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1. Introduction.

Our purpose in this paper is to show how the recently discovered higher-dimensional
Laplace transformation [KT] for overdetermined systems of partial differential equa-
tions, can be applied to the study of the class of systems of hydrodynamic type which
are rich in conservation laws [Se], also known as semi-Hamiltonian hydrodynamic sys-
tems [Tsa]. This class includes such important examples as the electrophoresis system,
the equations of ideal chromatography, the Benney system and the system describ-
ing non-linear electromagnetic plane waves [Tsa],[Se]. We will demonstrate that the
higher-dimensional Laplace transformation, induced by the geometric Laplace transfor-
mation of Cartan manifolds [Ch], is an effective tool for computing in closed form the
infinitely many conserved densities admitted by the hydrodynamic systems belonging
to this class. We will also show that there is a transformation of hydrodynamic systems
which is induced by the higher-dimensional Laplace transformation. (A similar result
has been announced in a preprint of Ferapontov [Fel].) As such, this transformation
is a powerful tool for generating new systems which are rich in conservation laws from
known ones.

Our paper is organized as follows. In Section 2, we recall briefly the basic definitions
and fundamental properties of the class of hydrodynamic systems under consideration.
In Section 3, we show how the higher-dimensional Laplace transformation of Cartan
manifolds gives rise to a transformation mapping hydrodynamic systems which are rich
in conservation laws to other such sytems. We also characterize those hydrodynamic
systems whose conserved densities are governed by an overdetermined system with
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vanishing Laplace invariants, so that their conserved densities may be determined by
quadratures from those of a lower-dimensional system of the same type. In Section 4,
we give some examples which illustrate how our transformation and reduction theorems
can be applied to compute conserved densities and transformations of hydrodynamic
systems of interest in applications.

2. Hydrodynamic Systems Rich in Conservation Laws.

Our goal in this section is to recall some fundamental results of D. Serre [Se] and
Tsarev [Tsa] concerning hydrodynamic systems which are rich in conservation laws.
We shall see in Section 3 that there is a well-defined action of the higher-dimensional
Laplace transformation on these systems which is induced by the transformation of
their conserved densities.

By a hydrodynamic system, we mean as usual a determined system of n first-order
quasilinear partial differential equations of the form

uft:ZUij(ul,---,u”)u{I \ (2.1)

for n functions u'(z,t), 1 <1
like the components of a (1, 1)-tensor under smooth and invertible changes of variables
u' = fr(u',- u™), 1 <i<n.

< n. The coefficients vij,l < 1,7 < n, thus transform

We shall consider only those hydrodynamic systems which are diagonalizable and
strongly hyperbolic, meaning that there exist coordinates u', - -, u"™, usually called Rie-
mann invariants, in which the (1, 1)-tensor (vij) is diagonal, with distinct eigenvalues
v'(ul, -, u"),1 <1 < n. Since we will always work in a coordinate system composed
of Riemann invariants, we will drop the overbars and write our hydrodynamic system
in diagonal form as

Uft =o'ty u") 1 <i<n, (2.2)

A conservation law, or an entropy-fluz pair, for a hydrodynamic system (2.1) con-
sists in a pair of functions (P(u',---,u"),Q(u', -, u™)), such that

DP DO

—+ — =0 2.3

Dt i Dz ’ (2:3)
whenever (u',--- u™) is a solution of (2.1). If the hydrodynamic system is diagonal-

izable and strongly hyperbolic, then it is straightforward to show that P must satisfy



the overdetermined system of @ second-order equations given by

i J
PJ’]’ _ v Pﬂ' B 'U,z ‘ P]' =0, 1<y 7&] <n, (24)
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where P; = %, etc... We will refer to the solutions P of (2.4) as conserved densities for
the hydrodynamic system (2.2). If (2.2) is to have any non-trivial conserved densities,
then the coefficients v, 1 < i < n, of (2.2) must satisfy the constraints

v B vy
(w’—v") B (vk—v"') .’ (2:5)
k i

1

forall 1 < # j # k < n. It is a non-trivial result, proved independently by D.Serre
[Se| and Tsarev [Tsa] that the conditions (2.5) are also sufficient for the existence of
infinitely many conserved densities, which form a complete set in the periodic and
rapidly decreasing cases. We shall limit ourselves to stating the existence theorem,
which appears already in the lectures of Darboux [Da] on orthogonal coordinate sys-
tems.

