TOROIDAL SUBMANIFOLDS OF CONSTANT
NON POSITIVE CURVATURE

M. L. Rabelo K. Tenenblat *

Introduction

The n—dimensional hyperbolic submanifolds M™ of the euclidean space R**~! are in
correspondence with solutions of a certain system of differential equations called the
intrinsic generalized sine-Gordon equation. Similarly, flat submanifolds M™ of the
unit sphere S?"~1, correspond to solutions of the intrinsic generalized wave equation.
(AL, [BT].

In this paper, we consider particular solutions of these equations which depend
only on one variable and we obtain the associated submanifolds as being generated
by curves, in such a way that each point of the curve describes an (n-1)-dimensional
torus. These are called toroidal submanifolds.

In the case of constant negative curvature the associated submanifolds are gen-
erated by curves which are given explicitly in terms of a family of elliptic functions
when n < 3. For n > 4, the submanifold is generated by a tractrix in R" (see
Theorem 2.1 Proposition 2.1). Moreover, we show that these are the only hyperbolic
toroidal submanifolds. As an immediate consequence, we prove that there are no

complete toroidal submanifolds M™ in R*"~!, with constant sectional curvature -1.

:
This is also contained in the result of Aminov [A2].

Similarly, the flat submanifolds M™ of S?"~! which correspond to the special
solutions of the intrinsic generalized wave equation, are the Clifford torus and the
toroidal submanifolds generated by a family of curves contained in a two-dimensional
sphere (see Theorem 3.1). Moreover, we show that these characterize the flat toroidal

submanifolds of S?"71. In particular, we conclude that the Clifford torus 7™ is the

only complete flat toroidal submanifold of the sphere S?"~1.

*The authors were partially supported by CNPq.



realized isometrically in R®. It has been conjectured for a long time that hyperbolic
n-space cannot be isometrically immersed in R?"~!, n > 2. Partial results in this
direction were obtained by Xavier [X] and Aminov [A2]. The difficulty of the problem
lies in the study of global solutions of the system of differential equations which is
highly non linear. One should observe that Okayasu [O] has obtained a O(2) x
O(2)—invariant complete hypersurface M of constant negative scalar curvature in

R4
1. Preliminaries

In this section, we present the results and definitions that will be used in the following
sections. We denote by M"(K) an n—dimensional manifold of constant sectional
curvature K.

It is well known that for submanifolds M"(K) C M*~'(K), K < K, there exists
a parametrization by lines of curvature, such that the metric (g;;) 1 < 1,7 <n
is diagonal with constant trace 1 and the normal bundle is flat [A] [M] [T]. More

precisely

Theorem 1.1 Let M"(K) be a riemannian manifold isometrically immersed in
M?"=Y(K) , such that K < K. Then locally there exist coordinales (z1,...,,) such
that the first and second fundamental forms are given by
I = Za%i dz? 17 = Z ajay; drien ;o (1)
=1 i=1,7=2
where ", ai; = 1 and e,4j—1 is an orthonormal frame normal to M.
From now on we normalize the curvatures by considering K — K = 1. Under the

conditions of Theorem 1.1, one can show that the n x n matrix function a = (a;;)

satisfies the following system of equations

aa’ = 1, (2)
(?ah- . . .

= ayh; i # ], (3)
al'j



Uay U4

s#i o]
Oh;; o .
@—:L': = hjshs; 1,7,s distinct, (5)
8aﬂ . .
= ajhy i #L j22 (6)
81:2-

where the off diagonal matrix function A = (h;;) is defined by (3). When K = 0, this
is the generalized wave equation (GWE) and when K = —1, this is the generalized
sine-Gordon equation (GSGE) (see [T] [TC] [TT]).

The above equations are equivalent to the Gauss and Codazzi equations. As a
consequence of the Fundamental Theorem for Submanifolds, given a matrix function
a, which satisfies the equations (2)-(6) defined on a simply connected open subset
Q C R”, there exists an isometric immersion X : @ C R* — M?"~!'(K) such that
the first and second fundamental forms are given by (1).

In the two-dimensional case, the Codazzi equation (6) is a consequence of the
Gauss equation (4) and (5). Motivated by this result, intrinsic generalizations for
the sine-Gordon and the wave equations were introduced in [BT] as stated in the

following result.

