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Abstract

We provide a method to obtain linear Weingarten surfaces from a given such surface,
by imposing a one parameter algebraic condition on a Ribaucour transformation. Our main
result extends classical results for surfaces of constant Gaussian or mean curvature. By
applying the theory to the cylinder, we obtain a two-parameter family of complete linear
Weingarten surfaces (hyperbolic, elliptic and tubular), asymptotically close to the cylinder,
which have constant mean curvature when one of the parameters vanishes. The family
contains n-bubble Weingarten surfaces which are 1-periodic, have genus zero and two ends
of geometric index m, where n/m is an irreducible rational number. Their total curvature
vanishes, while the total absolute curvature is 8wn. We also apply the method to obtain
families of complete constant mean curvature surfaces, associated to the Delaunay surfaces,
which are 1-periodic for special values of the parameter.

Introduction.

In the last two decades a great activity in research has been devoted to surfaces of constant
mean curvature (cmc) surfaces. After the first example of a non totally umbilical compact eme
surface immersed in R? found by Wente [W1], a series of papers by Meeks [M], Korevaar, Kusner
and Solomon [KKS], Pinkal and Sterling [PS], Kapouleas [K], Karcher [Ka], Abresch [A], Walter
[Wa] gave important contributions to the theory and to the construction of examples of complete
immersed cmc surfaces.

Some of the results proved for cmc surfaces were also extended by Rosenberg and Sa Earp
[RS], and by Brito and Sa Earp [BS] to the so called special Weingarten immersed surfaces, and
in particular to surfaces whose mean curvature H and Gaussian curvature K satisfy a linear
relation aH + K = b where @ > 0, b > 0.

In this paper, we consider a method of constructing linear Weingarten surfaces based on
Ribaucour transformations. A linear Weingarten surface of R® is a surface whose Gaussian
curvature K and mean curvature H satisfy a linear relation a+3H++vK = 0, where o, 3,v € R.
Such a surface is said to be hyperbolic ( resp.elliptic) when A := 3% — 4ay < 0 (resp. A > 0).
The relation A = 0 characterizes the tubular surfaces. In particular, surfaces of constant
negative Gaussian curvature are hyperbolic, while surfaces of constant mean curvature (including
minimal) and constant positive curvature are elliptic. Ribaucour transformations for constant
Gaussian curvature and constant mean curvature surfaces, were considered at the beginning
of last century (see Bianchi [Bi]) and they were recently applied for the first time to obtain
minimal surfaces [CFT2]. We should mention that Bicklund transformations for hyperbolic
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linear Weingarten surfaces were considered by [Bi] and generalized to higher dimensions by
[Bu].

Our main result in this paper extends Ribaucour transformations to linear Weingarten sur-
faces and also provides a unified version for the classical results. As an application of the theory,
we obtain an interesting, two-parameter family of complete linear Weingarten surfaces associ-
ated to the cylinder. This family shows that the Ribaucour transformation under consideration
is not necessarily a Darboux transformation and it provides an unexpected result. Namely, the
existence of complete hyperbolic linear Weingarten surfaces immersed in R*. Hilbert’s theorem
shows that there are no complete surfaces of constant negative curvature immersed in 3. Al-
though such surfaces and hyperbolic linear Weingarten surfaces correspond to solutions of the
sine-Gordon equation, the family of examples associated to the cylinder shows that there exist
infinitely many complete hyperbolic linear Weingarten surfaces immersed in £3. The results of
this paper were announced in [T].

We point out that although linear Weingarten surfaces are locally parallel to minimal surfaces
or surfaces of constant Gaussian curvature, with same A, the parallelism procedure cannot be
applied to extend the method of Ribaucour transformation to linear Weingarten surfaces, since
it is not a global construction and in general it produces singularities. This is reinforced by the
existence of complete hyperbolic linear Weingarten surfaces, which obviously cannot be parallel
to any complete surface of constant negative Gaussian curvature.

The paper is organized as follows: In section 1, we consider Ribaucour transformations for
surfaces and we provide an algebraic condition for such a transformation to relate two linear
Weingarten surfaces. We show that the linear system of differential equations corresponding
to the Ribaucour transformation with the additional algebraic condition is integrable on linear
Weingarten surfaces. As a consequence of the theory we get the corresponding results for H-cmc
surfaces. In this case, for a given such surface, the parameter must satisfy ¢(c — 2H) > 0.