Theorem 2.1: A strongly hyperbolic hydrodynamic system (2.2) whose coefficients
salisfy the conditions (2.5) has infinitely many linearly independent conserved densities
depending on n arbitrary functions of one variable.

In view of Theorem 2.1, the hydrodynamic systems whose coefficients satisfy (2.5)
are called rich in conservation laws by D. Serre [Se|]. They are also called semi-
Hamiltonian by Tsarev [Tsa]. It has been conjectured by Ferapontov [Fe2] that all
such systems can be written in Hamiltonian form,

for some Hamiltonian (0,2)-tensor-valued operator A%, which will generally be non-
local and some Hamiltonian density H which will always be local.

An important technical tool in the proof of Theorem 2.1 and in the application
of the higher-dimensional Laplace transformation to systems of hydrodynamic type is
provided by the following existence theorem, due also to Darboux [Dal.

Theorem 2.2: Lel F,f]-(ul, —u™), 1 <i# 5 < mn, be a collection of n(n — 1) smooth
functions, which are commutative in the lower indices, satisfying,

Cip =Ty  1<i#k#1<n (2.6)



ka,z + kaFiz - szrfk - Fi’lrfk =Y I<i#k#1<n, (2.7)
Then the linear first-order system

7
Y i

U)j —wi ¥R

1<i#j<n, (2.8)

(which is overdetermined for n > 2) admits infinitely many linearly independent solu-
tions depending on n arbitrary functions of one variable.

Corollary 2.3: If w'(ul, -, w") is a solution of (2.8), then the hydrodynamic system
u', = w'(ut, - u)ut 1 <i<n, (2.9)
will automatically be rich in conservation laws.

In fact Tsarev [Tsa] proved that the flows which are solutions of the systems (2.9)
corresponding to different solutions of (2.8) are commuting flows.

We conclude this section by listing some well-known examples of hydrodynamic
systems which are rich in conservation laws:

i) The electrophoresis system [Se]:

uit =u! (H” uj) ufx, 2 < <n. (2.10)

ii) The ideal chromatography system [Tsal:

uly = (H uf') uy,, 1<i<n. (2.11)
7=1

3. Applications of the Higher-Dimensional Laplace Transformation to Hy-
drodynamic Systems which are Rich in Conservation Laws.

In this section, we will show that the higher-dimensional Laplace transformation
of n-dimensional Cartan submanifolds of R*”, which was developed in [KT], induces
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naturally a new kind of transformation mapping hydrodynamic systems which are rich
in conservation laws into other such systems. Moreover, we will show that the Laplace
transformation can be used in order to obtain conserved densities for such systems.

Laplace transformations for Cartan submanifolds were first considerd by Chern [Ch]
in projective space. In this section, we state the Euclidean version of this transforma-
tion so as to set up the basic notation. We refer the reader to [KT] for all the proofs
and details.

Definition: A Riemannian n-dimensional manifold M™ isometrically immersed in R*"
is said to be a Cartan submanifold if there exist local coordinates (u'---u™) such that
the net of coordinate curves is conjugate and the osculating space is 2n-dimensional.

It follows from this definition that given a parametrization of a Cartan manifold
by conjugate curves, X : U C R"™ — R?", then the second fundamental forms are
simultaneously diagonalized. If we denote as usual by Ffj the Christoffel symbols for
this parametrization one shows (see Lemma in [KT]) that for each ¢, 5 with ¢ # j the
vector field Xj; lies in the space spanned by X; and X, 1. e.

Xy =TLX +TLX; 4]

Moreover, the Christoffel symbols are rather strongly constrained since they satisfy

(2.6) and (2.7).

It has been shown that to each n-dimensional Cartan submanifold X, one can
associate in general a family of n(n — 1) submanifolds which will also be Cartan sub-
manifolds. The construction can be summarized as follows (we refer the reader to [KT]
for the details). For a fixed ordered pair (7,7),1 <17 # j < n, such that Ffj # 0, con-
sider the edge of regression of the ruled submanifold constructed from X by taking the
envelope of the n — 1-parameter family of n-planes tangent to X along the coordinate
n — 1-dimensional coordinate hypersurface u/ = ué. By letting ué vary, we obtain the
map

Y(ulv"Wun)):X_X,j/Fjja Z.7éj7
which will be called the (i, 7)-Laplace Transform of X. A Laplace Transform of a
Cartan submanifold is generically also a Cartan submanifold. In order to state the
theorem, we need to introduce some notation. For each ordered pair (7,7),7 # j for
which Ffj is nonzero, we define the functions:
M;; = Vi (3.2)
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My = T, =T%, Vi, 1]

The functions M;; and M,;; are called the (i,j)-Laplace invariants of the Cartan sub-
manifold X. We observe that in order to decrease the number of indices used to
denote the invariants associated to distinct pairs (7, j), the notation introduced in (3.2)
is slightly different from the one used in [KT].