Theorem 1.2 Let Q be a simply connected open subset of R", with coordinates

Ty,...,T, and g = g¢;; a riemannian melric which is diagonal, with lr ¢ = 1 and
constant sectional curvature K. Then the smooth function v : Q@ — R" |, v =
(vi,...,0,) defined by v} = g;; satisfies
v = 1 (7)
81;2' . .
9e. = Vili 1F T (8)
j
Ohi; Ohj; . .,
- + o+ D hahg=—Kuw,  i# ], (9)
ox; ox; —
i stists
Ohi; .
(‘3—1:] = hishs;, 1,8,7 distinct, (10)

where 1 < 4,5, < n and h;; is an off diagonal matriz function given by (7). Con-
versely, given a solution of (7)-(10) such that v(z) # 0, for allx € Q, then g;; = §;;v?

J

defines a metric on Q which satisfies the above conditions.

As it was shown in [BT], whenever v;(z) # 0, for all z € @ and 1 < i < n, then
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avi
6:1;» = —Zv]-hij (11)

J#i
dh;; Ohij
- — hjshis = 0. 12
8:@ + al‘j —I—S#%:#j ! ( )

The system (7)-(12) was called the Intrinsic Generalized Wave Equation (IGWE)
when the constant K = 0 and the Intrinsic Generalized Sine-Gordon Fquation
(IGSGE) when K = —1.

In what follows, we consider solutions v; which define metrics as in Theorem
1.2, hence v;(z) # 0,Vz € Q. Therefore, the intrinsic equations can be reduced to
(7)-(10). Under these conditions , the relation between the generalized equations is

stated in the following theorem (see Theorem 2 [BT] and [A]).

Theorem 1.3

(i) If a is a solution of the GWE, then each row of a, whose elements do not vanish,
is a solution of the IGWE.

(i) Suppose a is a solution of the GSGE. Then the first row of a is a solution of the
IGSGE, whenever ils elements do not vanish.

(iii) Conversely, if v is a solution of the IGWE (resp. IGSGE) whose coordinate
functions do not vanish on a simply connected domain Q@ C IR™, then there exists a

solution a on Q for the GWE (resp. GSGE) whose first row is v.

It follows from the above results that the solutions v of the IGWE (resp. IGSGE),
which do not vanish on a simply connected domain £ C R" are in correspondence
with the isometric immersions X :  — S2"7! (resp. X : Q — R**™") of constant
curvature K = 0 (resp. K = —1). Such an immersion is determined up to rigid
motions and is called the immersion associate to v

As an example we consider the solution of the IGSGE

vy =tghay v;=c¢jsecha; 7 >2

2:

where cjand 3°7_, ¢ = 1,21 > 0. The associated immersion is

X = (tgh zy—xy, ecgsech xq cos 4, casech zy sinzy, . . ., ¢ sech x4 cos z,,, ¢ sech zysinz,)



dimension n — 1 in R*"72

Similarly, the Clifford torus
X(21...2,) = (c1cosxy,¢18IN 21, . .. ¢ COS Ty, €y SIN T,)

is the immersion associated to the constant solution v; = ¢; # 0,37, ¢? =1, of the
IGWE.

For later use, we introduce the following definitions.

Definition 1.1
a) Let
a(xl):(fl(xh"'vfn(xl)) el CR

be a parametrization of a regular curve in R",n > 3 such that fi(z1) # 0,7 >

2,Vz; € I. The submanifold, which up to a rigid motion of R**7!, is given by

(fl(fl?l)a f2(l’1) COS Ty, f2(l’1) sin Ty, . . . 7fn(371 COS T, fn(l’l sin «Tn)a

is called a toroidal submanifold M™ of R*™' generated by the curve a.
b) Let
Blz1) = (folz1), fi(z1),..., ful21)) 1€ CR

be a parametrization of a regular curve in R"' n > 3, such that fi(x;) # 0,7 >

2,Vz; € I. The submanifold , which up to a rigid motion of R*" is given by

(fo(ilfl)a fl(xl)a f2($1) COS T, f2($1) sin T, ..., [, €OS Ty, fn(iﬂl) sin fn)

is called a toroidal submanifold M™ of R* generated by the curve (3 .