In section 2, by considering the cylinder as a linear Weingarten surface satisfying —1/2 +
H 4+ vK = 0, we obtain a two-parameter family of immersions ch of R* into euclidean space
R3, which are linear Weingarten surfaces. Not all of them are complete. We characterize the
complete ones in terms of the pair of real numbers (c,v). This family of complete surfaces
contains hyperbolic, elliptic and tubular linear Weingarten surfaces which are all asymptotically
close to the cylinder. One family of lines of curvature is planar while the other one is spherical
(which may degenarate into planar). We describe the symmetries of these surfaces, which are
quite distinct whenever ¢ < 0 and ¢ > 0. For generic values of the parameters, the immersions are
not periodic. However, for special values of (¢,7), namely for each ¢ < 0 and /1 —ec(2y+1) =
n/m an irreducible rational number, we get an n-bubble surface X.,. This is an immersed
cylinder into R?, with two ends of geometric index m and n isolated points of maximum and of
minimum for the Gaussian curvature. We show that its total curvature vanishes while its total
absolute curvature is 87n. Moreover, we prove that the ends are embedded if and only if m =1
and in this case, they are cylindrical ends. If ¢ > 0 or ¢ < 0 and /1 — ¢(2y 4 1) is not a rational
number, then )N(CW is a complete immersion of R? into R3, not periodic in any variable and it
has an infinite number of isolated critical points for the Gaussian curvature.

In section 3, by restricting the constant v = 0 in the previous section, we get a one parameter
family of complete 1/2-cmc immersions X, from R? into R®. These surfaces are not periodic
for generic values of ¢. However, special values of ¢, produce 1-periodic cmc n-bubble surfaces.
These immersed cme-cylinders were first described by Sievert [S] for n = 2 (see also [PS]), and
their existence was proved later in [G-B] and [SW]. We also show that these surfaces are of finite



type one (as defined in [PS]).

In section 4, we obtain families of cmc surfaces associated to the Delaunay surface by Rib-
aucour transformations. By restricting the range of the parameter ¢ conveniently we obtain
families of complete H-cmc surfaces. We describe their symmetries and as in the case of the
surfaces associated to the cylinder, for special values of ¢ we get a family of 1-periodic surfaces.

1. Ribaucour transformation for linear Weingarten surfaces.

In this section, we first recall the theory of Ribaucour transformation for surfaces. For the
proofs and more details see [Bi] and [CFT1]. We then prove that, imposing a one-parameter
algebraic condition on a Ribaucour transformation, we have a correspondence between linear
Weingarten surfaces. We show that starting with such a surface the system of equations is
integrable and provides a family of new Weingarten surfaces. As a consequence of the theory
we get the corresponding results for cmce surfaces.

Let M be an orientable surface of R® without umbilic points. We denote by N its Gauss
map. We say that M is associated by a Ribaucour transformation to M, if and only if, there
exists a differentiable function % defined on M and a diffeomorphism ¥ : M — M such that:
pH+h(p)N(p) = ¥ (p) +h(p)N(¢(p)), for all p € M, where N is the normal map of M; the subset
p+h(p)N(p), p € M, is an 2-dimensional submamfold and 1 preserves lines of curvature.

We say that M is locally associated by a Ribaucour transformation to M if for all p € M
there exists a neighborhood of pin M which is associated by a Ribaucour transformation to an
open subset of M. Similarly, one may consider the corresponding definitions for parametrized
surfaces.

The following results give a characterization of Ribaucour transformations.