Theorem 3.1: Let X(u',---,u") be a Cartan submanifold of R*" pammetrized by
conjugate coordinales. Consider an ordered pair (i,7),1 # j such that T';; # 0. If the
(i,j)-Laplace invariants M;; and M;j are non-zero, then the map

1
X .

Y =X — —
ri v

defines a Cartan manifold, that is, Y salisfies
Yie=Ti Vit D Yo, 1<k#0<n,

where the coefficients f,ﬁg,l <k #{ <n are given by the equations

Yij = ( MH + T ) Y:— MY,
Mi; .
Yi = ”kl-w Vit DALY
k) ] 7] szk k) F;] ] 7]
; M; ik i
Yoo = (55 b Ve S8 (g, - kit )y
e [ M;jx * ] e Mije ( Mooy ¢

It follows from the definition there are at most n(n — 1) Laplace transforms for a
given Cartan manifold. It is easy to see that generically the Laplace transformation is
invertible.

Proposition 3.2: [If M;; # 0, the inverse of the (i, 7)-Laplace transform exists and
it is given by the (j,i)-Laplace transform, i. e.

X =Y +Y,/M,;. (3.4)

The vanishing of the higher-dimensional Laplace invariants has a simple geometric
interpretation which is given in the following proposition:
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Proposition 3.3:  The (v,7)-Laplace Transform of a Cartan submanifold X reduces
to a curve if and only if

At the analytic level, the vanishing of the higher-dimensional Laplace invariants
leads to an interesting reduction theorem which will play a significant role in the ap-
plications of the higher-dimensional Laplace transformation to hydrodynamic systems.

Theorem 3.4: Suppose that the immersion X : U C R" — R* defines a Cartan
submanifold parametrized by conjugate coordinates, so that we have

Xy =TLX;+TLX; i

If for some ordered pair (i,7), the higher-dimensional Laplace invariants M;; and
Mk, 1 <k <n,k#1,k#j, are identically zero, then X is given by

X =Q+ ' Gu),

where
Q= eJ/eI_JF(u])du],
= /rg’jduf, J= /F;deuf',
where F' is an arbilrary function of z;, G(u',--- ,uAJ', -+, u") does not depend on x;
and where the antiderivative I is such that 1, = =TI, for k # i,k # j. Then G
satisfies a linear system in n — 1 independent variables u',--- u?,--- u™ of the form
G,kl + gilGJg + gilG7f + b, G =0, k 75 [ distinct from j,

where

Qzlk = ng - J,ka szk = ka - J,Zv
b = Jpdo— T — Ty — T S i

We are now ready to apply the above results concerning Cartan submanifolds to
the class of hydrodynamic systems which are rich in conservation laws and to their
conserved densities. We begin with some general theoretical results which follow natu-
rally from the transformation theorems. These theoretical results are similar to those



recently announced by Ferapontov [Fel]. Qur approach is based on the Laplace trans-
formations of Cartan submanifolds given in this section. We shall also make use of
the reduction theorem ( Theorem 3.4 ) and Theorem 3.1 in the computation of the
conserved densities for concrete examples.

From Theorem 2.1 and Corollary 2.2, we see that if X : U C R® -+ R* is a
Cartan submanifold parametrized by conjugate coordinates, then every component of
the R*"-valued function X is a conserved density for an infinite number of hydrody-
namic systems wich are rich in conservation laws and whose flows are commuting. The
higher-dimensional Laplace transformation will therefore induce a transformation at
the level of these hydrodynamic systems. We have the following result:

Theorem 3.5: Lel
u'ft:vl(ul,..-’u”)u'fm7 1 <i<n,

be a strongly hyperbolic hydrodynamic system which is rich in conservation laws, mean-
ing that

viFv,  1<i#j<n,
v _ v
vl — pi L vk — pi ; ’
in some open set U of R™ with coordinates (u',- -, u™). Suppose thal for some ordered

pair (i,7),1 <1 # j < n, the higher-dimensional Laplace invariants of the correspond-
ing system (2.4) are non-zero in U,
Mij = 4= 4 —— 7£ 0,

v, vl =

sJ

’Uk-

M : i 4o
ik = — k—l-vj_vi% )

vl — v

for all 1 < k < n,k # 1,k # j. Consider now the coefficients FN],gl of the (i,7)-
transformed system, given by (3.3). Then we have:

i) The system
— L =Tk, un) 1 <k#1<n, (3.5)
admits infinitely many solutions v*(u',--- u™) depending on n functions of one vari-

able.

ii) The corresponding hydrodynamic systems

i i1 ny i .
u'y =0 (u, e u) Uy, 1 <i<n,



are rich in conservation laws. The flows corresponding to different solutions of (3.5)
are commuling.