A toroidal submanifold is generated by a curve in such a way that each point
of the curve describes a flat (n-1)-dimensional torus 7"~! contained in R**~2. The
immersion generated by the tractrix and the Clifford torus, given above, are examples

of toroidal submanifolds.

2. Hiperbolic submanifolds of Euclidean space

In this section, we first obtain the solutions of the IGSGE which depend only on one

independent variable. These solutions are invariant by the local symmetry group of

5



terms of elementary functions or elliptic functions. Then we show that the isometric

immersions M"™ —s R*"~! of constant curvature K = —1 associated to these solutions

are , up to rigid motions, toroidal submanifolds.

Moreover, we prove that these are the only toroidal submanifolds of R?"~! with

constant curvature . In particular, we conclude that these are no complete toroidal

submanifolds M™ ¢ R**! with K = —1.

Proposition 2.1 Let v = (vy,...,

vn)yn > 2, be a solution of the IGSGE which

depends only on x1, such that vi(z1) # 0,1 < ¢ < n forzy in an open interval

I CR.
(i) If n=2, then

(U1)2

2
Uy

where c € R and 1 4+ ¢ > 0.
(ii) If n =3, then

= (I—v)(1+c—vy),

2

c2

14+ 2

1

14+ 2

where b # 0,¢ # 0 and 1 4+ ¢ —b* > 0.

(iii) If n > 4 then

vy =

Uj:

b
-

c?

(1—|—c2—1)2—vf),

2

— Uy

vp)(1+ ¢ =0 —vy),

bQ
_Uf%

+tgh(zy — a),

¢;sech(xy —a) ,j>2

where a,c; # 0 € Ryand Y7_, 2 = 1.

J=2 "]

Proof: It follows from the hypothesis that equations (7) - (10) reduce to

t
Vv

b

=1

/
K3

0

V-

(13)

(14)

(15)



hlihlj = Uiv.jv i 7£ .ja Z?] > 2 (19)
h/

15

Ulv.j 7j Z 2 (20)

If n =2, it is easy to see that this system is equivalent to (13).
If n > 3, using (17), the equations (19) and (20) reduce to

"o

Vil viv; fori#y, 4,7>2 (21)
U1 U1

A
(2) = o gz (2)
U1

It follows from (21) that v; # 0,Vi > 2 and

hence
U;' = C;;D1V; 7i % .77l7.] 2 2 (23)

where ¢j; is a nonzero real constant.

If n > 4, then it follows from (23) that
v; = b]‘w ] Z 2 (24)

where w is a nowhere zero differentiable function of z;. Therefore, (21) reduces to

Hence we have v; = ¢, where ¢ = 1 and using (24), the equation (16) gives

n

(w/)2 = w2(1 — Zb?wQ)

i=2

Therefore
1

= 4 ;
\/Zcosh(xl —a)

where 7 = be,

i=2

w
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b;

¢ == J22
\/ Zj:? b?
If n = 3, then it follows from (23) that
v; = cv V3 (26)

where ¢ = ¢33 is a nonzero constant. Substituting this expression into (22) we get
- . 27
US p V1V2 ( )
Since Y3, vw; = 0, we obtain from (26) and (27) that
/ 1
v, =—(c+ z)UQ’Ug (28)

From the quotient of (28) and (26) we have

v Al
vy o
hence
1
vs = T (6% — c*v7) (29)

It follows from (16) that
, 14+ 2 — b — Uf
vy =

14+ 2
Therefore, using (28) we conclude that v satisfies (14).

(30)

Remark 2.1 We observe that when b* = ¢?, the equations (14) give v in terms of
elementary functions exactly as in (15). Moreover, for each solution given in Propo-
sition 2.1 there exists a value g €R such that v, tends to zero when z approaches

Zg.
For the proof of Theorem 2.1, we will need the following technical result

Lemma 2.1 Suppose v; are the functions given by Proposition 2.1, then

b O (v;)2
U1_U1‘|‘E +v; =0 (31)
7=2

0



(_) —vi =12 >0 (32)

