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Abstract

Backlund Transformations and Superposition formulae are given for
a class of systems of nonlinear differential equations for matrix valued
functions of n independent variables. When n = 2 the equations reduce
to the wave equation, the sine-Gordon equation, the Laplace equation
and the elliptic sinh-Gordon equation.

Introduction

Since Backlund obtained the so called Backlund Transformation for the sine-
Gordon equation in 1875, several differential equations such as Korteweg-de
Vries (KdV), Modified Korteweg-de Vries (MKdV), and others were shown to
have such transformations. Very little is known for differential equations for
functions depending on more than two variables. In 1980, a geometric gener-
alization of the sine-Gordon equation was obtained together with its Backlund
Transformation [13] and Superposition Formula [14]. Solutions for these gener-

alized equation are orthogonal matrix functions which correspond to hyperbolic
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results were obtained [9] for an n-dimensional (nonlinear when n > 3 ) gen-
eralization of the homogeneous wave equation, whose solutions correspond to
n—dimensional flat submanifolds of the unit sphere S?»~! C R*",

Another geometric interpretation for the classical sine-Gordon equation and
many other evolution equations such as KdV, MKdV, Burgers, sinh-Gordon was
given in [4, 7, 8], where these equations were shown to be associated to hiperbolic
metrics on open subsets of R%. Motivated by this interpretation, the intrinsic
generalization of the sine-Gordon and the wave equations were introduced in [1],
where it was also given a transformation which provides new solutions for the
equations from a given one. These intrinsic generalized equations are differential
equations for unit vector fileds in R”, whose generic solutions define metrics with
constant sectional curvature, on open subsets of R”™.

More recently [3], a similar theory was developped for the generalized and the
intrinsic genralized Laplace and elliptic sinh-Gordon equations. These equations
are also related to manifolds of constant curvature [6, 15].

In this paper, we show that the generalized equations mentioned above are
particular cases of classes of equations which also have Backlund Transforma-
tions and Superposition Formulae. We first consider the following system of
differential equations for a real or complex valued (n x n)— matrix function a,

defined on an open subset of R”

aJa' = J

860:22 = agjhj, 1#j, hi=0

% + % + S;j hgihs; = —Kay;ay;, 1# 7 (1)
aaixf = hishs;, 1,7, distinct

where

p times g times

. . . Hﬁ
1<4,5,s<n J=dag(l,...,1,=1,...,=1), p+qg=n p=>1. (2)



function a, which is reduced to a first order system by the matrix - defined by
the second equation. Moreover, when n = 2 and p = 2, the system (1) reduces
to

Ugyzy — Upyey, = —K sinu

which is the sine-Gordon equation when K # 0 and the homogeneous wave

equation when K = 0. Whenever n = 2 and p = 1 the system (1) reduces to
Upyzy + Uzyz, = —Ksinh u

which is the elliptic sinh-Gordon equation when K # 0 and the Laplace equation
when K = 0. We will call (1) the Generalized Equation following previous
denominations. The system of equations (1) for the real valued matrix function
a;j(xq,...,x,) has the following geometrical interpretation.

Let M be an n-dimensional Riemannian manifold of constant sectional
curvature K isometrically immersed in a (2n — 1)-dimensional Riemannian
or pseudo-Riemannian manifold M of constant sectional curvature K, with
K < K. Assume there exist local coordinates zi,...,z, on M such that, the

first and second fundamental forms are simultaneously diagonal.i.e.

I = Zaid:z:f = \/F— K Z Jiiaijaljdaiien+i_1
=1

1=2,7=1
where a;; are differentiable functions of zy,...,2,, J;; is the diagonal term of
the matrix J and e,41,...,€2,-1 is a frame normal to M. Then the structure

equations of the immersion, i.e. the Gauss and Codazzi equations, provide a
system of second order differentiable equations which must be satisfied by the
matrix function a;;. This system of equations is reduced to a first order system

by introducing an off-diagonal matrix function £;; defined in terms of the metric

by hi; = %83? With the above conditions, the Gauss and Codazzi equations
are exactly the differential equations given in (1). The algebraic condition
aJa' = J is partially imposed by the Gauss equation. More details will appear

in a joint paper with J.L. Barbosa. One should observe that for the case p =1,



curvature K > K [3,15].
In order to state our main results for the generalized equation, we rewrite (1)
in matrix notation. Let e; be the diagonal (nxn)-matrix given by (e;),s = 6,;d5;.

