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1. Introduction.

The study of the deep relationship between differential geometry and partial
differential equations has a long and distinguished history, going back to the
works of Darboux, Lie, Backlund, Goursat and E. Cartan. This relationship
stems from the fact that most of the local properties of surfaces are expressed
naturally in terms of partial differential equations. For example, the condition
that a graph z = z(z, y) have constant Gaussian curvature gives rise to a Monge
- Ampere equation for z(z,y). Equivalently, the same condition is expressed by
the sine-Gordon equation for negative curvature or elliptic sinh-Gordon equation
for positive curvature.

It is therefore very important to study the transformations of surfaces that
preserve geometric properties expressible as partial differential equations, since
the analytic formulation of these transformations will give rise to mappings
preserving the class of partial differential equations under consideration. Ul-
timately, one expects the geometry of the transformed surface to have con-
siderable implications at the analytic level, notably in terms of the explicit
integrability of the underlying partial differential equations.

Perhaps the best known example of such a transformation of surfaces is
Bécklund’s transformation, which takes a surface of constant negative Gaus-
sian curvature ( a pseudospherical surface ) into another such surface. Since
pseudospherical surfaces correspond to solutions of the sine - Gordon equation,
the analytic formulation of this transformation will define a mapping taking

solutions of the sine - Gordon equation into other solutions. Backlund trans-



formations have become a very important ingredient in the theory of solitons
solutions of completely integrable equations.

An equally interesting but perhaps lesser known example of a transformation
of surfaces is the Laplace transformation. One starts from a surface S admitting
a net of curves which is conjugate for the second fundamental form. Taking the

net to be the parametric net with parameters u and v, one has
Xuw = Tip X + TH X, (1)

which is a linear hyperbolic partial differential equation for X (u,v). The two
Laplace transforms Sy and S_y of S, denoted respectively by L;(S) and L_;(5)
, are defined geometrically as follows. One takes a coordinate curve X (v, uo)
and considers the developable surface obtained by taking the tangent lines to
the coordinate curves X (ug, v) at the points of X (v,ug). On such a line, there is
a point X; where the line is tangent to the edge of regression. As u and v vary,
one obtains in general a surface S; = L;(5) parametrized by X;(u,v). Likewise,
if we reverse the role of u and v in the above construction, one obtains in general
a surface S_; = L_4(S) parametrized by X_;(u,v). The remarkable fact here
is that the coordinate net is also conjugate for the transformed surfaces S; and
S_1 , so that Xi(u,v) and X_;(u,v) also satisfy a differential equation of the
the form (1).

It is not difficult to prove that the two Laplace transformations are inverses

of each other, in the sense that

for any surface S with a conjugate net.

Of particular interest is the case in which one of the Laplace transforms de-
generates into a curve. Indeed, the pde can in this case be integrated explicitly
by quadratures, as we shall see below in Section 2. This geometric construction
thus leads to a beautiful method of integration for the linear hyperbolic equa-
tions arising from surfaces S which degenerate into curves after a finite sequence

of Laplace transformations. One integrates the equation obtained at the end of



the sequence by quadratures and works one’s way back to the original equation
by using the inversion formula displayed above. The classical treatises of Dar-
boux [ Da | and Goursat | Gou | contain many interesting results obtained by
the application of this method of integration.

It is a tantalizing and difficult problem to try to generalize these construc-
tions from the case of surfaces to that of submanifolds of higher dimension. The
higher-dimensional generalization of Backlund’s construction has been obtained
by Tenenblat and Terng [ T'T |, who also derived the corresponding Backlund
transformation of a system of partial differential equations which generalizes
the sine-Gordon equation. This work has led to important developments in
the area of multi-dimensional integrable partial differential equations, such as
the geometrical generalization of the wave, elliptic sinh-Gordon and Laplace
equations [ABT], [BT], [T], [To], [CT].

Chern [ Chl, Ch2 ] has given a beautiful geometric description of a generali-
zation of the Laplace transformation to a class of n-dimensional submanifolds in
projective space, previously studied by Elie Cartan [ Ca | in a different context.
These submanifolds, which Chern calls Cartan manifolds, admit a parametriza-
tion by a conjugate net. For each n-dimensional Cartan manifold, Chern shows
how to construct n(n — 1) generalized Laplace transforms which, generically,
will also be n-dimensional Cartan manifolds. This result also appears in a
subsequent paper by Geidel’man [G].

In this paper, we consider Cartan manifolds in Euclidean space rather than
in projective space. Analytically, this will imply that the functions giving the
parametrization of the submanifold satisfy an overdetermined system of second

order partial differential equations of the form
Xy =TLX4TYX;,  1<i#j<n. (1)

We first carry out the Fuclidean version of Chern’s generalized Laplace trans-
formation. This will define in general n(n — 1) Laplace transforms for a given
Cartan manifold. To each of the transforms of a Cartan manifold there corre-

sponds therefore an overdetermined system of the same form (17).
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We then obtain a transformation for overdetermined systems of the form
Yok + apys + apyr + ey + hip =0 1<E#I<n (2)

which generalizes the classical Laplace transformation for linear second-order
hyperbolic equations in the plane. This is done by working out the analytical
form of the geometric construction of Chern. We then apply this transformation
to the problem of solving (2) for smooth Cauchy data given by prescribing the
values of y along n curves passing through a given point z°. In particular,
we will show that the cases where the transformed submanifold degenerates
to a curve are exactly those for which the integration of the original system
of partial differential equations reduces to that of a system of the same type
involving n — 1 independent variables. This gives rise to a method of integration
for these systems.