U{ 2 Uj .
where

ra = l4c if n=2,

b2

re = 14+ -0 r§:—2, if n=3, (34)
c

r? =1, 5322, if n>4

Proof: Equation (32) is an immediate consequence of (16) (17) and (20). It is a
straightforward computation to verify that (31) and (34) are satisfied in each case
of Proposition 2.1. We now prove (33). From (16),(17) and (20) we have

v 1 ' h '
v VU
23 ! A g kVk
(02) hl] hlfvz vj + ) Z v
1 1 g»2 Y1
hl, h2,v< h .
— J _ 1777 17
= Uj‘|‘_22Ukh1k—Uj‘|‘ 7 T — E vphag
1 k>2 v 1 k>2k#j
Now, using (19) we have
!
2
v h v
J _ ) 1777 e 2
(ﬁ) = v+ —3 2 Z Uk
1 ! L k>2,k#j
h?.v v;
1;%7 J 2 2
= v;+ + =1 —v{ —v;
J v% v%( 1 ])
v; v;
_ Yo o2 i 2
- 2(h1j v+ 1) 2' ]
U1 1

where the last equality follows from (32).
We now prove the main theorems of this section.

Theorem 2.1 The submanifolds M™ C R*"™' with constant sectional curvature
K = —1, associated to the solutions of the IGSGFE given in Proposition 2.1 are, up

to a rigid motion.



v .
(-\/U%dl’l,\/%), ifn= 5

where vy, vy are defined by (13).
(ii) The toroidal submanifolds generated by the curves

2d U2 CvU3 . —3
_/Ul xlama? ) an_ 5
where v, 1 <1i <3, are given by (14) and

(iii) The toroidal submanifold generated by the curve
(tgh x1 — 21, ¢q sech xq, ..., ¢, sech z1) ,ifn >4,

where 3", ¢ = 1.

J=2 "

Proof: Let v = (vy,...,v,) be a solution of the IGSGE as in Proposition 2.1. By
theorem B.T.... there exists a solution (a);; for the GSGE such that ay; = v;, for 1 <
J < n. Moreover, a;;,2 <1 < n , also depend only on z;.

The submanifold associated to v is determined by the first and second fundamen-

tal forms given by

n

[:Zafida}f and ] = Z (aﬁaud:t?)enﬂ-_l
=1

j=2,=1
where €,4;_1,2 < 7 < n, is an orthonormal basis for the normal bundle. It follows
from the fundamental theorem for submanifolds of the euclidean space, that the
immersion X : Q C R* — R?"™!, where  is simply connected, is determined, up

to a rigid motion, by solving the following system of differential equations for the

vector fields X, and €451, 1 <1<n, 2<s<n:

n n
o k . .
X'riz‘j - Z F”Xk + E aliari&ijen+r—1 71 § 2W] S n
k=1 r=2
Us;
Cnts—1,2; — _a_Xzz 72 S S S n.
17

Since the riemannian metric g is a diagonal matrix and the functions ¢;; = a?; depend

only on zy, the Christoffel symbols Ffj are given by
Ffj = 0 for i,k distinct;

10



!
ay;

i i
Fil - Fli - 3
a1;
1
! aliali .
Iy = ——5—, for 1#1,
ary

where the prime means derivative with respect to x;. Therefore the above system

reduces to

a n

Xeyw, = inl + an Z Us1€nts—1 (35)
an s=2

Xl‘z‘Ii = _al’ijlile + aq; Z Gsi€pgs—1 7Z' % 17 (36)

aty s=2

a . ]

Xa:?la;] — iXﬂ:] yJ 7£ 17 (38)
Cllj

Cnts—1,2; — _Z_;%th 72 S S S n. (39)

It follows from (37) and (38) that

_ OF(x)) P>

J axj ay; ] Z 4

X, (40)

where F; : R — R*™" is a differentiable function which depends only on z; , with
% # 0. Equations (39) with ¢ > 2 and (40) give

€nts—1 = — ZasiFZ- + Gs(zy) 8> 2, (41)

1=2

where GGy : R — R**™! is a differentiable function of z;. From equation (39) with
i = 1, we get, using (41) and GSGE, that

Gls =agp(x1) ,8>2, (42)
where ¢ : R — R*"7! is a differentiable function of z;, and
X, = Z allij — an. (43)
7=2

We observe that in order to obtain (43) we have used the fact that there exists s > 2
such that ay # 0 (the matrix (a;;) is orthogonal and a?, = ¢g; # 0,1 < i < n).

11



(22) and (32), where v; = ay;, we obtain
O+ anGy =0 (44)
s=2

and
0*F;
@J;Q

where r; # 0 is given by (34).