We define the 1-form matrices

E = Z ejdl’]' O = hE — Eht (3)
7=1

Then the system of equations (1) reduces to

aJat = J (4)
daNE = aEANC (5)
]'/r
dC = C’/\C—%EJ/\QE, (6)
where
Q=2Jv'v—1, v=/(ay,...,a1,), (7)

I is the identity matrix of order n and .J is the diagonal matrix defined by
(2).

Our first result provides a Backlund Transformation which shows that for
a given solution of (1), one can obtain a one-parameter family of solutions

satisfying an initial condition. We will denote by I the diagonal (n x n)-matrix

defined by I = diag(1,—1,...,—1).

Theorem 1. Let Q C R™ be a simply connected domain and a a solution
of (1) defined on Q. Then, for each constant z, z # 0 if K # 0, the initial

value problem

dX 4+ XJ-\2C T = JA,J — XALX
BT(z)
X(zo) = X, 1z €19,
where
A 12 1 K-
. = JM,alJ M, = 2 <z[ — ;[) . (8)

has a unique solution X. Moreover, if Xo € O(p,q) then X € O(p,q) and it is

a solution of (1).



ciated to a by BT'(z).

The Backlund Transformation given in Theorem 1, when p = n, is a conse-
quence of a geometrical result, namely the generalization of Backlund Theorem
[9]. One considers a geodesic congruence between two n—dimensional subman-
ifolds M and M’ of a (2n — 1)-dimensional space form M of constant sectional
curvature K. Such a congruence is a diffeomorphism [ : M — M’ such that for
each point p € M and p’ = [(p) there exists a unique geodesic in M joining p
and p’ whose tangent vectors at p and p’ are tangent to M and M’ respectively.
Moreover, one requires the following conditions: the distance between M and
M’ on M is a constant independent of p; the (n — 1) angles between the normal
spaces at p and p’ are all equal to a constant independent of p; the normal bun-
dles of M and M’ are flat; the bundle map given by the orthogonal projection
commutes with the normal connections. Under these conditions, one proves
that M and M’ have the same constant curvature K and K < K. Moreover,
one shows that given an n—dimensional submanifold M of M with constant sec-
tional curvature K < K, there exists an n—parameter family of submanifolds
M’ which are related to M by a geodesic congruence as described above. The
analytic interpretation of this geometric result provides the Backlund Transfor-
mation given by BT'(z) when p = n, i.e. J = I. For p # n, the transformation
of Theorem 1 may provide complex solutions and, up to now, it does not have

a geometric interpretation.

The following theorem provides a Superposition Formula which shows that
given a solution a of (1) and a;,a; two solutions obtained by solving BT(z;)
for constants z;, ¢ = 1,2, z; # z,, then a fourth solution can be obtained
algebraically. In what follows we denote by M; the matrix A, defined in (8)

for the constant z;.

Theorem 2. Let a be a solution of (1) and let , a;, 1 = 1,2, be

solutions associated to a by BT(z;), z1 # z3. Then there exists a solution

*

a*, associated to  a; and ay by BT(z2) and BT(z1) respectively, given



a*Jat = J(aljaéMl - JMQ)_l(JMl - aljagMg). (9)

Although the solutions given by Theorem 1 may be complex valued, when-
ever p # n, by using conveniently the Superposition formula, one can obtain,
from a given real solution of (1), a family of real solutions of the same equation.

This is the content of our next result.