We want to emphasize the fact that the analytic expression of this generali-
zation of the Laplace transformation could not have been inferred on a strictly
formal basis, just from the known formulas in the case of surfaces . The guiding
principle throughout this paper is the geometry of the problem, motivated by
the geometric construction of Chern.

We should mention that the systems (2), to which the higher-dimensional
Laplace transformation is applicable, play a decisive role in the analysis of an
important class of partial differential equations in several independent variables.
Indeed, the conserved quantities for semi-Hamiltonian, strongly hyperbolic sys-
tems of hydrodynamic type ([Tsa]) are precisely governed by overdetermined
systems (2) to which the higher-dimensional Laplace transformation is applica-
ble. For other applications of such systems see also [Ti].

In Section 2, we recall the method of Laplace for the integration of the
linear second order hyperbolic equations in the plane and give its geometric
interpretation in terms of the classical Laplace transformation of surfaces. In
Section 3, we work out the Fuclidean version of Chern’s Laplace transformation
for n-dimensional Cartan manifolds. Moreover, we characterize the Cartan

manifolds for which a Laplace transform reduces to a curve. In Section 4, we
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derive the analytic expression of the generalized Laplace transformation as it
applies to overdetermined systems of the form (2). Using the characterization
obtained in Section 3, we define higher dimensional Laplace invariants. Finally,
we prove our fundamental reduction theorem for the integration of systems for

which the higher dimensional Laplace invariants vanish.

2. The classical Laplace Transformation for linear second-
order hyperbolic equations and its geometrical interpre-
tation

Consider a second-order partial differential equation for a real valued function
z(u,v) given by

Zuw Fazy +bzy +cz+1=0 (3)
where a, b, ¢ and [ are differentiable functions of u and v. The classical Laplace
method for solving this equation is given as follows. Consider the Laplace

invariant

h=a,+ab—c

If o =0, then (3) reduces to

g(zy +az)+b(z, +az)+1=0.
Ju

Letting
S =¢€°(z, +az), where s= /b du

and differentiating with respect to u, we obtain
S = —/esldu—l—F(v).

Hence,

zy Faz=¢e°8S.

Similarly, letting
S =€z where §= /a dv,



we conclude that

z=¢"% [— / eg_s(/ e’l du — F(v))dv + G(U)] 5

where F' and G are arbitrary differentiable functions. The functions F' and G

are determined by the initial conditions =(ug, v) and =(u, vo). In fact,
Flv) = [es(Euz +2)+ [ e du] (o, v)
Glu) = [egz + [l etdu—Fo) dv] (u, v0).
Similarly, if the Laplace invariant
k=b,+ab—c

vanishes, we can also explicitly solve (3).
The classical transformation of Laplace is a transformation theory for dif-

ferential equations of the form (3). Assume h # 0 and define
21 = 2y, + az.

Then one can easily see that (3) is transformed into a differential equation of

the same form for z;, namely

v

h

Zl,uv ‘I’ (a -

b h,
)21, + bz1, + [ab + h((ﬁ)u — D]z + l(a — F) +1,=0.

Similarly, if £ # 0 we consider
z_1 = 2z, + bz

which also transforms (3) into an equation of the same type for z_;. Those two
functions z; and z_; are said to be the £; and £_; Laplace transforms of z.

Moreover, one can invert those transformations. In fact, it is not difficult to see

that when h # 0 and k # 0,
z=1[L_1(z1) +1]/h  and z=[Li(z-1) +]/k.

The basic idea for this method is to apply a sequence of Laplace transforma-

tions to a given equation (3) until eventually it is transformed into one which
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has a vanishing Laplace invariant. This equation is integrated and then using
the inverse transformation one obtains a solution for the given initial differential
equation.

There is a geometrical construction for surfaces [Ch3], which corresponds to
the Laplace method described above. Before going into the geometry, we would

like to make the following observations:

1. Given a differential equation of the form (3), we have seen that if h = 0,
we obtain linear first-order equations first for z, +az and then for z, which
we can easily solve. It is easy to see that when a # 0 one can also solve
first for z,/a 4+ z and then for z. A similar observation also holds for the

case k=0 and b # 0.

2. The Laplace invariants h and k are independent of the nonhomogeneous
term [ of equation (3). In fact, one can apply the Laplace method to
solve the nonhomogeneous equation if and only if one can apply it to the

homogeneous equation (I = 0).
3. There is a close relationship between solutions of
Zuw F a2y + b2y Fcz=0 (4)
and solutions of a corresponding equation of the form
Jww + AZy+ BZ, = 0. (5)

In fact, given a nonzero solution A of (4), the solutions z of (4) and the

solutions Z of (5), where
A=a+ /A B=b+ /A,
are related by z = AZ [Da].

In view of the observations 2 and 3 above, we will restrict ourselves to equa-
tions of the form (5) for the geometrical interpretation of the Laplace trans-
formation. Observation 1 will be useful to relate the geometrical construction

with the Laplace method.



Consider a parametrized surface X(u,v) in R? or R* such that the coordi-
nate curves form a conjugate net. The mixed second order derivative of X is
then given by

Xuw = FiQXU + F%QXU (6)
where T,,7 = 1,2 are the Christoffel symbols of the surface X. Hence, the
vector valued function X satisfies an equation of the form (5). The surfaces we
consider will be generie, in the sense that we shall assume X, X,, Xy, and X,

to be linearly independent in the ambient space.

Suppose that '}, # 0 and consider the ruled surface defined by
Y (t,u,v0) = X(u,v) + X, (u, vo).