Ferapontov [Fel] gives an explicit formula of © in terms of v which provides a
particular solution of (3.5) (see our last example in this paper).

The following result shows that the higher-dimensional Laplace transformation in-
duces a one-to-one correspondence between the conserved densities for any pair of
hydrodynamic systems related as in Theorem 3.5.

Theorem 3.6: Suppose that we have two strongly hyperbolic hydrodynamic systems
which are rich in conservation laws and related as in Theorem 3.5,

uft:vi(ul,"',un)ufza 1<i<n, (3.6)
uft:ﬁi(ul,"'aun)ufra 1<i<n, (3.7)
Then there is a one-to-one correspondence between the conserved densities P(u',- -+ u™)

for (3.6) and p(ul,---,u”) for (3.7), given by
P = P—P;T

P = P+ P;/M;.

where M;; is given by (3.2).

In what follows, we will show how the Laplace transformation can be used in order
to obtain conserved densities for hydrodynamic systems. We will denote the (z,7)-
Laplace transform of X by L; ;y(X). We will first consider the ideal chromatography
system.

Proposition 3.7: The conserved densities P(u' ..., u™), N > 2 for the chromatogra-
phy system

N
uft:ulnugufﬂ 1 <1 <N,
=1
are given inductively as follows:

R ox N~ Uy

N 7 1 k\N
1 1 n+1
n _ n+1 u (u —u ) (n+1) ,
pn —  pl )_WR1 2<n<N-1,ifN>3.
ul(u! — u?)
P = P®_ — P, (3.10)



where Uy are arbitrary differentiable function of u’.

Proof. We will prove this result in three steps: We will first consider the system
satisfied by the conserved densities P for the chromatography system. Then we will
apply to P the composition of Laplace transformations

P(N) — »C(I,N) 0...0 £(172)(P)

(M), Finally, we will obtain P by inverting

and we will solve the system satisfied by P
the Laplace transformations.

We start observing that it follows from (2.4) that the conserved densities for the
chromatography system must satisfy the overdetermined system given by

u’L

w () — ut)

P = Fj:jPﬂ' + F‘Z»'jPJ where Fjj = 1<i#35<N. (3.11)

We will show that the general solution P for this system is given by (3.10).
We first compute the (¢, j)-Laplace invariants of the system (3.11). For a fixed pair
(1,7), t# j, it follows from (3.5) that
M;; = —2r! My, =T —TF., & distinct from i and j (3.12)

159

Claim: If N > 3, then for any integer n, 2 < n < N, the composition of Laplace
transformations given by

p(n) — [ﬁ(m) 0...0 £(1,3) o E(L?)(P)

satisfies the system of equations

o nl't, P if 2<k<n
Py = - o) (3.13)
T PP 4 nlE P i n41 <k <N
0 if 2</0#k<n;
PG = g py if2<l<n, n+l<k<N;  (3.14)

P PY 4 TP i n+1<0#k<N.

The claim will be proved by induction on n. First we show that our claim holds for
n = 2. In fact, we consider P® defined by

P(Q) — E(Lg)(P)

10



We will use (3.3) where ¢ = 1 and j = 2. From (3.12) and (3.11) we observe that

9 |
W(ZOQMIQ) + F12 = 0.
Hence, it follows from the first equation of (3.3) that

P =orz, P
From the second equation of (3.3), using (3.12) and (3.11) we get
p _ Tl pep 20015 0
kT, - Ik ! I, — T, *
which reduces to
P(12k) = FikP,(IQ) + QF]ka,(kQ)-
Similarly, from the third equation of (3.3) we get that
PO =12, P%  3<k<N.