Corollary Let a be a real solution of the system (1) and let a; be a
solution associated to a by BT(z). Then the real valued matriz function a*,
given by

a*Ja' = (ayayM; — JMl)_l(aldthl — JMy), (10)

is another solution of (1), where @, and M, are the complex conjugate of

a; and M, respectively.

We observe that for n = p = 2 and K = —1, Theorems 1 and 2 reduce
to the classical Backlund Transformation and Superposition Formula for the
sine-Gordon equation. Similarly, when n = 2, p = 1 and K = 1 the above
Theorems reduce to the classical results for the elliptic sinh-Gordon equation [2,
5]. Moreover, for any n, when p = n or p = 1 the results reduce to the particular
cases obtained in previous results [3, 9, 13, 14]. Examples of applications of the
above theorems were given in [10], where one and two soliton solutions for
equation (1) with p = n were explicitly given. Such solutions were obtained by
applying Theorem 1 to the trivial solution a = [ and then applying Theorem
2. In section 2, we provide an example for the above Corollary.

Now we introduce the Intrinsic Generalized Fquation, which is a system
of equations for a pair {v,h}, where v = (vy,...,v,) and h is an off-diagonal

(n x n)-matrix function defined on @ C R"™, which satisfy

vJovl = 1



Uy s>1

Oh;; Oh i . S,
@:17'] + @;z:]- + Y hyihg = —Kvjv;, i #j (11)
i i si
Ohis = hishs, 1,3,s distinct
0z
Ohj; Ohi; R
e i1 e sshish‘s =yu, 17 5
J Bz + Jj; Dz, —I-s;jJ s =0, 1#7

where 1 <1,7,8 <n.

We observe that whenever v; are real functions which do not vanish on an
open subset U C R"”, they define a Riemannian metric on U with constant
sectional curvature K. As in the case of the generalized equation, when n = 2
the above equation also reduces to the wave equation (p = 2, K = 0), the
sine-Gordon equation (p = 2, K # 0), the Laplace equation (p = 1, K = 0)
and the elliptic sinh-Gordon equation (p =1, K # 0).

In order to state our main theorem for the Intrinsic Generalized Equation,

we rewrite (11) in matrix notation as

vl = 1 (12)
dv = —vBJ (13)
ac = C’/\C—%EJ/\QE (14)
dB = BJAB. (15)
where .J, C, E are given by (2), (3) and
B=JhE — EhJ (16)

Our next result provides a Backlund Transformation for (11). We introduce

the notation Z° for the off-diagonal matrix obtained from 7 .

Theorem 3. Let Q C R™ be a simply connected domain of R™ and let
(v, h) be a solution of (11) defined in Q. Then, for each =z, z#0 if K #0,

the Initial Value Problem
{ dY + Y JV2CJV?2 = BJY + JF,J - YFY

BT(z)
Y(z,) =Y,, 2,€



_ —1/2 B _
F,=JN,EJ N. =3 (z[ : Q) , (17)

has a unique solution Y. Moreover, if Yo € O(p,q), then Y € O(p,q) and the
pair (f),il), defined by

b =Y ho=J7'"2pt g 2 — JV(NY Y, (18)
is a new solution of (11).

This result, when p = n or p = 1, reduces to the cases obtained previously
in [1] and [3] respectively. Examples of one-soliton solutions for (11) with p =
n = 3 were given explicitly in [11], by applying Theorem 3 to the trivial solution
v=(1,0,0) h=0.

This paper is organized as follows: in section 1, we introduce some prelimi-
nary results that will be used in the rest of the paper and we prove Theorem 1;
in section 2, we prove Theorem 2 and the Corollary and finally in section 3 we

prove Theorem 3. The results of this paper were partially announced in [12].

1. Proof of Theorem 1.

In order to prove Theorem 1, we need some tecnical results stated in the fol-

lowing lemmas.