The tangent plane to this surface at ¢ = 0 is generated by the vectors X, (u, v)
and X, (u,vg). Letting u vary, we obtain a one-parameter family of tangent

planes given by
Tl(p7u) =<p- X(U,Uo),Ni(u,’UO) >=10 pE R3 or R4,

where the N;, © =1 or « = 1,2 ( according to whether the surface is immersed
in R? or R* ) are linearly independent normal vector fields to the surface X
spanning the normal space of X. The characteristic line of the surface Y is the

intersection of the planes

Ti(p,u) =0, (7)
T;u(p,u) = 0. (8)

It follows that the direction of the characteristic line is given by X, (u,vo). In

fact, for each u, the line
p(t) = X(u,v0) + tX,(u,v0)

is contained in the tangent plane (7) and also in the neighboring planes (8).
This follows from the identity < X, N;,, >= 0, which is a consequence of the

fact that the surface X is parametrized by conjugate coordinates.



The surface Y consists of the tangent lines to a curve which is classically
called the edge of regression of the one-parameter family of planes T;(p,u). This
terminology originates from the fact that the tangent developable of a curve in
R? consists of two sheets which meet along the curve in a sharp edge (the edge
of regression) [S]. The edge of regression of the surface Y is determined by the

intersection of the planes

Ti(p,u) =0,
Tiu(p,u) =0,
Tiuu(p,u) = 0.

It follows that for each u, there exists a unique point p(Zg) on the line p(t) such
that Y'(¢o,u,vo) is on the edge of regression. In fact,

Tu(p(t),u) = —(1 +1T},) < Xoy Niw > .

Since we are assuming the surface is generic, we conclude that ¢ = —1/T'},. As

u and v vary, we obtain in general, a map Xi(u,v) given by
Xi=X = X, /Ty, (9)

whose differential satisfies
( ;<17U ) ( /* N 1 ) ( éfvv ) / 12 (10)

h = _FiZ,u + FbF%Q

where

Since X, and X, are assumed to be linearly independent, it follows from (10)
that Xi(u,v) will be a parametrized surface if and only if h is not zero. More-

over, we have

h

h
Xoow = (108 )+ Tt et = X )

so that the coordinate curves will also form a conjugate net on X;. We will say

that Xy is the £q-Laplace Transform of the surface X and we will denote it by
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X7 = L£4(X). From (10) we see that X; reduces to a curve if and only if ~ = 0.
In that case, it is easy to determine the original surface X from its Christoffel

symbols T'7,, I'},. In fact, from (6) we have

X,
i, u

Hence, we can integrate in u and we finally get

X =’ (/ e’ T,V (v) dv + U(u)) ;

where J = — [T}, dv, V and U are arbitrary vector valued functions of v and

u respectively. The functions V' and U are determined by the initial conditions

X (ug,v) and X (u,vo). In fact,

V) = X+ X )

Ulu) = [eJX — /e‘]FiQV dv] (u, vo).

Similarly, one can do the same construction by interchanging v and v ob-

taining what is called the £_i-Laplace Transform of the surface X given by
X=X —-X,/I'},. (12)

The two Laplace transformations £; and £_; are inverses of each other. In

fact, it follows from (9), (11) and (12) that when kA # 0,
L_1(L:(X)) = X.
Similarly, when k& # 0 we have

Li(L_1(X)) = X.

3. The geometry of Cartan manifolds

In [Ch1,Ch2], Chern considered a class of manifolds in projective space, which

he called Cartan manifolds, since they had been previously considered by Cartan

10



in a different context [Ca]. Chern showed that there exists a transformation that
generalizes for these manifolds the classical Laplace transformation for surfaces
admitting a conjugate net. In this section, we give the Euclidean version of this

transformation.

Definition A Riemannian n-dimensional manifold M” isometrically immersed
in R?" is said to be a Cartan manifold if there exist local coordinates (z1...2,)
such that the net of coordinate curves is conjugate and the osculating space is

2n-dimensional.

We recall that given an isometric immersion X (z1,...z,), the net of coor-
dinate curves is conjugate whenever the second fundamental forms are simul-
taneously diagonalized. In this case, we say that the manifold is parametrized
by conjugate coordinates. The osculating space (or more precisely the second
order osculating space) of X at a point = (zy,...,x,) is the subspace of R*"
generated by the first and second order derivatives of X, at the point z. We

now provide some explicit examples to which we will refer later in the paper.

Examples of Cartan manifolds:

a) The Clifford torus parametrized by
X(z1,..., 2,) = (cos(x1),sin(zy), ..., cos(x, ), sin(z,)).

b) The flat toroidal n—dimensional submanifold of the unit sphere contained

in R?" (see [RT]), given by
X = (0fo,0f1,6f2cos(xq),d fasin(zs), c5cos(xs), cssin(xs), ..., ¢, cos(xy), ¢, sin(z,)),

where § = /1 —c?, * =" ¢ ¢; #0 and 0 < zy < 7/2.

j:S j?

fo = —sinrzycos Axy — cosrxysin Az,
r
A . .

fi = —cosrzycosAry + sinrzysin Az,
r

fao = ——cosixr
r
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where X and r are nonzero real numbers which satisfy r? = \? + 1.

¢) The manifold described by

X(z1,...2n) = (go(1,T2),91(x1, 22), cos(xg),sin(xa), ..., cos(z,), sin(z,)),
where )
o= :171;1:22— 16351952 o= riTr; — 2:;:11;2 + 2€I1I2
T3 T

and 1 > 0 x5 > 0.

We recall that if a submanifold can be parametrized by conjugate coordinates
then its normal bundle is necessarily flat. Therefore, any submanifold M”" of
R?", whose normal bundle is not flat, is not a Cartan manifold.

