg_,., U%(z) = 0

and Lebesgue dominated convergence theorem or applying Lemma 2.4.8 imply that

N )
/ |V (s2) — Vao| Ud + N+3 VV(sz) - (sz) U2dr
]RN 2 ]RN N
1 (sx)H (sz)(sz)| B
+§/sz N U2dz = og(1).
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Thus, since [,y |[Vw|*dz > 0, there exists R3 > 1 sufficiently large such that

N +3 Vv .
RN 2 RN N
1 (sz)H(sx)(sx)| 4 1 9
— < — 24.1
+2/RN N Ud:c_2'2* RN\Vw[da:, ( 8)

for every s > 09 and R > Rs. Therefore, taking R4 := max{R;, Ry, R3} and substituting
(2.4.17) and (2.4.18) in (2.4.16), we obtain

1 o))

1
o) > 27 2 2
¢(s)_3[2*/RNWw\ dx 59" RNWw[ dx] >2_2*/RNWw| dx > 0,

for every s > 09 and R > R,. This means that ¢(s) is increasing for s > oy and R taken
sufficiently large. This implies that the term in the brackets for &'(s) is decreasing for
s > 0, and goes to —oo as s — +00. Therefore, there is a unique s = S® > o, such that
€(s) =0, ie. UF(-/s) € PS. Furthermore, again by Lemma 2.4.7(c) and (2.1.3), there
exist Rs > 1, sufficiently large, and Sy > 1 such that &'(s) < 0, for all s > Sy and R > Rs.
Taking Ry = max{Ry4, Rs} the result follows. Finally, from the uniform estimates for U,
VU, F(U) and G (U) with respect to R > Ry, the continuity of S in this variable is

clear, and the proof is complete. O
From here on, let us consider S¥ as obtained in Lemma 2.4.9, 0 < 0y < S® < Sj.

Lemma 2.4.10. Assume that (V1)—(V4) and (f1)—(f3) hold true. Then, it holds that

lim S%=1. (2.4.19)
R—+4o00

Proof. The proof follows the same ideas as Lemma 1.4.10, changing Jy by J,.. By Lemma
2.4.9, there exist constants Ry > 1, Sy > 1 and oy € (0,1/2) such that ST € (5, S,) for
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every R > Ry. Denoting w_ := w® = w(- — Ry) and w; := wf = w(- + Ry), we have

N —2 N
Joo(W_ +wy) = —— \Vw_ 4+ Vuw, Pde + = [ Va(w_ +wy)*de

2 RN 2 RN

— N[ F(w-+w;)dz

RN
N -2 Voo
= —— [ |Vw|dx - N/ F(w) — =w?*|dx

2 RN RN 2

N -2 o0
+— \Vw|2da:—N/ F(w)—v—w2 dx
2 RN RN 2

+(N—-2) Vw_ -Vwidr+ N| Vew_w;dx
RN RN

—N| [Flw-+w;)— F(w-) — F(w;)] de.

RN

Since Joo(w) = 0, it follows that

Jow_4+wy) =(N—-2)] Vw_-Vwyde+N| Viow_w,;dz
RN RN

—N| [Flw-+4wy)—F(w-)— F(wy)] d.

RN

By (2.4.9) and (2.4.10), we obtain
/RN Vw_ -V, |dr = /RN |Vw(z — Ry) - Vw(x + Ry)|dx = og(1)
and
[ wide= [ wla = Ryyule+ Ry)dz = oa(1),

where og(1) — 0 as R — +00. On the other hand, since w is solution of (P.,), applying
Corollary 2.4.5, and Lemmas 2.4.3 and 2.4.4, we obtain

[ VPG ws) = Flw) = Pl do
< / IR+ ws) = Plws) = Flwy) = flw ey — fw)w_|da

+ /R fwJwy + fww | de = or(D)

Hence,
| Joo (W 4+ wy)| = or(1), (2.4.20)
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so this implies that Jo(w_ +w;) — 0 as R — o00.The bounds given by (2.1.3), the
pointwise limit limp_.., U%(x) = 0 and Lebesgue dominated convergence theorem imply
that

%/RN IVV(z) x| (w_ +wy)* de + % " V(@) = Vao| (w_ +wy ) de = og(1). (2.4.21)