Lemma 1.1: The malrices a Q B and C defined by (3), (7) and (16)

satisfy the relations

a@ = la where [ = diag(1,—1,...,—1) (19)
Q' =JQJ, Q* =1 (20)
ENC+BJANE=0, CANE+EANJB=0. (21)

Moreover, if dv = —vB.J, where v is defined by (7), then

dQ = BJQ — QB.J. (22)



(aQ)ij = 2D (a))iwarpar; — a;; =
%
= Q(Cljat)ﬂalj — Qi =

= 2Ji1a1]‘ - aij = ([NCL)Z']'

This proves (19). Equations (20) and (21) are identities trivially verified and
relation (22) follows from differentiating @ = 2Jv'v — I. In fact,

dQ = ZJ(dvtv + vtdv)
= 2J(Jthv — vthJ)
= BJ(QJvtv—[)—(QJvtv—])BJ.

Lemma 1.2: Let a € O(p,q) and let h be an off-diagonal matriz function

satisfying the condilion
da;;
oz,

Then da = aEh — aJh'E.J.

= ayh.y, JFr, i,75,r>1

Proof: Since the matrix a'Jda is skew-symmetric, it is sufficient to show that
(atjda)ij = J“h”dl’Z — Jjjhﬁd(l)j 5 Z7£]
In fact,
day day
(a'Jda);; = 3, D ost at J. e drs+ 3, dl J,., aa:j dzx;
= Zs;éj ZT afTJT,,a,,shsjdxs — Z,ﬂ a,anT,narjhﬁd:L'j
= J“h”dl’z — Jj]‘h]’id.ﬁj.

Lemma 1.3: Let A= A,. If a satisfies (1), then the following relations
hold



(b) dA = AN JYV2C T2
(¢) dA* = J2C g2 A A

(d) AANJA=-EEJ2AQEJ 2

Proof: The relation (a) follows from elementary properties of the matrices E
and J. Item (b) follows from the fact that a satisfies (5). The relation (c) is
obtained by transposing (b) and using the skew-symmetry of C. In order to

prove (d) we observe that M is a diagonal matrix and

K. 1 K’
2 2
M? =\ - o, A:Z(z+—22).

Then, it follows from (4) and (19) that
aM!'IMa = N — EatJla,
= A\ - %JQ :
Therefore,
]'/r
Ea'M! A JMaE = —%EJ ANQE

which proves (d).
|

Lemma 1.4: Suppose that X(z) € O(p,q) satisfies BT(z). Then for each
i, 1 <i < n there exists [, such that X;;(x) # 0. Define the matriz h = (ZL”)

by
10Xy s
”(Zl’}) - X—lz axz (CL’), Z%]a hn = 0.

o2

Then h is well defined and

ho= J7V2pt g2 — V(6 ML X, (23)



dXy; = JuAyd;; — ZXerfnsij — ZXZTJ—I/QC 4{]41'/2.

rr r3% 37

Since A = JMaEJ~'? and C = hE — Eh', we get, for i # j,

19X,

Xl' o _ lel/thjl/Q B Z(J_l/QatMJ)isij-

(Y]
S

where the right hand sidedoes not depend on [. Hence, fNLZ'j = (J_l/zhtJl/Z)ij —
(J=Y2a*MJX);; for i # 5. Since h is off-diagonal, we conclude that it satisfies
(23).

|

Let h be the matrix defined in Lemma 1.4. We consider the matrix ¢
associated to h, C = hE — Eh'. Introducing the notation

o = X' IM,aJ™'? B = JVhg?, (24)
we can write

C = Bla—p)—(a' = pYE. (25)

Lemma 1.5: Let a be a solution of (1) and suppose that X € O(p,q)
satisfies BT(z) and dX NFE = XFE A C. Then a and 3 satisfy the relations

(a)d(Ea) + EGANEa = EaA(Ea — EB + ('E)

(b)d(a'E) — o'ENB'E = (3'E — EB — o'E) A o'E

(c)d(EB) + EBA (EB — LB'E) = d(B'E) + (LEB — B'E) AB'E
(d)Bano'E = —5ETAQE,

where Q = 2J0'0 — I, and 0 = (Xi1,...,X1,).