We will use the following range of indices
1 <u,5,k, 0 <n,

and we will denote as usual by Ffj the Christoffel symbols for a given parametriza-
tion X : U CR™ — R*". Moreover, X; and X;; will denote the derivative of
X with respect to z; and the second derivative of X with respect to z; and

respectively.

Lemma If X : U CR" — R is a Cartan manifold parametrized by conjugale
coordinates, then for each 1,7 with 1 # j the vector field X;; lies in the space
spanned by X; and X;, i. e.

X =TLXi+TLX;  i#]

Moreover, the Christoffel symbols satisfy

ork :
-a§+ﬁﬂg_;mg—MJﬁ:o 1,i,k distinct. (13)
Proof: Suppose X(zy,...,,) is a Cartan manifold in R** parametrized by

conjugate coordinates. Then the second fundamental forms are diagonalized.
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Moreover, the 2n vector fields X;, X;;, 1 < 7 < n, are linearly independent.

Therefore, we have

Z IMEXg, 1#7 and X = Zrkxk + N,
k=1
where NV; is the normal component of X;;. For each 7 we consider

J#e

= Nid;r:i—l—z (Ffidxl EF d:v])
&

JF

Taking exterior derivative of this equation we get

0 = dNZ/\dl’Z—I-

+ 3 [drg A dw; Xy + TEdXy A da; + 3 (dTE A da Xy + THd X, A d:cj)} .
k ji

Introducing the notation

(93:1 Z bZlX —I_ rzl ) (14)

J

it follows that for each ¢, k fixed

ork
> (bfl o L4 LT+ > TsT Sl) dz; A dx; + (15)
! s#l

+ZZ( Yoy rlrk +Zr;r’;) da; N dz; =0,

l j#1 s#£l

and

S rhdai A di + Thday A das + 3 Thday A day = 0.
{ FE

From the last equation we obtain that
Ffj =0 rfo=0 for all ¢, 7, k distinct.

)

r+TE=0 vl —Th =0 foralli# k.
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Therefore, for each 1 # j, Xj; is in the space generated by X; and X;. Finally,
the relation (13) follows from the coefficient of dx; A dxy, in (15) where k,¢ and
[ are distinct. O

It should be pointed out that we have not extracted the full set of integrabil-
ity conditions for the immersion X to define a Cartan manifold. The remaining
conditions, which will not be used in our analysis, can be obtained, without
difficulty, by considering all the coefficients of the 2-form given by (15). In fact,

one has to add the following condition

=Y 05X, — LN +T4N; i # 1,

k=1

(9.1'1
where the functions b5 are given by

a k
by = 6“+FLF§§ PEE 4 T5TE 41k distinet,
X

6F’“ s I .
bfk - @ajk ZF“ka Ffi + (ka)Q ! 7£ k,

bi, = _—“‘F—Zk —FszkJrka% L # k.
al’k 8;1;2

The full set of integrability conditions was obtained by Cartan [Ca], where he
also showed that the degree of generality of such immersions is given by n(n—1)

functions of two variables.

In what follows, we will associate to each n-dimensional Cartan manifold X,
in general a family of n(n — 1) manifolds which will also be Cartan manifolds.
This will be achieved by considering the edge of regression of ruled manifolds
constructed from X.

Consider a Cartan manifold X parametrized by conjugate coordinates. Then,
it follows from the above Lemma that the mixed second order derivatives of X
are given by

For each (n—1)-dimensional submanifold of X, given by fixing z; = ;L’?, consider
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the ruled manifold defined by
Y(t,xq, .., :1:?, ) = X(x1, ., :1:?, o) + X (2, JJ?, ey L)

The tangent space to this manifold at ¢ = 0 is generated by the vectors
Xi(xy, .2, .2n), 1 < k < n. This gives rise to a n — l-parameter family

of tangent spaces described by the system of equations
Ti(p, x1, ..,JJ?, ) =<p—X,N;>=0 pcR”, 1<I<n,

where N; are normal vector fields to the manifold X and the right hand side is
evaluated at (zq,.., :1:?, .y &p). The characteristic line of the manifold Y is the
intersection of the spaces
Ti(p, x1, ..,:1:?, y) =0, 1< <n, (16)
T x(p, x1, ..,x?, Zy) =0, Vkk#j. (17)

It follows that the direction of the characteristic line is given by X;. In fact, at

each point (z1,..,2%, .., z,), the line
p(t) = X +1X;

is contained in the tangent space (16) and also in the neighboring spaces (17).

This results from the identity
<Xj,N[7k >= Vk‘?éj,\V/l

implied by the fact that X is a Cartan manifold.
Now for each i # j, motivated by the 2-dimensional case described in section
2, we define the edge of regression of the manifold Y in the direction 7 to be

the intersection of the spaces

T;(p,xl,..,xg,..,xn) =0, Vi,, 1 <[l <n,
Tl,k(pvxlv --73;?7 --axn) = 07 \V/kv k 7& jv
T ki(p, 21, ..,:z:?, vy ) =0, for fixed 1 # 7.
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This intersection is a unique point on the characteristic line p(¢). In fact, since
Thki(p(t)? L1y ey l’?, ) ‘Tfn) = _(1 + trz]) < Xi, Nl,k > Vi 7£ J, k 7£ Js
we conclude that ¢ = —1/F§j. As 29 varies, we obtain

Y (21, y2,) = X — X; /T i # 7.

¥R

The map Y will be called the (i, 7)-Laplace Transform of X, where (z,7) is an
ordered pair.