Finally, from the last equation of (3.3) we obtain

PO =1k pPY 4 (~T5 0% + MiyTh,) PP, for 3<k#(<N,

M2,
which reduces to
2 2 2

P,(ék) = Fizp,(k) + Fﬁzp,(z )
when we use equations (3.12) and (3.11). This concludes the first step of our claim.
Now assuming the induction hypothesis (3.13) and (3.14) we will prove it will also hold
for n + 1. We consider
platl) _ E(Ln-l-l)(P(n))'

We observe that the (1,n + 1)-Laplace invariants for the system (3.13) and (3.14) are

(n)

(n) 1 L
Mln—l—lk = Fln-}-l - Fkn—l—l
where k is distinct from 1 and n + 1. In fact, this follows from the fact that

(n)

_ 1 n+1
M 141 = logl'y,p1) — nIiT4-

Jut
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Now, we will obtain the system of equations which are satisfied by P+ by ap-
plying (3.3), with ¢ = 1 and j = n + 1, to the system (3.13) and (3.14). From the first
equation of (3.3), we obtain

PUEY = (4 IpEL POED.
For k distinct from 1 and n + 1 it follows from the second equation of (3.3) and from

(3.11) that

P(”+1) _

{ (n + 1)k, PeHY if2<k<n,
Ak =

F%kp,gnﬂ) + (n + 1)F’ka7(kn+1) if n+1<k<N,
From the third equation of (3.11), we get
0 if 2<k<n-+2
Pt =
| P POED S 2 < k< N

Finally, it follows from the last equation of (3.3), that for k£ and ¢ distinct from 1 and
n+1

0 if 2<k#0<n+1,
P = ¢ g, pUtY if2<l<n+l, n+2<k<N,
ok P 4T P i 42 <04 <N,

This concludes the proof of our claim.
As a consequence we get that

PN_l = £(1,N—1) 0...0 E(Lg)(P)

satisfies the system of equations

N-1
pN-1) (N — 1)Flfkp,(1c ) 2<k<N-1
1k =
PPN (V=N P i k= N
(N=1) 0 if 2<l#£kE<N-1
P’ék - ¢ p(N=-1) .
Uin Py if2</<N-1, k= N.

Hence

P(N) = ﬁ(l,N) 0...0 E(Lg)(P)

12



satisfies the system of equations
N N
P = NI, P 2<k <N,
P =0 i 2<i#4<N.

It follows that
k

N N
N) _ u kY 7,k 1
PH_;/@—E)MWMUHMM
where U; are arbitrary functions of u'. This last expression reduces to (3.9).

Now using the inversion of the Laplace transformation (3.4), we obtain from (3.15)
that

zﬂN*>:}ﬂﬂ—5ﬁ%ZRf.
Inductively, we obtain
pm = pl+y) ! () 9 << N1
(n+ DI
and
P:P@—Qéxﬁh

which gives the general solution of the system (3.11).
O

As a consequence of Theorem 3.4 and the previous Proposition we will obtain the
conserved densities for another system of hydrodynamic type.

Proposition 3.8: The conserved densities P(u'...,u™), N > 2 for the eletrophoresis
system

u}t = 0
u', = —u' H uéufx, 2<1 <N
=1
are given by
1
P =1U(u")+ —1G(u2 CUN) (3.16)
u



where G is defined inductively as follows: Let

1 N 82 aN—l—iUlC
N-1 7 2 ky\N -1
GN-D = ?k_;_o(—m o ((u? — u¥) )THJQ.
2 2 n+1
O R S B U ji)g@ 2<n—1<N-2 if N>4
n u” ’

where U;(u') are arbitrary differentiable functions of u'.

Proof. It follows from (2.4) that the conserved densities P(u',...,uy) must satisfy
the system of equations

Py =TLP;+T4P; i#j 1<i#j<N (3.17)

where

uk

1 _ ko _
Pp=0, T =- W — b

Iy = 2<k#j<N. (3.18)

K
ul

We want to obtain the general solution for this system.
We consider the (2,1)-Laplace invariants for the system (3.17) (3.18). It follows
from (3.18) that
My = My =0 Vk, 3 <k <N.

Applying Theorem 3.4, we get that its general solution P is given by (3.16) and
G(usy ... uy) satisfies the differential system

Gu=TLG; +TLG,;,  2<i#j<N,

where '
i u'

9 i (ud — i)’

In order to apply Proposition 3.7 we change our notation by considering
G, ..oV h

where v* = u'*! for 1 <7 < N —1, and

7

v — [it! i4j, 1<i#j<N-—1.