ENdX' = E(3 — a) NEX".
Therefore, using (24) we get
EANda = —Ea AN Ea + ESANFEa + EX'J A M,daJ "%,
Hence, in order to obtain the relation (a) it is sufficient to show that
EX'JAM.,daJ™""* = Ea NES — Ea A B'E.

This follows easily from Lemma 1.2. Relation (b) is obtained by transposing

(a).

From Lemma 1.2, taking exterior derivative of da, we get
da N (Eh — JWEJ) — aE Ndh — aJdh' N EJ = 0.

Since matriz a satisfies (5), we obtain relation (c). Relation (d) follows from
the fact that a(z) and X(z) are in O(p,q) and also because X and Q
satisfy the equality XQ = IX, given in (19).

|

Proof of Theorem 1: We first show that the system BT(z) is integrable.
Let 7 be the ideal generated by the 1-form matrices

P =dX + XJV2CJV? — JALT 4 XA'X. (26)
Then Z is closed under exterior differentiation. In fact,

dP = dX A(ALX + J7V20 V%) — XA AdX
+ XJTV2CTVE 4 XdALX — JdA..

It follows from (26) and the relations of Lemma 1.3 that

dP = PA(ALX + JY2CJV%) — XA AP +
K
v OXJTVRAC — OANC + %EJ/\ QE)JV?. (27)



If the initial value X, satisfies X,JX! = J, the solution X of BT(z)
satisfies X.JX' = .J identically. In fact, if X satisfies BT(z), then

dXJX' — J) = (XJX' = J)H + H(XJX' = J),

where H = —A,X*. This is a linear problem for X.JX' — .J, whose value at

T, is zero. From the uniqueness of the solution we get that X.JX* = J in Q.

We now show that X is a solution of (1) or equivalently (4)-(6). Since X
satisfies BT(z) and A, A F = 0., we get

AXNE = —XA'AXE — XJ V202 NE. (28)
Using Lemma 1.4, we introduce the matrix & which satisfies (23) and C =
hE — Eh'. Then,
XENC = XEANQE
= XEANJYVRJVPE — XEAJVa'M,JX)°E,
Using the identity
Yo=Y — Zn:erej

7=1
and (8), we obtain

XENC = —XJ V2O NJYVPE — XALAXE, (29)

since EAFE = 0 and, for each j, the matrix e;a’M,JXe; is diagonal.
From (28) and (29), we conclude that X satisfies equation (5). Finally, with
the notation introduced in (24), we consider the following equations obtained
from (25),

dC = EANd(B — o) +d(B' — o) N E (30)

and

@Y
>

C = E(a—pB)AE(a-p)- (31)
— Ela—-B)A(a=B3)E+ (o' = 3)EA (o' — B)E.



. . . K N
dO:O/\C—%EJ/\QE,

i.e., equation (6) is also satisfied by X.

2. Proof of Theorem 2 and Corollary.

Before proving Theorem 2 we observe that if a;, ay are solutions of (1) as-
sociated to a by BT(z1) and BT(zy) respectively, then the matrix function
arJa My — JM, , which appears on the right hand side of (9) is generically

invertible in open subsets of R™.

Proof of Theorem 2: By hipothesis, a; and a, satisfy equation
BT(z), i. e.,

da; + a JV2C TV = JAT — a;Alas, i=1,2,

where A; = A...

We introduce the auxiliary notation
F:alJang—JMg G:JMl—aIJaéMg
Aij = IM;a; EJ7V? 05 =1,2.
We need to show that the matrix a* given by
a*Ja' = JF'G (32)
satisfies the equations
a*J(a*) =J (33)

and

da” + G*J_l/ZCZ'JI/Z = JA”J - a*Afja*v i 7£ ja Za] = 1727 (34)

where C; = h;E — Ehl and h; is the matrix associated to the solution a;.