Since

Jv (UF) = Jy(w- 4+ ws)

1 N
— Tl w3 [ Vi) oo s ek [ Vi) - Vil 4w,
2 RN 2 RN

it follows from (2.4.20) and (2.4.21) that
’(jv(UR)’ == OR(l).
Therefore, Jy (U R) — 0 as R — 400, which implies that

lim S —1,
R—+o00

by uniqueness of S¥ and continuity with respect to R. This proves the lemma. O

The previous lemma states that we can choose € > 0 sufficiently small and find Rg > 1
such that k S* > 24/V,, for any R > Rg, for k presented in hypothesis (‘N/g)
The next lemma gives a precise estimate of the interaction between the potential term

V — V. and a translated copy of a ground state solution.

Lemma 2.4.11. Assume that (V)—(V2) and (f1)—(fs) hold true and let s > 0 be such
that ks > 24/V,. Then, for any R > 1,

/RN [V(sz) — Voo (w® + wf)2 dx = o(eg),

where o(eg) — 0 as R — oo.

Proof. First let us prove that there exists C' > 0 such that

/ [V (sz) = Vao) () dz < CR-NV-D 2R, (2.4.22)
RN
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Observe that, by hypothesis (‘72) and (2.1.1), there exists a constant C' > 0 such that
[ s Vel dr <€ e o= Ryl eV gy,
RN RN

for any R > 1. Thus, from the fact that ks > 2y/V,, we may fix p € (0,1) such that
ks > ks(1 — p) > 24/V. So by Lemma 2.4.1, there exists C' > 0 such that

/ eI+ |z = Ry[)~ NVl 4y < ORISR (2.4.23)
RN\B,JR(Ry)

On the other hand, for all z € B,g(0), it holds that
ksl + Ry| > ks(R|y| — |z|) > ksR(1 — p) > 24/ Vo R.
Making a change of variables, we obtain
/ eIl (1 4 | — Ry|)~V-D) 2V Vlo—Rul g
pR(Ry)
_ / —ks|w+Ry|<1 + |:L'|) (N-1) —Qmm dx
pR(O)

< e_kSR(l_p)/ (1+ |ZL‘|) (N=Ddy < CRe *sE1-p)
pR(O)

< CR™ W=D 2Vt (2.4.24)

Hence, it follows from (2.4.23) and (2.4.24) that (2.4.22) occurs. Similarly, we get a
constant C' > 0 such that

/RN V(s2) — Vao) (w)? do < CR=(N-De=2VV R, (2.4.25)
Now let us prove that there exists C' > 0 such that

/RN [V (sz) — Vo] whwl do < CRWN-De=2VVac . (2.4.26)
Set Q := RY \ [B,r(Ry) U B,r(—Ry)]. Using (V2) and (2.1.1), we get

/Q [V (sz) — Vo] whwlide < AO/Q e Fslely B ldy

SC/ —ks|x\(1+|x_Ry|) 5 oV Vool — Ry\(1+|x+Ry|) b o=V Vool + Ryl dz,
Q
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for any R > 1. From the second inequality in Lemma 2.4.1, we obtain

/ e M1 4 |z — Ry|)~ "7 e VYl BU(1 4 | 4 Ry|) T e VVle Ryl gy
Q

< CR—(N—1)6—§\/K(R+R+QR) _ CR—(N—I)G—Q\/@R‘

The integrals on B,g(Ry) and B,r(—Ry) are estimated by the same argument of (2.4.24).
Note that these balls are disjoint. Thus, we conclude that (2.4.26) holds true. Therefore,
by (2.4.22), (2.4.25) and (2.4.26), the lemma is proved. O

Proposition 2.4.12. Assume that (Vi)—(Vy) and (f1)—(f1) hold true. Then, there exist
L > 2 large enough and Ry > 1 such that

Iy (UR(§>> < 2l (W) = 2pos, forall s € (0,L] and all R > Ry (2.4.27)

and

Iy (UR<Z)> <0, forall R> Ry (2.4.28)