Uj(’l)j _ ’l)i) — L4141

~ .
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It follows from Proposition 3.7 that G is defined inductively as follows:

N-1 ok N-1
G(N—l) — E (1 _ _1) w(vé)dvf 4+ ‘/1(7)1)
v

k=2
1
G- — ) 2<n—-1<N-2if N>14
nl't,
¢ = ¢»- L g0
QF%Q !
Replacing v/ and T' we obtain
N-1 ukF N-1
GIN-1 = kz_:?/(l Y ) Uppr (u*)du™! 4 Uy(u?)
1
GOV o= g G 2<n—1<N-2if N>4
nrgn+1 7
1
G = @ _ a2
g, 7

which concludes the proof of Proposition 3.8.

Similar arguments will show

Proposition 3.10: The conserved quatities P for the system

N
u'’ :—uZHuéult, 1<:<N,
=1

T

are given by the system of equations

1
P;j=———(P;— P;),

ul — U’

whose general solution is given inductively by

pv) f: (—1) o (' —uh)™) 0" +U
= —1) = (v —u — .
k=2,1=0 aUk aUk 1
y_u T
pn p(n-l-)_ﬁp1 2<n<N-—-1, N >3.
n
ul — 2
po= PO =P
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where Uy are arbitrary differentiable function of u’.

As an application of Theorem 3.6. we provide the following example of hydrody-
namic systems related by a Laplace transformation.

Example: Consider the systems

u}t = 0, (3.19)
3 .
uy, = o [ [[ ] v, 2<1<3
7=1
and
u,lt _(u1)2U171u,11‘7
wtt = u'(U) + Ug)u?w, (3.20)
wto= WUy + fu?,u®)))
where

(u?)?
and U; are arbitrary differentiable functions of u’. Then the electrophoresis system
(3.19) and system (3.20) are related as in Theorem 3.5 by the (2,3) -Laplace transfor-

mation. Therefore, the conserved densities P of (3.20) are obtained from the conserved
densities P of (3.19) by the relation

In fact, the conserved densities P(u',u? u?) for (3.19) must satisfy (3.17), (3.18),
where N = 3. Since the (2,3)-Laplace invariants My = —2I"5; and Mays = ['3; are
non zero, it follows from Theorem 3.1 that the (2, 3)-Laplace transform of the system

(3.17) is given by
pkézflﬁgp,k+ff;gp,é7 1§k7£€§37 (3'21)

where the coefficients are given by I'l, = 0, T, = '}, for £ # 1, I'%, = 0, and '}, = 2I'%,,.
Applying Theorem 3.5, by solving the system

1<k#1<3,

16



we obtain (3.20). The relation between the conserved densities is given by Theorem 3.6
as in (3.21). We conclude observing that by choosing the particular functions U; = 0,
U; = (v?)? and Us = (uv®)® in (3.20), we obtain the transformed system given in [Fel].

Acknowledgments: We thank E. Ferapontov for some helpful observations on an
earlier version of this paper.

References

[Ch] S.S. Chern, Laplace transforms of a class of higher-dimensional varieties in pro-
jective sapce of n dimensions, Proc. Nat. Acad. Se. 30, (1944), 95-97. S.S.
Chern, Sur une classe remarquable de variétés dans l'espace projectif a n di-
mensions, Science Reports Tsing-Hua Univ. 4, (1947), 328-336, reprinted in S.S.
Chern, Selected Papers, Vol. 1, Springer-Verlag, 1978, 138-146.

[Fel] E. Ferapontov, Laplace transformations of hydrodynamic type systems in Rie-
mann invariants, preprint.

[Fe2] E. Ferapontov, Differential geometry of nonlocal Hamiltonian operators of hy-
drodynamic type, Functional Analysis and it Applications, 25, 1991, 37-49.

[KT] N. Kamran and K. Tenenblat, Laplace transformation in higher dimensions,

Duke Math. Journal 80, (1996), 237-266.

[Se] D. Serre, Systemes hyperboliques riches de lois de conservation, Nonlinear partial
differential equations and their applications. College de France Seminar, Vol. XI
( Paris, 1989-1991) Pitman Res. Notes Math. Ser. 299, LongmanSci Tech.,
Harlow 1994, 248-281.

[Tsa] S.P. Tsarev, The geometry of Hamiltonian systems of hydrodynamic type, Math
USSR Izvestiya 37, (1991), 397-419.

17



N. Kamran

Department of Mathematics and Statistics

McGill University
Montréal Québec H3A 2K6

Canada

18

K. Tenenblat

Departamento de Matematica
Universidade de Brasilia
Brasilia, DF 70910

Brasil