Our next result shows that a Laplace Transform of a Cartan manifold is
generically also a Cartan manifold. In order to state the theorem, we need to
introduce some notation. We consider an n-dimensional Cartan manifold in
R?*" parametrized by conjugate coordinates. For each ordered pair (i,7),7 # j
for which Fj:j is nonzero, we define the functions:

I j
My = T s
My = T =T, VI 1+#j, (18)
M;j; = FF—]J] + T,

k3

where I'};; denotes the derivative of Ffj with respect to ;.

Theoreml: Lel X(xq,...,2,) be a Cartan manifold in R*" parametrized by
conjugale coordinates. Consider an ordered pair (i,7),i1 # j such thal Fjj # 0.

Then the map

1
L]

defines generically a Cartan manifold.

Proof: ;From equation (19) it follows that
Y, = (MX; - X;)/Ty,

Yi = MyX;/T; (20)

K

(My; X; + Mkkxk)/r;ij VE,k# ik # .

Yi
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Hence, we have

Y; My 0 - 0 X;
Y 1 My; My, 0 0 X

_ ! ki k45 21
A P s Aok
Y; My o0 0 —1/)\X;

Therefore, the tangent space of Y is n-dimensional if and only if,

Mij H Mkk;é()
ki k]

This implies that generically Y defines an n-dimensional parametrized subman-
ifold of R*".

In order to show that Y is generically a Cartan manifold, we need to show
that the set of vector fields Y}, ¥};,1 <1 < n, are generically linearly independent
and moreover that Y is parametrized by conjugate coordinates.

A straightforward computation shows that

My, My
Yi = [( )i + ]Ffj] X+ M;; X;,

it T
My; My; My, My My,

Ykk = [( i])7k—|— Z]Fi‘| X—I_ [( i ),k—l_ Z']Fk"| Xk—l_—ika?
I r; Y I M I

Yii = (

1
) X+ [1—2(—2.),-])(4.——2.)(.-4,
F” J“*7 F” J J FZ] 137

for all k,k # i,k # j where, using the notation introduced in (14) we have

Xiii = (Fi‘m +0TE+ > Tl + by —ZréjF{l) X
ki ket ]

+ > (Ffm‘ + 5T + b5 — ZT’ZFZ) X
ki ket ]
+ (Fém‘ SR NIEDY réjF}}) Xi
{
+ (T4 4+ i) X5 + > X
£
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Hence,

Y; X;
Y Xk
Yir Xk
Yji Xii
where A, B and C' are n x n lower triangular matrices
My; 0 .- 0
aot| M w0 o)
and
-1 0 -- 0
1 0 M 0 0
ot . kk |
* * * rt

The determinant of the above matrix is equal to
T;jMiZj H M!?k/(rjjyn_l'
ki k#j

Since Xi,...,X,, X11,...,X,, are linearly independent, it follows that gene-
rically Yi,...,Y,, Y11, ..., Y., are linearly independent. Hence the osculating
space of Y is 2n-dimensional.

Finally, we need to show that Y is parametrized by conjugate coordinates.
i From (20), we obtain upon differentiation the following expressions

M;; M;;

1/2.7 = (FZ ) X —I_ F;] X]]
[ My M M;;
= [ Fﬂrzk]X ¥ Ffr X, (22)
M My
v = (M), M rzk]X b [(Ray A rfk] Xt T,
L (¥
[ M, M M
Y = |( F;J )i+ Zk] ;l] [( ) Zkk Fllzl] Xy + ( sz] Fll + szk Fiz) Xi.
L (¥
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where k,[ are such that k& # [ and are distinct from ¢, 5. We know from (21)
that the tangent space to Y is generated by the set X;,1 # ¢, X;;. Egs. (22)
therefore show that each of the mixed partials Yy, & # [ lies in the subspace
spanned by Y; and Y;. This concludes the proof of the theorem. a

We will illustrate the geometrical Laplace transformation by considering the
examples of Cartan manifolds given in this section. The Clifford torus, given
in Example a), is a special Cartan manifold, since its Christoffel symbols Ffj
vanish for all pairs (¢, 7), ¢ # j. Therefore, the Laplace transformation does not
apply.

Consider the n—dimensional toroidal submanifold given in Example b). It
is easy to see that I'7, = —Xtan Az; and F;Z = 0 for all pairs (¢,7) # (2,1). By
applying the (2,1)—Laplace transformation to the immersion X, we obtain an

(n — 1)—dimensional Cartan manifold contained in R*"~2  given by
Y(zq,25,...,2,) = (5]%, §£1,0,0, ¢5 cos T3, sin T3, ..., €3 COS Ty, SiN T,),

where

ro. . ~ r . .
fo= 3 sinrxy cos Axry — cosrxysin Axy;  f; = 3 COSTT{ COS AT — SINrxy sin Az;.

We observe that My = 0 and My, = I'}, for all k distinct from 1 and 2. This
explains the dimension of Y.

Finally, we consider the Cartan manifold given in Example c). In this ex-
ample I'l, = z; and Fjj = 0 for all pairs (z,5) # (1,2). By applying the
(1,2)—Laplace transformation to the immersion X, we obtain Y = X — X, /2y,
which is also an n—dimensional Cartan manifold. This is a consequence of the
fact that M7, and My, do not vanish for all &£ distinct from 1 and 2. In fact,
My =1 and My, = z;.

The above examples illustrate the geometrical Laplace transformation and
the role of the functions M;; and Mj; in the dimension of the transformed

manifold.