Proof. By Lemma 2.4.9, there exist constants Ry > 1, o9 € (0,1/2) and Sy > 1 such

that ST € (09, Sy) for every R > Ry. So, changing the variables sz = x and denoting

w_ = wh = w(- — Ry) and wy := wf = w(- + Ry), where y = (0,---,0,1) € RY, we



2.4 Existence of a critical point 110

have
re(Un()) = [ [ et [Pl - )]
+ N2 [%/RN \Vw_|*dz — 32/RN (F(w_) — V—;(w_V) dz}

SN

L8 [ [ V(2 = Vad [(w)? + (w7 e 42

5 V(sz)w+w_dz}

RN

= [ [Pl ) = Fu) = Flus) = flegw- = fw-ju]d:

+8N_2/RN[Vw+-Vw —  flwp)w_ — s* f(w_)w, |dz
< Lo ((2)) + Lo w(2)) + S Vs2) — Vil + 0oz

RN

—|-SN_2/ [Vwy - Vu_ + s*Vaewiw_ — 8% f(wy)w- — $* f(w_)wy | dz
RN

s [P+ ) = Fluws) = Plus) = flew = ooy, jds
<ol <w<g)> 5 s - Vl(wy +w. ) da

ZRN

+3N_2/ [Vwy - Vw_ + $*Vwiw_ — s° flwy)w_ — §° f(w_)w,|dz
RN

s / R G+ w0) = Fwy) = Fluwo) = flwyJuw- — fou|d=
Since po = Ioo(w) = maxy~g I (w(z)) > 0, then

I (w (g)) < Poos for all s € (0,00). (2.4.29)

Let us set

SN

L = - [V (s2) — Vao](wy +w_)* dz,
RN

Iy = SN_z/N [Vw, - Vu_ + s*Vooww- — 8° f(wi)w_ — s° f(w_)w, | dz,
R

I = sV / Ry ) = Fluy) = Flu) = flwuw- — f(w juwylds

To show (2.4.27) and (2.4.28), we will estimate I, I and I3. Take L > 2 large enough.
By hypothesis (‘72), we have k > 24/V,, and so, there exists 0 < d; < 1/4 sufficiently
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small such that ks > 2/V, for all s > 1 — §;. So, by Lemma 2.4.11, we obtain

L= [V(sz) — Vao] (wy +w_)*dz = o(ep), (2.4.30)
RN
for every s € [1 — 01, L] and R > 1, where o(eg) — 0 as R — +o0.

Using the fact that w is a solution of (P.,), we get

/ Vw, -Vw_dz = flwp)w_dz — / Veowsw_ dz
RN

RN RN

= flw)wy dz — / Voow_wy dz,
RN RN

and so

lim {vw+ Y+ 2Vww — Sz(f(w+)w JQr f(w)w+)} i

s—1 RN
= / {Vuur -Vw_ + Vowiw_ — <f(w+)w —; f(w)w+)} dz =0,
]RN

for any R > 1. Since [pn [f(wi)w_ + f(w_)w,]dz > 0, there exists 0 < &y < 1/4
sufficiently small such that

357 (f(w+)w TS
2 Jen 2

)dz > / [Vwy - Vu_ + s*Vawyw_]dz,  (2.4.31)
RN

for every s € [1 — 83,1+ 0] and R > 1.
From inequality (2.4.31), we obtain a constant C > 0 such that

I, = SN_Z/N [Vw, - Vw_ + $*Voww_ — s° flwy)w_ — §° fw_)w,]|dz
R

SN SNER

< - ) e+ flwywildz = -

< —Cyep, (2.4.32)

for every s € [l — d5,1 4 0] and R > 1.
By Corollary 2.4.5, it follows that

B< V[ PGy w0 = Plug) = Pluo) = flou- = flw- o] ds
= o(cp), (2.4.33)

for every s € (0,L] and R > 1. Hence, taking § := min{dy, d2}, by previous estimates
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(2.4.29), (2.4.30), (2.4.32) and (2.4.33), there exists Ry > 1 sufficiently large such that