2F - 77/} Zasj =0 7.j Z 27 (45)

Since ¢, G5 and a;; depend only on z; and F} depends on z;, (% + ()) we nec-
°J

essarily have

]%/)JrZaSJG =C; 522 (46)

ay
aii 5—2

where C; € R*7',j > 2. Hence, F; is determined by equation (45), which reduces

to )
0z trlp=0; 522
Therefore,
C.
F; = —2] + Ajcosrjx; 4+ Bysinrjz; 5> 2 (47)

r.
j
where A; and B; € R,
Multiplying equation (46) by ay; and adding up for 57 > 2, it follows from (16)

and (44) that ¢ satisfies

¢/—a11¢ Ealyc —0.

7= 2
Therefore
Cllj 1 C
= a11 Z C / d:l’,'l = Z B —|— aHAl, (48)
j=2 Tj an

where the integral is determined by (33) and A; € R* ! is a constant vector.

Since (a;;) is an orthogonal matrix function, it follows from (44) and (46) that

Gy= —ant + Y ay(C; — “%)

i>2

hence, using (48), we obtain

n C !
Gy = Z r—zjasj — Z asaq 4 A1 (49)
j



equation (42) is an identity.
In order to obtain the local parametrization X we need to integrate (40) and

(43), where F; and © are given by (47) and (48) respectively, i.e.,

Xo, = rjayj(—Ajsinrjz; + Bjcosrjr;) 5 > 2 (50)
Xo =) allj(Aj cosr;x; + Bjsinriz;) — aj, Ay (51)
7=2

Therefore, we have

zl n
X(z1,22,...,2,) = — /0 aydri Ay + > ayj(Ajcosrjz; + Bjsinrjzj), (52)

1 7=2

where we choose the initial condition at a point
Po = (1’(1),0,...,0), X(po) = Zalj(x(lJ)AJ"
7=2
Observe that using (49) the normal vector fields given by (41) reduce to

n n
. 1
Cnis_1 = — E asj(Ajcosrjz; + B;sinrjx;) — E asea, Ay, 8> 2,
c=1

i=2

where the constant vectors A;, B; are determined by the initial conditions
Xoi(po), 1 <ie<n, and eurs-1(po), 2<s<n.
We conclude the proof of the theorem by choosing these conditions appropriately.
Theorem 2.2
a) The submanifolds M™ C R ' n > 3, given by Theorem 2.1 are, up to a rigid
motion, the only toroidal submanifolds of R*"™' with constant sectional curvature

K=-1.
b) There are no complete toroidal submanifolds M™ C R**™" | with K = —1 .

Proof: A toroidal submanifold is locally given by

X = (filzr), folz1) cos xa, fo(xr) sinza, ..., folx1) cos xy,, fr(x1)sinz,)

where z; € [ C R,—7m < 2; < 7 and fi(z;) # 0,Vz; € [,1 <1 < n,n > 3. We
will show that there exists a change of coordinates such that the metric (g;;) is a

diagonal matrix whose trace is equal to 1.

13



1

for z1 € [a,b]. Consider a change of variables z; = b;%;,2 < 57 < n, where bf < 33-

Now we can change the variable z; so that

n

D)+ E =1 (53)

=1

where f; is the derivative with respect to the new variable. Hence, without loss of

generality we may assume M™ locally given by

X = (fi(z1), fo(x1) cos by, fa(x1)sinboxa, ..., fulz1) cos by, fu(xr)sinb,z,)

where x; € (a,b) , b; are constants and equation (53) is satisfied.
The first fundamental form of this parametrization is given by

I = E vf(ml)dx?,

=1
where
vi(zy) = Z(f;)2($1)’ v?(:nl) = b?fj?(xl), 2<7<n.
=1
Moreover, 37, v? = 1. Since the manifold has curvature K = —1, it follows from
Theorem B.T. that v : (a,b) C R — S™! C R” is a solution of IGSGE which

depends only on z1. Therefore, we are in the cases (ii) or (iii) of Proposition 2.1.

It is easy to see that in the case (ii) we can consider

b2
by=1+c>—b* and b:= 2
In the other case we can choose b; = 1, for each j. The proof of b) is an immediate

consequence of the first part of the theorem and Remark 2.1.