Remark If YV is the (i,7)-Laplace Transform of a Cartan manifold X, then
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generically Y will also be a Cartan manifold. Therefore, the mixed partial
derivatives Yj; will be a linear combination of Y;, and Y;. In what follows we

will compute those derivatives. From (21) we have that

i
X; = i f
Ie. M,;
X, = Yoy, — —LY, 2
k Mo ( F ML ) (23)

Xji = Ty (F“Y - Yj)
ij

where k,[ are such that k& # [ and are distinct from ¢, j. Therefore, using (22)

we obtain
[ M.. Tt
Y., = ( ;1)7, Yo M] Y, — M;;Y;, (24>
' T My 7 it
Y’i e 'Z] (¥ F] _ M . J YZ MZ 7 Y
k -( F;] ),k ]\42‘7 —I_ ik kj Mkk‘] —|— ]—Mkk .
[ My T
r Mkk sz A 1 . l
Y = ( I )JMkk + P Yo+ My (Mkirjl + Mkkrkl) Y,

where k and [ are distinct from 2 and j.
We observe that the coeflicients of Y; in the expressions of Y;; and Y}; vanish

as a consequence of the property (13).

It follows from the definition there are at most n(n — 1) Laplace transforms
for a given Cartan manifold. Moreover, it is particularly simple to characterize
the Cartan manifolds X for which the (¢, j)-Laplace Transform degenerates to

a curve.

Corollary: The (i, 7)-Laplace Transform of a Cartan manifold X reduces to

a curve if and only if

My=My=0 Vkk+ikj
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Proof: Let Y be the (¢, )-Laplace Transform of X. Then, it follows from
(21) that the tangent space of Y is generated by Xj, [ # ¢ and X;;. Therefore,
Y reduces to a curve if and only if the n x n matrix in (21) has rank one, i.e.
M;; = My =0 for all k # i,k # j, since as a consequence of (13), we have

I
My; + Z»k My, = 0.

It is easy to see that generically the Laplace transformation is invertible.

Proposition: If M;; # 0, the inverse of the (i,j)-Laplace transform exists
and it is given by the (j,i)-Laplace transform.

Proof: If Y is the (i,7)-Laplace Transform of X, then it follows from (24)
that the (j,7)-Laplace Transform of Y is given by

1

Z=Y
I

Y.

Substituting the expressions of Y and Y; in terms of X and its derivatives given

by (19) and (20) we conclude that 7 = X.

4. The generalized method of Laplace for systems of se-
cond order PDEs

In this section we consider a system of partial differential equations for a scalar

or vector valued function y of zy,...,z, given by

Yk + alys + apyr + ey + by =0 1<k#I1<n, (25)

where the functions a, ¢ and A are symmetric in the lower indices and depend
differentiably on z4,...,z,. In this equation, y ; and yj; denote the derivatives
of y with respect to x; and the second order derivative of y with respect to x;
and xj respectively. We will be interested in solving (25) for smooth Cauchy

data given by y(z9, ...,z ...,2%) = fi(z;),1 <1 < n.
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Motivated by the Corollary in the previous section and the analysis of the
two dimensional case, we will provide a generalized method of Laplace for solv-
ing systems of equations of the form (25). We start with preliminary results

which will essentially provide the higher dimensional Laplace invariants.

Proposition: Consider a system of equations of the form
Yok + ey + ajyr + cwy =0 k#1 (26)

fory(zy,...,z,) and let X be a nonvanishing solution of (26). Then the function
y =AY satisfies (26) if and only if Y satisfies the system of equations

Yig + ARY + ApYe =0 k#1, (27)

where

Al = ay + A/, A= al + A/ (28)

Proof: From y =AY, we get

yir = )‘,ZY + /\Y,la
Yr = AiY +AYy,
Y = AwY + XY+ A Y+ AY .

From the fact that A satisfies (26) it follows that
ik + apys + afye + cny = MY + ALY + ALY

This concludes the proof. a

The proposition above shows that one obtains the set of solutions of (26) by
considering the set of solutions of (27) and a particular solution of (26).
Proposition: Consider the system of equations (26) and (27) as above. For
any ordered pair (i,j) such that Afj # 0, consider the functions defined by

M;; = A‘Zj + A/ AL,

My = A —A, VI, 1#] (29)
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Then
M;; =My =0 VI, 1 #j
if and only if

m;; = my =0,

where

o= gt (P R
Myj = A, + 005 — Cj,

my = agj—ai Vi, 1 # 3.

(¥Rl

Proof: The proof follows immediately from the relations (28) and (29) .

In fact, one gets

i A
My = mij/(ai; +55),
My = my.
O
We observe that if y(zy,...,2,) is a 2n-vector valued function and X is a

scalar valued function which solves (26) then Y = y/X is a 2n-valued function
whch satisfies an equation of the form (27). Whenever Y describes a Cartan
manifold, the condition M;; = My = 0, [ # j, characterizes the fact that
the (7, j)—Laplace Transform of Y reduces to a curve, as we have seen in the
Corollary of Section 3.

Any solution y of (25) which is sufficiently differentiable must satisfy the

integrability conditions
Yk =Yk for [, 7,k distinct.
Moreover, recall that we want to solve (25) for given initial conditions

Y(@Y, s 2y 2 2045 7)) = fila)
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for all [,1 < < n and for any fixed point (zY,...,2%). Therefore, the following

relations must be satisfied, for all [, &, 7 distinct.

! I
Qg ; — Qi p = 0,
ok E k Ik ik
Clj = Ay ; — AppQy; + ag;ay, + aj;a;;, (30)
I 7 k { _ 0
Cik,j — ik + age + (a; — ag)er; — ayer; =0,

z ik L
hig; — hije + ahag + (aj; — ap)hi; — aghy; = 0.

iFrom now on, we will assume that (30) are valid. We observe that the first
equation in (30) follows from the second one since ¢;; = ¢;;. Moreover, whenever
ar and hy are zero then (30) reduces just to the second equation and this one
coincides with (13) in the case y is a vector valued function parametrizing a
Cartan manifold.