Theorem 1.1. Let M be an orientable surface of R>, without umbilic points and N its Gauss
map. Lete;, 1 < i< 2 be orthonormal principal directions, \* the corresponding principal curva-
tures, i.e. dN(e;) = Nje;. A surface M is locally associated to M by a Ribaucour transformation,
if and only if, there exist parametrizations X : U C R* — M and X : U C R* - M and a
differentiable function h : U — R such that 14 hX* # 0,

X =X+ h(N - N), (1)
where N is a unit vector field normal to X (U) given by
. 1 n .
N=—— 27'¢; + (A =1)N |, 2
N (; ei+ ( ) ) (2)
dh(e;) ” 2
7" = A= A
TR » (#) (3)
and h satisfies the differential equation
A7 (e;) + Z'wij(e;) — Z1ZIN =0, 1<i#j<2, (4)
where w;; are the connection forms of the frame e;.
Proof: Let N be a unit vector field given by
2 2
N = > bie; + b>N,  where Z:(bi)2 + (b*)* = 1. (5)
=1 =1



We introduce the following notation

2
AN (e;) = > L¥e, + LIN, (6)
k=1
where for 1 < ¢,k <2
LY = db*(e;) + > blwjr(en) + 67N o, LI = db*(e;) — b (7)

J

We will later show that the following relations hold

b= 741 - b°). (8)
In this case, from (5) we get
A-1
3 _
b= 9)

We will now prove the theorem. Assume that M is locally associated to M by a Ribaucour
transformation. Then by definition there exist local parametrizations X of M, X of M and a
function h defined on U C R? such that X + AN = X + h N, where N is a unit vector field
normal to M, which may be considered as in (5). Since

dX = dX + dh(N — N) + h(dN — dN) (10)

it follows from the relations dX = )", w;e; and dN(e;) = Ne; that

dX (e;) = (14 hXe; + dh(e;) (N — N) — hdN (e;). (11)
Hence, < dX(e;), N >= 0 implies
(14 hX) + dh(e)(b® = 1) =0, i=1,2. (12)

Since X + AN is two dimensional, it follows that 1+ A #0 f01: all 7. Therefore we conclude
from (12) that the relations (8) hold and hence % is given by (9). d X (e;) are orthogonal principal
directions, i.e.

< dX(e;),dX (ej) >=< dN(e;),dX (e;) >=< dN(e;),dN(e;) >=0 for i # j.
Hence, using (6) and equation (11), we get
< dN(e;),dX (e;) >= LI(1+ hX) + L3dh(e;) =0,  fori#j.

It follows from (7) and the last equality, that A satisfies equation (4).
Conversely, assume /% is a solution of (4) such that 1+ A\ # 0, Vi, then we define Z' and A
by (3), b° and &% by (8) and (9). It follows from (7) and (4) that

LEvZFL3 =0, ik (13)

and

L =0. (14)
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We consider N and X as in (5) and (1) respectively. We need to show that X is associated
to X by a Ribaucour transformation. We first observe that N is a unit vector field. In fact,
S92 + (%) = (1 — b%)2A 4 (b%)? = 1, since b is given by (9). We next verify that N is
normal to X. From the definition of X, we have that dX (e;) is given by (11). Hence, using the
fact that |]\7| =1, we conclude that < d)N((eZ-), N >= (—(1+ h/\i)Z" + dh(e;)) (B> — 1) = 0.

Using (6), equation (14) and the definition of A, one proves that < dN(e1),dN(ey) >= 0.
Therefore, it follows from equations (10) and (13), that for i # j

< dN(e;),dX (e;) >= LI (14 hA) + L3dh(e;) = 0.
Finally, we prove that dX (e;) and dX (e) are orthogonal. In fact,
< dX(er), dX (e2) >= dh(es) |~ (14 hA)b' + dh(er)(1 - b)| =0,

where the last equality follows from the definition of 6 and equation (13). Moreover, X is an
immersed surface. In fact, introducing the eigenvalues A, dN(e;) = NdX (e;), it follows from
(11) that

(14+hXN)dX (&) = (1 + hX)e; + dh(e;)(N — N).

Hence we conclude that form (5) and (8) that

14+ AN|dX (e,)]? = |1+ AN
AN |dX 2 hA

d

One can linearize equation (4) as we will show in Proposition 1.2. We first observe that

from the proof given above and from (6), we have < dN(e;), N >= L? = A\' < dX(e;), N >.