3. Flat submanifolds of the unit sphere

In this section we obtain the results analogous to those in section 2, by considering the
correspondence between flat submanifolds of the sphere and solutions of the IGWE.
We first obtain the solutions of the IGWE which depend only on one independent

variable and then we show that the associated flat isometric immersions in the unit

14



S? and the Clifford torus. Moreover we prove that these are the only flat toroidal
submanifolds of S?"~!. In particular, we conclude that the Clifford torus is the only

complete one.
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Let v = (vq,...,v,),n > 2, be a solution of the IGWE which depends only on z,
with vi(z1) # 0,¥1 <o, < n, for xy in an open interval I C R. Then

vy = V1 —¢csin(Azy —a)
vj, = ETVI—c?cos(Ar; —a) (54)
Uj = C]', .7 2 27 ] % jO

where Y 7_gci = ¢*, ¢; #0, M\a,¢; € Rand | c|<1. When A =0, then I =R and

a # Iw /2 for any integer |; when X # 0, then xy € I such thal Ir /2 < Ax; —a <
(I +1)m/2.

Proof: It follows from the hypothesis that equations (7)-(10) reduce to

v = 1 (55)
v,
hyy, = —, 1>2 (56)
"
hiihiy = 0, 1#35 1,5>2 (58)
hy =0, j>2 (59)
From (56) and (59) we have
R ) (60)
U1
If n = 2, it follows that
vy = sin(Azy — a)
vy = —cos(Azy — a)
where a € R, is not a multiple of 7 when A = 0.
If n > 3, it follows from (56), (58) and (60) that
bib]' = 0, for l,_] 2 2, 2 7£ ]
Therefore, there exists at most one b;, # 0, with jo > 2. Hence
U;'o = /\Uh vV = €4, ] 2 27 ] %]0 (61)
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We observe that when A = 0, the solution (54) is constant. Let vy,vj, be as in
(54), with A # 0, and let C3 be a real constant. Then the solutions © for the ordinary

differential equation

0" -2 + 0 +v,C =0 (62)
U1
are given by
O = fcos(Ax; —a) — fysin()\:lil —a) (63)

where
V1 —c2

72

f=Acosrzy + Bsinrz, F C, A, BeR,

and r?2 = A\? 4 1. This remark will be used in the following theorem.

Theorem 3.1 The flat submanifolds M™ C S**~' associaled to the solutions of the
IGWE given in Proposition 3.1 are up to a rigid motion,
(i) The Clifford torus

(crcosxy,cpsiney,..., ¢, co82,,c,sine,)

where v; = ¢; # 0, 1 <1 < n, whenever A = 0.

(it) The toroidal submanifolds generated by the curves
((Sfo,(Sfl,(SfQ,Cg,...,Cn), (S: \/1 — c?

where 1> = X2 4+ 1, ¢ =", 2 and

J=3"%
A )
fo = —sinrzycos(Ax; —a) — cosrzy sin(Az; — a)
r
fi = —cosrzycos(Ary — a) + sinrzy sin(Azy — a) (64)
r
1
fo = ——cos(Az1 —a)
r

whenever A # 0.

Proof: Let v = (vy,...,v,) be a solution of the IGWE given by Proposition 3.1,
where without loss of generality we will assume j9 = 2. It follows from Theorem 1.3,

that there exists a solution (a;;) for the GWE such that a; = vj, for 1 < j < n.
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determines the first and second fundamental form of the flat submanifold associated
to v.

As in the proof of Theorem 2.1 such submanifolds are given, up to a rigid motion,
locally by immersions X : @ C R" — S?*~' C R*"*, where  is simply connected.

In order to obtain X, we consider the adapted orthonormal frame in R*", defined by

X,
)
a1;

€; = 1<i<n, eppjo1, 2<j7j<n and X.

It is not difficult to see that X has to satisfy the system

n n

k . .