Let (¢,7), ¢ # j, be an ordered pair. Define the functions

o= gt (P A
Mij = Qg+ 005 — Cij,

my = ay—ay,,  VLI#jG1# (31)
These functions will be called the (1, 7)-higher dimensional Laplace invariants
of (25). They are invariant under the scaling of y by a nonvanishing function
of z1,...,z,. We observe that whenever n = 2 the above expressions reduce to
the classical Laplace invariants & and k& described in Section 2. More precisely,

h is the (1,2)-Laplace invariant and & is the (2, 1)-Laplace invariant.

We can now prove the following reduction theorem.

Theorem?2: Consider a system of differential equations of the form (25) for
y, with given initial conditions y(z9,...,z1,...,22) = fi(x;),1 <1 <n. Let (i,])
be such that the (i,7)- higher dimensional Laplace invariants vanish. Then the
general solution of (25) is given by

y=Q+eG(d), (32)

where

Q= —e_J/eJ_I [/ e’ hijdr; — F(zx;)| dx;, (33)

24



I = /afjdxi, J = /a;‘:jdxj, (34)

F is an arbitrary function of x; and G(z1,...,%;,...,x,) does not depend on
x; and the anliderivative I can be chosen so thal G satisfies a system of partial

differential equations in n — 1 variables xy,...,2;,..., 2, given by
G+ gllkGJ + glkka + biG 4+ ry. =0 [ # k distinet from . (35)

Moreover,
Qzlk = aék — Sk szk = afk —Ji
by = e + JpJ) — T — aly g — agJ g
and
T = €J(h1k + Q.+ ij@,z + afk@,k + Q).
The function F(x;) and the initial conditions for G are determined by
F(xj) = |€(ay; fi(;) + fi(2;) + /elhz’j dfﬁz’] (CTRNE TR 9L

G(w(l)a ceey T 7:62) = ej(fl(‘rl) - Q)(J:(l)a ey Ty ---ax?z)a \V/l,l < [ < nvl 7£ .7

Proof: If m;; = my, = 0, then it follows from (30) that
ajj,k + aijaij — ¢ =0
and the equations
Yij + a;:jy,i + aij,j + cijy + hy; = 0,
Yk + a?ky,j + a;?ky,k + ey + hjr =0,

reduce to the following

oW T aiy) + ali(y;+aly) + hi; =0,

0 L Z.
3—m(y,j +ay) + @y +aiy) + i = 0.

With the notation introduced in (34) we consider
7 =€y, + ajy). (36)
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Then, we have
Zi=—ehy; and Zp=—ehy Ve k#ik#j. (37)
;From (30), using the fact that my; = 0, we have
hije — hjri + alphiy — alihy =0 Yk k#ik#j
Therefore, we can integrate equations (37). In fact,
Z = / el hijde; + F(z;) (38)
where F' depends only on z;. From (36) we get
Y+ a;{jy =7

Therefore, letting
T = ¢y, (39)

we obtain that

TJ' = —GJ_I(/ elhi]-d;z:i — F)

Hence

T = —/eJ_I [/ elhijd:ci — F(.TL']):| d&?]‘ + G(.I'l, e ,.f]‘, .. .,.I'n).

where (G does not depend on z;. Using (39), we conclude that y is given by
(32) where (& satisfies (35). We observe that the system (35) is obtained by
substituting the expression of y into the differential equations (25) for [, k,[ # k
distinct from j. It follows from (30) that / can be chosen so that I; = afj
and [ = a;k for all k,k # i,k # j. The vanishing of the invariants combined
with (30), implies that g}, gf., b and r;x do not depend on z;. Moreover, as a
consequence of (30) it is easy to show that the coefficients of equation (35) also

satisfy the properties (30). This completes the proof of the theorem. O

As we have seen in Section 2, given a differential equation of the form (3) such

that the Laplace invariants do not vanish, one defines the Laplace transforms
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L1 or L_1. These are again equations of the same type and one looks for the
invariants of the new equation. In what follows we will consider the higher
dimensional version of the Laplace transformation.
Consider a system of equations (25) for y. For an ordered pair (i,7) we
define
y=y;+ aﬁjy (40)
to be the (z,7)-Laplace transform of y which we denote by § = L(; ;(y). In
the next result we show that just as in the two dimensional case § will satisfy

a system of differential equations of the same type as (25).

Theorem 3: Consider a system of differential equations (25) for y. Let § be
the (i,7)-Laplace Transform of y. If the invariants m;; and my, do not vanish

forall k, k # i,k # j, then y salisfies a system of differential equations of the

same lype.

Proof: This result follows from a lengthy but straightforward computation.

In fact, consider the (i, 7)-Laplace transform of y given by (40) and define
my; = a;‘:%k + ajjaij — Ckj.