Iy <UR<§>> <2l (w(;)) ~ Cyen+oler) < 2pue, (2.4.34)

for every s € [1 — 6,14 6] and R > R;.
Next, note that the first bound given by (2.1.3), the pointwise limit limpg o, U%(x) = 0

and Lebesgue dominated convergence theorem imply that

N
% [V (s2) = Vao|(wy +w_)*dz — 0, as R — 400, (2.4.35)
RN

uniformly in s € (0, L]. Also, by Lemmas 2.4.3, 2.4.4 and 2.4.6, we have

SN_Q/RN [Vw, - Vw_ + $*Vowiw_ — s° flwy)w- — s° f(w_)wi]dz — 0 (2.4.36)
and, by Corollary 2.4.5,

sN/RN |F(wy +w_) — Flwy) — F(w-) — fwp)w- — flw_)wy|dz — 0 (2.4.37)

as R — 400, uniformly in s € (0, L]. Hence, by (2.4.30), (2.4.32) and (2.4.33), applying
(2.4.35), (2.4.36) and (2.4.37), it holds

’IV (UR(;)) T (w (;))‘ 50 as R +oo, (2.4.38)

uniformly in s € (0,L]. From (2.4.38), and recalling that the map ¢ Ioo(w(;)) is

strictly increasing in (0, 1] and strictly decreasing in [1,00) and I (w) = ps, it follows
that I (w(z)) < Io(w) for all t # 1, and so there exists Ry > R; such that
Iy (UR (—)) < 2pw, forallse (0,1—8)U(1+6,L]andall R > Ry, (2.4.39)
s
Thus, from (2.4.34) and (2.4.39), we conclude that

Iy (UR(L)) < 2pw,  forall s e (0,L] and all R > Rs. (2.4.40)
S

Finally, we will prove that (2.4.28) occurs. We claim that I, (w(z)) < 0. Indeed, as w is
a solution of problem (P,,), it follows that

Ve N -2
F — 1w - - 2
/RN( (w) 5 W )dm 5N RN\Vw[ dx >0,
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and so, for L > 2 large enough, we obtain

I (w(z» — LZQ [/RN Vulrde — 2L2/RN <F(w) - ‘%"’w?) dm}

LN—2 L*(N -2
= [/ |Vw|*dz — g/ |Vw|2dx] <0. (24.41)
RN RN

2 N

Thus, using that I (w(+)) < 0 and (2.4.38), there exists Rz > 1 such that

Iy (UR(Z» < I <w (E)) <0, forall R> Rs. (2.4.42)

Therefore, taking Ry := max{Rs, R3}, we obtain from (2.4.40) and (2.4.42) that
Iy (UR<L)> < 2pw, forall s€(0,L] andall R> R,
s

and

IV(UR(i)) <0, forall R> Ry,
concluding the proof of the proposition. O

Lemma 2.4.13. Assume that (f,)—(f3) hold true and let w be a ground state solution of
(Px), which is positive, radially symmetric and decreasing in the radial direction. Then,
there exists a path v € C([0,1], HL(RY)), with v(0) = 0 and Io(v(1)) <0, such that

w € ([0, 1]), mnax Io(7(t)) = Ioo(w) = m.
Proof. By hypothesis, for any g € G and z € RY, we have w(gr) = w(|gz|) = w(|z|) =
w(z), and so w € HLH(RYN). Moreover, w is a ground state solution to (Ps), which is
positive, radially symmetric and decreasing in the radial direction. Then, we can define
a continuous path « : [0,00) — HL(RY), putting a(t) := w(-/t) for t > 0 and a(0) := 0.
Thus, by construction, it follows that I.(a(0)) = 0 and, for every ¢t > 0, we have

tN_2

Io(a(t) =Ix (w(-/t)) = 5 /IRN |Vw|*dr — tN/RN Goo(w)dz,
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2
where Goo(w) := F(w) — Voow?. Therefore, deriving the above expression, we obtain

d N2y

—Io(a(t)) = 5 3/RN IVw|*dx — NtleRN Goo(w)dx

N -2
=tN3 {— |Vw|*dx — Nt2/ Goo(w) d:x} :
2 RN RN

Since w is a solution of (P.,), then w satisfies the Pohozaev identity

N —2
—= | |VwPde=N| Gu(w)d,
2 RN RN

and thus,
d

dt
As NtV73 [ x Goo(w)dz > 0, for every ¢ > 0, it follows that the map t — I ((t)) reaches

the maximum value at ¢ = 1. Choosing 1" > 0 sufficiently large, we have

Io(aft)) = NtV 73 (1 - t2)/ Goo(w)d.