Xow, = Y TEXe+ ) avianidijenipr — 605, X, 1 <4,j <n,
k=1 k=2

Qs
Cnts—1,2;, — _CL_XIZ 2<s5<n
17

Substituting the expressions of the Cristoffel symbols this system reduces to

Xpwy = X, 4an Y taenpas — a2 X (65)
an s=2
N, - Wiy »zn:a npet — atX Q> 2 (66)
r;r; a%l 1 1z o stEn+s—1 14 jll
Cllj
—dlg;
Cnts—1,2; — le S % 1 (69)
ay;
It follows from (67) and (68) that
oF; )
Xz] = a—xj(;l}j)alj, ¥ Z 2 (70)

where F; : R — R*" is a differentiable function which depends only on z;, with
% # 0. Equations (69) with ¢ > 2 and (70) give
€nts—1 = _ZasiFfi + Gs(xl)v S Z 2 (71)
i=1
where Gy : R — R?" is a differentiable function of z;. From equation (69) with
i = 1, we get using (71) and the GWE that

G = aan(z), s>2, (72)

S
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Xrl = ZGIUF]‘ - alld) (73)
7=2

Now integrating (70) and (73) we obtain

X =) Fay+ (1), (74)
7=2
where /
©
N 75
p=-% (73

Now we substitute (70), (71), (73)-(75) into (65) and (66). Using the expressions
of (54) we obtain

/

(99_) +anp — Z anGs =0, (76)

a1y

s=2
%ap/ ~ Y auwGy + anp = —Ci, k>2 (77)
11 s=2
O*F,
aTgk 4 riF = Ch k> 2, (78)

where r;, = 1 for k > 3 and r3 = A\* 4+ 1. Therefore
Cy .
Fy = — + Apcosrpry, + Brsinrgzg, k> 2, (79)
Tk
where Ay, By, Cp € R*™.
Multiplying equation (67) by a1z and adding up for & > 2, it follows from (55)
and (76) that ¢ satisfies
n Cl/ ’ n
p =20 +o+ > anCr=0. (30)
an k=2

Since (a;;) is an orthogonal matrix function, it follows from (76) and (77) that

Gs=agq [(Lp—) + ajrp
ar

i) Suppose A =0, then a;; =¢;, 1 < j <nand r; =1, 2 <k < n. Therefore, the

" Cl, '
+ Z sk (a—ékso + aypp + Ok) , s>2 (81)

k=2 11

solution ¢ : R — R*" of (80) is given by

n
= Ajcoszy + Bysinzy — Z a1:Cy,
k=2
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Gs _ as1 S0/; 4 Z askck‘

a1 k=2

Hence, it follows from (71) and (74) that

Ents_1 = E ask(Ag cos x + Bpsinay) — —(A1 cos x1 + By sinxy)

k=2 arq

and
X = Z ar;(Ag cos xy + Bysinxy) + Ay cos zy + By sin ;.
k=2
By considering adequate initial conditions at the origin, we conclude that, up to a
rigid motion, the immersion describes the Clifford torus.

ii) Suppose A # 0, then it follows from (62) and (63) that the solution ¢ of (80) is
given by

’

¢ = fcos(Ax; —a) — fysm Axy — a) Z a1;,Ch,

where

V1 —02

f = Bicosrx; + Aysinrz; F Cy, Ay, B € R™

and r? = r2 = A* + 1. Hence, we get from (81) that
Gs - # a.slf_, - as?(/\2f + f”) + Xn: askck-
V1—¢c2 A

k=2

Therefore, it follows from (71) and (74) that

- . 1 g ' 1 "

€nts—1 = — »_ asi(Ajcosriz; + Bjsinrjz;) + —— ( L~ — s f )
j=2 1—c¢ 5

where r; is given by (78) and

n " '
X = 2611]‘(14]‘ cosrjx; + Bjsinrjz;) —

=2

cos(Azry —a) — <sin(Az; — a).

A

r2

By choosing the initial conditions appropriately we conclude that, up to a rigid

motion, the immersion is given by
X = (80,0 f1,0f2cosrag,dfysinrag, c3cos s, ¢38inTs,. .., ¢y COS Ty, € SIN Ty),

where § = /1 — ¢2 and fo, f1, f2 are defined by (64).
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orem 3.1 (ii) is contained on a two-dimensional sphere (see Fig.1)

The following theorem can be proved by using the same arguments as in Theorem

2.2

Theorem 3.2

a) The submanifolds M™ C S**~!' given by Theorem 3.1 are, up to a rigid motion,
the only toroidal flat submanifolds of R*" contained in S*"~1.

b) The only complete toroidal flat submanifolds M™ C S*"~! is the Clifford torus.
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