Then, we have

Y: = _agjy,j + (myj — aija?j)y — hij (41)
U = aby+alyi+ vy (42)
U = (muy —alal)y — muyr — ay; — hy (43)

where k # 1 k # j. From equations(40) and (41) we get y and y; in terms of §
and g,;.

y = (alg+ 9.+ hi)/mi (44)

Yi = {(mw‘ - “zjafj)ﬂ - “Z@ﬂ' + hiﬂ')} fmij. (45)
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Then y ;; and y are obtained from (42)-(45). In fact,

= g+ Dy @l —al g+ R by 46

Yk [ Ui+ e + (m” @)Y+ i Jk] [k (46)

Yii — gd - {(a?u] - 2] Z])y + [ 1], ](12] + Cl (m’ﬁj - az]aZ])} g} /mZJ
_h’ﬁj(az]] - auau)/mij' (47)

Computing the second order derivatives of g, it follows from the equations

(43)-(45) that g satisfies a system of differential equations
Jop + a o+ ab e +enihn =0 k#1 (48)

We observe that the coefficients of §; in the expressions of g ;; and ¢, where
[ and k are distinct from ¢ and j vanish as a consequence of (30). Moreover,
we can explicitly give the coefficients of (48) in terms of the coefficients of the

equation for y. In fact, using (30) we have

~i i Mg ~j j
Ui; = aj; — m—z;’ afj = afjv (49)
J'
Cij = am 2] L+ m”[( ) —1], hm = hm -+ hij g (50)

i

For each k,k # 1,k # j we have

mij

ajk = —(log m;)i + a:ﬁk ‘N‘fk = a?; + (51)
Mk
afj “?k i My
G =mil(—5) e+ ] aljal, hi = iy, + hyk + hije — (52)
m;; Mk
i =d gk =df — (1 ’ 53
a]k a]k a]k ik ( 0g mkk)] ( )
& = 2aljal; g ma; + aly (@, — mig) — mig + aly (54)
hin = (@G, — mig) = hjn; (55)
Moreover, when n > 4 we have for each k& and [ distinct from 7 and j
. m
ify = af, — —= g = ak] + P (56)
Mk
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P J J o~k i ~k
et = ajp + aj Pu + ajpag, hit = hji Py + hjrag, — mgghi + by (57)
where

P = (—aly, + ag)mgr/ma.

As in the two dimensional case, we can generically invert the Laplace trans-

formation.

Theorem 4: Consider a system of differential equations (25) for y and let
§=Lij(y). If my; #0, then the inverse of the (i, j)-Laplace transform exists

and it is given by
y = [Lia(9) + hijl/mij.
Proof: Let § = L(;;(y) and yx = L;;)(7). Hence,

vk = i + G
It follows from (40), (43) and (51) that

y* = mijy — hij.
Therefore, since m;; # 0 we obtain

y = (y * +hi)/m;

and the theorem is proved. a
We conclude this section with some illustrative examples.

Example 1: The simplest example of a system of differential equations treated

in this section is given by
Yy =20 [#£ k1< 1k<n.

The relations (30) are trivially satisfied and Theorem 2 can be aplied at each

level to reduce the problem to a system with one less independent variable.
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This gives the general solution of this system

with the given initial conditions

[

y(0,.,0,2,,0,...,0) = fi(z)) and fi(0) = —

n—1

Example 2: Consider the system of equations given by
yutytyet+ty+1=0 [ #k 1<l k<n.

The relations (30) are satisfied and we can apply Theorem 2. For the sake of

simplicity we will take n = 3 and we consider the initial conditions to be

y(21,0,0) = f(x1), y(0,249,0) = g(xz2), y(0,0,23) = I(x3).

We first take the pair (7,7) = (2,3). It is easy to see that the (2,3)-higher
dimensional invariants vanish. Then, it follows from Theorem 2. after relabelling

of the arbitrary functions, that
y=—14 e ) P (pg) 4 e Gy, 24),
where F'(x3) is determined by the Cauchy data [(x3) and ( satisfies the equation
Gia+Gi1+G2+ G =0.

This reduced equation has vanishing Laplace invariants. Its general solution is
given by
G=e"H(z1)+ e " K(z2)

so that
y=—1+ e_(zl+z2)F($3) + e_(zl+z3)[&’(:v2) + e_(z2+r'3)H(;U1),

where H and K are determined by the remaining Cauchy data.
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Example 3 Consider the system of differential equations for y(x1, x4, x3) given

by
1+ x 1
Y12+ 1$ 2y 4 logxs yg + x—[1+($1‘|‘$3)10g1’2]y: 0
2 2
yiz+ (e +log o)y + (—1 + log z2)y 3 + log z2(e™ + logzy — 1)y =0
1 + I3 1
Y23+ ys+—y=20
T2 i)

We consider the ordered pair (1,2). It is easy to see that the (1,2)-higher
dimensional invariants defined by (31) vanish. It then follows from Theorem 3

that
y=Qu+ e G2y, 25) (58)

where

12 = G_J/GJ_IF(;L’Q)CZ:L'Q, I = /log;z:gd:cl, J = /(1’1 —I_xs)dflfg,
2

x

where F'(z3) is an arbitrary function and G satisfies the differential equation
Gas+ 913G + 915G 3 4 bisG =0 (59)

where

and

bis=pas+psp1 +ps+epa.
We observe that the integral .J is defined up to a function which depends on z;
and x3 only. So let

J = (21 + z3)log x5 — p(z1, x3).
For the sake of simplicity we choose F' = 0 (although the integration could be
carried out in principle with F' # 0). The differential equation for GG can be

solved by the classical Laplace method since one of its two invariants vanishes.

For example, one can choose the function p (e.g. p = 0) to satisfy
P3 = 0.
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The general solution of this equation is given by

P:f(ﬂfl)

where f is arbitrary. Then it follows that

G(zy,23) =€™*° </ e** R(x3)drs + H($1)> ,
where
s = /e“d:r;g, and s = /(—1 + p1)dz.

Hence, the solution for our initial system of equations is given by

y=e7'7? </ e~ R(z3)drs + H($1)> :

As a concluding remark, we observe that the higher dimensional Laplace
transformation and the method of integration presented in this paper can be

implemented without difficulty in any simbolic computation language.
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