]RN

max Io(a(t)) = Io(a(l)) = Io(w) =m and I(a(T)) <0.

0<t<T
Considering the path v : [0, 1] — HL(RY), defined by v(t) := «(tT'), the result follows. [

Lemma 2.4.14. Assume that (V;)—(V3) and (f1)—(f3) hold true. Then, the functional

Iy satisfies the geometrical properties of the mountain pass theorem.

Proof. Note that I(0) = 0. Moreover, for every u € H5(RN), by (V1) and (2.1.2), taking

inf Vv
€= w, we get C. > 0 such that

Iy(u) = %/RN (|Vul® + V(2)u?)dx —/ F(u)dz

RN
1 .
> —/ (|Vul® + V(z)u?)dx — / [Euz + C.|ul? }daz
2 RN RN 2
1 *
= —/ (|Vul®> + (V(z) — e)u’)dx — / C.|ul*dz
2 RN RN
1 *
> Ll - el

By the continuity of the embedding H}(RY) into L2 (RY), there exists a constant C; > 0

such that |
2*
=|--C
v (4 IHU

1
Iy (u) > ZHUH%/ — Ciju

3*)Mw
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1/(2*-2)
Since 2* — 2 > 0, taking ¢ := min {1, (ﬁ) } > 0, we have: if u € HL(RY)\ {0},

with ||u|ly = o, then

1

2
L

On the other hand, if w is a ground state solution to (Ps,), positive, radially symmetric
and decreasing in the radial direction, then for any g € G and x € R, we have w(gx) =
w(|gz|) = w(|z|) = w(z), and so w € H5(RY). Furthermore, using the same idea applied
by Jeanjean-Tanaka in [24], see also Lemma 2.4.13, take L > 2 large enough and define
v : 10, L] = HL(RY) by v(0) = 0 and (¢) = w(-/t), for t € (0, L]. We may observe that
v is a path that satisfies

7(0) =0, ~v(1)=w, Io(v(L)) <D0, (2.4.43)

Io(y(t)) < Io(w), forall t# 1. (2.4.44)

Fix L > 2 large enough such that (2.4.43) holds. Arguing as in Proposition 2.4.12, see
expression (2.4.38), it follows that

Q) o) 0w

uniformly in ¢ € (0, L]. Using that I (w(7)) = I(¥(L)) < 0, we conclude that
< 0,

w(0"(z))
for R > 1 sufficiently large. Therefore, the functional Iy satisfies the geometrical proper-

ties of the mountain pass theorem, concluding the proof. O]

Proof of Theorem 2.1.1. Let us apply the mountain pass theorem of Ambrosetti-

Rabinowitz [3]. We define a mountain pass level for Iy, on H}L(RY) by

3 N 1 mNyy. _
cvim inf max Iy (1(1), T i={7 € C(0,1, HY(RY)): 9(0) = 0.1y (+(1) < 0}.
Since Iy, satisfies the geometrical properties of the mountain pass theorem, then ¢y > 0
and there exists a Cerami sequence (u,) C HL(RY) for Iy at level ¢y. By Lemma
2.3.1, (u,) contains a bounded subsequence, still denoted by (u,). As in the proof of

Proposition 2.4.12, more precisely, from (2.4.41), we may choose L > 2 large enough such



2.4 Existence of a critical point 116

that I (w(z)) < 0. Next, consider the following path:

UR (= if te (0,1
’y(t): (Lt)? 1 (7 ]7
0, if t=0.

Note that v € 'y, and, also by Proposition 2.4.12, we may choose R > 1 sufficiently large
such that
Iy(7(t) < 2peo, forall t e ]0,1],

and so ¢y < 2p.. Hence, recalling that ¢y > 0 and ((G)ps > 2peo, We have
0 <cy <200 < UG)Poo-

From Corollary 2.3.4, there exists & € H(RY)\{0} such that u,, — @ strongly in H}(R"Y),
i.e. @ is a nontrivial critical point of Iy restricted to HL(RY) such that Iy (u) = cy.
Therefore, it follows that @ is a nontrivial solution of problem (FPg). Using the maximum

principle we conclude that @ is positive, proving the theorem.