From (8), we have

) ) 1(, K?
M; — My = (A — A2)I, where X, = A& + . (35)



G verify the relation GJG' = F.JF*, therefore equation (33) holds.

Differentiating (32), and substituting da;, da}, we get the expression

da* = JF'GJ(da —aAlya) — a*EJ Y2 My Ja* +
+ JF_lal(AiMl — AQMQ)CL (36)

But Cy = hoF — ERY, and from (23),

hy = J7VRRIIYE — g7V (0P My T ay).
Moreover, from Lemma 1.2, we have da = aEh — aJh'E.J. Therefore,
da* = JF'ay(AYM, — AYMy)a — JF'GMyJay BJ'Y? —
a*BEJ V2 My Ja* — a* TV, (37)

Substituting A%, A% and G respectively by their expressions, the right hand

side of (37), which contain those terms, reduce to

JFYayJasMy — JMy)J Myay, EJY?,

which is exactly .JAg;J. Therefore, from (37), we finally obtain

da* + a*J V200V = J Ay d — a* AL ",

Hence, a* is a solution of (1) associated to ay by [BT(z1)].

Similarly, one shows that (34) holds for ¢ =1, j = 2, since (9) is equivalent

to

a*Jat = J(GQJCL];MQ — JMl)_l(JM2 — CngCliMl).



day 4+ ay J7VPC IV = JAWT — ay Alay,
where Ay, = JMyaEJ Y% and M, = %(21[— %J) We coonsider M, =
—JM; and ay = —Ja;J. Then
day + ayJPC IV = —JdayJ — Jay JVPC T
= JAyJ — ayAba,,
since a and C are real matrices and J=1/2 = J'/2. Moreover ayJal = .J.

Therefore, a3 is a solution of (1), associated to a by [BT(z2)]. Applying

Theorem 2 to a; and a3 , we obtain a solution «* defined by
a*Ja' = J(alJang — JMQ)_I(JMl — aljaéMg)
which reduces to (10) after substituting a; and M;. Now,
a*Jal = (ayaiMy — JM,)"Ya,at My — JM;)
= (ayat My — JMy) " ayai My — J M)
= a*Jd',

since a; satisfies (4). Therefore, a* is a real solution of (1).

We conclude this section by giving an example of an application of the
Corollary. We consider equation (1) withn =2, p=1 and K = 1. We start
with the trivial solution @ = I. Applying Theorem 1 we obtain a one-parameter

family of complex valued solutions of (1), associated to a by BT(z), given by
1 2
o ( L+ /2 2f ) |

where
: 1 -1 1 -1
flz1,22) = exp(bri+iczy) b= —5(2—2 ), ¢ = —§(z—|—z ), and z € R\{0}.

The Corollary provides real solutions given by

. 1 1+g° 2g
1=\ 29 1+4¢

b cos cx3)

a

) . where g(x1,22) =

¢ cosh bxy’



In this section we prove Theorem 3 which gives a Backlund Transformation
for the Intrinsic Generalized Equation. In order to prove this theorem, we will

establish some relations in the following LLemmas.

Lemma 3.1: The matrices F, ande N, inlroduced in (17) verify the

Jollowing relations:
(a) N!=JN.J
(b) NN, =M —EJQ, X=1(2+1)
(¢) dF, = JBAF, + F, A JV2C J71/2
(d) dFt = FI A BJ 4 J7V2CJY2 A FY

(e) FINJF, = =S J\2PEANQEJV2

Proof: Relation (a) is an immediate consequence of the equality Q' = JQ.J,
in (20). From (a), N!JN, = JN?2. Therefore using (17) and (20), we obtain
relation (b). Now, it follows from (22), (17) and (21) that
dF, = —£J(BJQ-QBJ)ANEJ'?,
= JBAF,—JN,(BJAE)J™/2,
= JBAF, +JN.(EAC)JV2

Hence, relation (c¢) holds and by transposition we get (d). Finally, (e) follows
directly from (b). [