Therefore, whenever dh(e;) # 0, using (11),(5) and (6) we obtain the principal curvatures given

by

- L3

A= ! . 15

Th(e) (1= 5 = hL? (15)

Proposition 1.2. If h is a solution of (4) which does not vanish on a simply connected
domain, then h = Q/W where Q and a nonvanishing function W satisfy

dQi(e;) = Qjwij(e;), fori#j, (16)
2
Q@ = 3 Qu;, (17)
=1
2 .
daw = -3 Q\w;. (18)
=1

Conversely, suppose (16)-(18) are satisfied, such that W (W + QX\') # 0, then h = Q/W is a
solution of (4).

Proof: Assume h is a nonvanishing solution of (4), then ¢ = 7, Z'w;/h, is a closed form.
Hence, on a simply connected domain there exists a differentiable function € such that d(logQ) =
Y. We define Q; = dQ(e;) and W = Q/h. Then dh(e;) = (1 + QX/W)/W and (17) holds.
Moreover, it follows from (4) that (16) and (18) are satisfied. Conversely if (16)-(18) hold,



considering Z* = €; /W one concludes that (4) is satisfied. We define h = Q/W, then it follows

that dh(e;) = Z'(1 4 h)\Y). 0
We observe that it follows from the proof of Proposition 1.2 that
Q - 0 (%)
dh(e;)) = —(1+ Q\'/W AR p— A== 0 19

Hence dh(e;) # 0 if and only if ©; # 0. For each solution €;, 1 < i < 2, of (16), there exists a 2-
parameter family of solutions of the system (17), (18). In fact, equation (16) is the integrability
condition of the system of equations (17), (18) for Q and W.

The Ribaucour transformation of a surface is given in terms of the solutions of the above
system.

Theorem 1.3. Let M be an orientable surface of R*, without umbilic points, parametrized
by X : U C R> - M. Assume e;, 1 < i < 2 are orthogonal principal directions, \' the
corresponding principal curvatures and N is a unit vector field normal to M. A surface M is
locally associated to M, by a Ribaucour transformation, if and only if, there exist differentiable

functions W,Q,Q; : V C U — R, which satisfy (16)-(18), such that W (W + QX)) # 0, Vi and
X :V C R? = M, is a parametrization of M given by

20
X=X- s (Z Q;e; — WN) . (20)

where

Moreover, the normal map of X is given by

(Z Qie; — WN) (22)

and the principal curvatures of X for each 1 < i < 2 are given by

S dS(e;)W 4+ Q\'S
S - QdS(e)

if Q£ 0 (23)

Proof: Let X and X be parametrizations of M and M. We have seen in Theorem 1.1 that the
normal vector field N is given by (2). Hence it follows from (19) and (9) that (22) holds. The
expression (20) follows directly from (1) and (22). The condition W (W + Q%) # 0, Vi follows
from the fact that h = Q/W and 14 h\' # 0.

If Q; # 0, then we consider (15). It follows from (7)-(9) and (19) that

W
3

L; = 52
Therefore, using (19) and (9) we have that

—5 (WdS(e;) + Q:SN).

dh(e)(1 - b%) - hL3_2%(Q S — QdS (e:)).



From the last two relations we conclude that (23) holds. 0
We observe that, eventually, the parametrization of M given by (20) may extend regularly

to wherever W (W 4 Q\?) vanishes (see for example section 2). From now on, whenever we say
that a surface M is locally associated by a Ribaucour to a surface M, we are assuming that
there are functions Q, Q; and W locally defined, satisfying (16)-(18).

We now provide a sufficient condition for a Ribaucour transformation to transform a linear
Weingarten surface into another such surface.

Theorem 1.4. Let M be a surfaces of R®, without umbilic points and let M be associated to
M by a Ribaucour transformation, such that the normal lines intersect at a distance function h.
Assume that h = Q/W is not constant along the lines of curvature and the functions Q;, Q and
W satisfy the additional relation

S = 2¢(aQ? + AW + yW?), (24)

where S is defined by {21), # 0 and a, 3,7 are real constants. Then M is a linear Weingarten
satisfying o + ﬂH +vK =0, if and only if o+ H + vK = 0 holds for the surface M, where
K, H and K, H are the Gaussian and mean curvatures of M and M respectively. Moreover,
M has no umbzlzc points.