O

Note that as in Remark 1.4.16 in Chapter 1, assuming that the potential V' is invariant
under a group action G C O(N) and under assumptions (V;)—(V3) and (f1)—(f1), we can
prove that Theorem 2.1.1 also holds, for ¢(G) € (2,00) and dg € (0,2].

As before, to prove this, we took as basis the following papers by Hirata [22, p. 182—
190] and [23, p. 3180-3188|. Unlike Hirata’s work, we are not assuming that f(s)/s is

increasing and so, to prove the necessary estimates, we will use |1, Lemma 2.2|. We define

e
U= w(-— Rey), (2.4.45)

j=1

where e1,...,eqq € SV! and dg € (0,2], as in (0.0.1) and (0.0.2). Moreover, for
i,j7=1,...,0(Q), we denote

e,
ER = Z/ f(w(z — Re;))w(z — Re;)dz. (2.4.46)
i#j RV

Following the same ideas applied when we assume that ¢(G) = 2 and dg = 2, we get
C1,Cy > 0 such that

C R T e~dcVVeoR < o < O, R e doVVeo R
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Take L > 2 large enough and note that

W) = (Bl o)) e (Sl )

lite) Z(Gj):1
N ) R )
j=1 Jj=1

Set

Observe that

1 LG) v 2
_ 5/RN V(x) - Vad] (]le(_ - Re])> dx
N e ?
=5 - V(sz) — V] (Z w(z — Re])) dz
°G) 2
< A028 /RN —ks|z| (z;w(z _ RGJ)) dz

< AOS / —ks|z| Z C Z _ Re] dZ
< CSNZ/ el (w(z — Rej))* dz

< sV Z/ e (14 |z - Rej])_NJrl e 2VVoole—Rejl g
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As k > dgv/ Ve, there exists 0 < 6; < 1/4 such that ks > dgy/V, for all s > 1 — ;. So,

following the same ideas applied to prove (2.4.22), we arrive that

HaG)
S [ e R g
j=1

e
o D B R
j=1 /RY
< CR-WHDgmdaVVeclt, (2.4.47)
for all s > 1 — ¢;. It follows from (2.4.47) that, for any s > 1 —¢6; and R > 1,
(I) < CR-WHDgmdavVeelk — (oY (2.4.48)

Next, we will estimate (/). Denoting w; := w(- — Re;) for j =1,...,¢(G), we have

{(G) {(G)
(IT) = I w<— - Rej) -3 1L (w(— - Rej))
Jj=1 5 Jj=1 5
e O N e
== /RN Zij dx+7RNV°° ij dx
Jj=1 j=1
)
N
- F d
s / S |
7=1
GN—2 (G) N {(G)
- |Vw;|*dr — — / Veew?dz
2 ]z:; /RN J 2 ]z:; RN 7
{G)
+ sV / F(w;)dx
2 e T
SN2 49
= Z/ [V’wlij + SQVOOUJZ"UJ]'} dx
2 e
2(G) 2(@G) (e
_SN/N F ij —ZF(wj)—Zf(wi)wj dx
R j=1 =1 i

Ua)

- SN/RN > flw)w; de.

i#]
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Note that (I7) < (I1.1) + (I1.2), where

N-2%
(I1.1) := Z N [Vw;Vw; + s*Vaew;w; — 28° f (w;)w;] dz,
R
«a) «a)
(11.2) := SN/ F ij ZF (w;) Zf(w,-)wj dzx.
RN . .
j=1 i#]

Using that w is a solution of (P,,), arguing as in the proof of Proposition 2.4.12; we obtain
constants 0 < d < 1/4 and Cy > 0 such that

GN- 2K(G

(I1.1) = [Vw;Vw; + s*Vaoww; — 25° f(wi)w;|de < —Coer,  (2.4.49)

N
#J R

for every s € [1 — d2,1 4 93] and R > 1. On the other hand, using [1, Lemma 2.2|, we
obtain « € (1/2, 1] such that

UG) UG) UG) UG) UG)
F i - F Dw; w2 w23
LR[S ]| =X rw) =X fwyw| <cf 3w+ 3wl
j=1 j=1 i#£j 1<j 1<j<l