Using the identity
5% =8 - ¢;S¢
7=1

and the matrices B, C' and @ defined, respectively, by (16), (3) and (7), we
verify that the matrices B, C' and Q, corresponding to the pair (ﬁ,ﬁ), are
given by



1) — J Ud ° —T—J’\DIVZIJ' _J’IIVZD)J'7
C = JPBJYE— JYANYEJV?— JTV2EYIND) Y2,
Q = JY'JQY +JY'JY — 1.
It follows from Lemma 3.1 (a), that the matrix B is simply written as
B=J1CJ VP4 Py J - JY'F,, (38)
where F, is the matrix defined by (17). Moreover, substituting
G=N,YEJ /2, (39)
we can write
JWCJTVE = B -G+ G (40)
Lemma 3.2: Let G = N.YEJ V2 If Y satisfies BT(z) and YJY' =],
then the following relations hold
(a) GAJG'=0
(b) dG+GANJG=GANJB+BJANG
(c) dG' —G'NJG'=G'NJB+ BJANG!

(d) G'ANJG=-EJ\PEAQEIT2

Proof: Item (a) is immediate. It follows from (17), BNT(Z) and the use of (21)

and Lemma 3.1 (a) that relation (b) consists in annihilating the expression
(AN. + N.BJ — BJN,) AYEJ /2,
Since, by (17) and (22)
22dN, = —KdQ,
= K(QBJ - BJQ),
it follows from (17) that dN, = BJN, — N.B.J. Relation (c) can be obtained
by transposing (b) and using the fact that B and C are skewsymmetric.

Finally, since Q = JY'JQY, we conclude the proof, by using Lemma 3.1 (b).
|



The system BNT(Z) is integrable. In order to prove that, we consider 7 the

ideal generated by the 1-form matrix
P=dYy +YJ'V2CJV2 — BJY — JFJ + Y FY. (41)

Then T is closed under exterior differentiation. In fact,

dP = dY A(J7TV2CTVE 4 F'Y) 4+ (BJ - Y FY) AdY +
+ YJ 1240 JY: — dBJY — JdF.J + YdF?Y.

Therefore, from (41) and FAJF'=0 we get

dP = PA(JTVPCIVPL Y)Y+ (BI-YF)AP + (42)
]'/r
L YJTVRAC —CAC + %EJ ANQE)JY? — (dB — BJ A B)JY,

by applying Lemma 3.1 (c¢)(d)(e). Since (v,h) satisfies (14) and (15), it fool-
lows from (42) that dZ C 7.

Suppose that Yy € O(p,q) and let Y be a solution of BNT(Z) Then,
dYJY' —J)= HYJY' — J)+ (YJY' — DH,

where H = B.J — Y F*'. This is a linear problem for Y.JY* —.J, whose value at

T is zero. From the uniqueness of the solution, we get Y.JY*=J in Q.

The pair (ﬁ,iL), given by (18), is also a solution of (11). In fact, since v
satisfies (12) and YJY* = J, it follows that ©Jo* = 1. From (13), BNT(z) and

(18) we get
do = dvY +odY

= H(JY'F — F'YJ — J~\V2CJ-Y?),

i. e., using (38), do = —oB.J. Hence, equation (13) is satisfied by (ﬁ,iz).



JV2AC T2 = dB — dG + dG? (43)

and

JTWECNCT V= (B-G+GYAJ(B—G+GY. (44)
Subtracting (44) from (43) and using Lemma 3.2 we obtain
dC =CNC - gEJ AQE + JY*(dB — BJ A B)J'V2,
Since (v,h) satisfies (15), we conclude that equation (14) is also satisfied by
(9, h).
Finally, from (38) we get
dB—BJAB=J1YdC-CANC+ gEJ AQE)J Y2,

by applying Lemma 3.1 and using the fact that F A JF' = 0. Therefore,
equation (15) is also satisfied by (ﬁ,iz), since (v, h) satisfies (14).
|
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