Again, following the same ideas applied when we assume that ¢(G) = 2 and dg = 2, for
i,j€{l,....,0(G)} with i # j, since a > 1/2 we get

/ (wyw;)** d < CR™OWVemdovVee — o(cp). (2.4.50)
RN

Next, we fix p € (0,ds/3) and consider € € (0,+/V) sufficiently small. Note that, for all
z € B,r(0), for i,j € {1,...,¢(G)} with 7 # j, it holds

2
1+ |z+ R(e; —e;)| > 1+deR— pR > §dGR' (2.4.51)

So, using (2.4.51), (2.1.1) and second inequality in Lemma 2.4.1, for ¢, 5,1 € {1,...,((G)}
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with ¢ < j <[, making a change of variables, we obtain
/ |wiw;w; >3 da
B,r(Re;)
< CR_g(N_l)/ (1+]z2])" 85t o= 3V Vsslzl = § Vool Rlei—ej)| o= 5VVas |24 R(ei—er)] 4.,
BpR(O)

< CR-3(N-D / o 2 (V= )l2l y— 2 (Voo —e)|e+ Rlei—e;)| y— 2V Vil s+ Rlei—er)] g,
B, (0)

< CR 3(N 1)6 3(% 6)(‘61 e]|+|el ell—He] 61')

< OR iW-De-da(VVec—0)R (2.4.52)

Similarly, we obtain

/ |lwiw;w;|* 3 de < CR™ 3N do(VVecm0R (2.4.53)
pR(Rej)
and
/ wywjwy|Pdz < CR™3N-Demda(VVe—aR (2.4.54)
pR(Rel)

Note that the balls B,r(Re;), B,r(Re;) and B,r(Re;) are two by two disjoint. So, taking
Q) := B,r(Re;) U B,r(Re;j) U B,r(Re;), it follows from (2.4.52), (2.4.53) and (2.4.54) that

/ lwiw;w|*Pde < CR 3(N-Deda(VVee—oR, (2.4.55)
Q

On the other hand, using (2.1.1) and second inequality in Lemma 2.4.1 again, we obtain
/ |lwiwjwy|*3da
RN\Q
< CR(Nl)/ e~ 5 VVeolz—Rei| ;= 3V Voo |2—Rej| ,— 3V Vao [v—Rei| 7,
RN\Q

< CR-(N-D) / o~ 3V —0le—Reil o= 2 (VWi —0la—Re; |~ 3V Viclo—Reil g
RN\Q

OR e 3(m_e)(lel_eg‘+|ez_el|+|6]‘—el‘)
< CREN e oIt (2.4.56)

It follows from (2.4.55) and (2.4.56) that

/ |wiijl|2/3dl’ < C'R_%(N_l)e—dc(\/@—e)l%
RN
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and so, making ¢ — 0, we conclude that
/ lwiwjw;|* 3 de < CR3(N-DgdaVVecR o(er). (2.4.57)
RN

Since the map ¢t — I, (w(g)) is strictly increasing in (0, 1] and strictly decreasing in [1, c0)
and I (w) = Peo, it follows that I (w(3)) < peo for all ¢ # 1. So, taking 6 := min{d;, 6},
from (2.4.48), (2.4.50) and (2.4.57), we get R; > 1 such that

Iy (UR (—)) < UG (w(;)) +o(er) — Coen < U(G)pss, (2.4.58)

s
for every s € [1 — 4,1+ 0] and R > R;. Again, arguing as in the proof of Proposition
2.4.12, we obtain Ry, R3 > 1 such that

Iy (UR<§>> < U(G)Poo, forall s € (0,1 =6)U(1+6,L] and all R > Ry (2.4.59)

and

Iy (UR(Z» < I <w (E)) <0, forall R> Rs. (2.4.60)

Taking R4 := max{ Ry, Ry, R3}, it follows from (2.4.58), (2.4.59) and (2.4.60) that
Iy (UR (—)) < UG)ps, forall se(0,L] andall R> R,
s

and
IV<UR<i>) <0, forall R> R,

From the above inequalities and as Iy satisfies the geometrical properties of the mountain

pass theorem, the proof of the statement follows from Lemma 2.3.1 and Corollary 2.3.4.
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