Proof. We will introduce the following notation for the right hand side of the algebraic equation
(24)
P = aQ® + QW 4+ yW? (25)

Since S satisfies S = 2¢P, it follows from (17) and (18) that

dS = 2cdP = QCZ [(2092 4+ BW)w; + (29W + BQ)wis] (26)

Therefore,
WdS(e;) + SN = 200, {[200+ W) — 29W + ON| W + 1P}
SQ; — QdS(e;) = 2 (P —Q [(2@9 +8W) — (29W + ﬁg)x}) (27)
By assumption dh(e;) # 0, i.e. € # 0, for all i, therefore from (23), (25) and (27) we get

Si— 2000W + BW?2 + X (a? — yW?) (25)
(2yQW 4 2N — (a2? — yW?2)

In order to conclude the proof we introduce the following notation:
L =2a0QW + W2 T =aQ?—~yW? Q=29QW + Q%
Then, A = (L + X'T)/(QA —T) and hence, the numerator of o — g(j\l + X2) + yAIA% is equal to
ol + BLT + 7L + H(20TQ — 17 + SLQ — 29LT) + K (aQ® - STQ +v17).

By substituting o, SH and vK, on the right hand side of this last equality, by the two other
terms of the expression o+ SH + 7K = 0, we get

a+ BH 4K =0if and only if (817 +vL — aQ)(L - 2TH — QK) =



where the last equality follows from the fact that the expression 871 4+ vL — o) is identically
7ero.
We conclude the proof of the theorem by observing that

$2_ 51— LQ+ 17
(@A =T)(QN-T)

Since LQ 4+ T? = P? = S%/(4¢%) # 0 and M has no umbilic points, it follows that M has no
umbilic points. 0

(A2 = A1),

The natural question one poses is if the system (16)-(18) with the additional condition (24) is
integrable, whenever we start with a linear Weingarten surface. The following theorem answers
this question affirmatively.

Theorem 1.5. Let M be a surface of R3, which satisfies o + H +~vK =0 and H> — K > 0.
Then the system of equations (16)-(18) and (24) is integrable and the solution is uniquely deter-
mined on a simply connected domain U by any given initial condition satisfying (24). Moreover,
whenever o # 0, any solution of the system defined on U is either identically zero and hence
anihilates S or else the function S does not vanish on U.

Proof: We initially observe that as a consequence of (16)-(18) and (24) we only need to prove
that the system

W= 3 Qs (29)

dQ; = Quii + c(2aQ+ pW)w; — [(1 = 2e7)W — ¢fQwis t # j

is integrable.
We start by showing that if (29) holds then S — 2¢P is a constant function, where S and P
are defined by (21) and (25) respectively. In fact,

dS —2cdP = 2 Z QudS; + 2(W — ¢f8Q2 = 2eyW)dW — 2¢(2a82 + W )dS2
= QZQinwij = 0.
1,5
Therefore, by choosing the initial condition at a point such that S = 2¢P, we will have (24)

identically satisfied on a connected domain.
Now we consider the ideal 7 generated by the 1-forms

0 = dQ—Zini

e = dW =) Qi (30)
02' = sz — ijij — C(Q(J/,Q + ﬂW)wZ + [(] — 2(”)/)1/1/ - cﬁQ]ng ) 75 ]

A straightforward computation shows that df = — >, ;Aw; and dp = — 3, 0; Aw;3. Similarly,
using (30) we obtain that

df; = —0; ANwii+ o A[(1 = 2¢y)wiz — efw;] — e A (Bwis + 20w;) +
+2cQ;(a+ BH + yK)w; A w;



where ¢ # j. Since the surface is linear Weingarten, it follows that Z is closed under exterior
differentiation, hence the system (29) is integrable.

Assume that S(pg) = 0 for py € U. Then it follows from (21) that €y, Q3 and W vanish at
po. Since (24) holds we conclude that if @ # 0, then Q(pg) = 0. Since U is simply connected,
the uniqueness of solutions for the system implies that 2 = Q; = Qy = W = 0 and hence S = 0.
This concludes the proof of the theorem. 0

As a consequence of Theorems 1.3. and 1.4. we obtain

Theorem 1.6. Let M be a linear Weingarten surface, without umbilic points, satisfying
a+ BH +~vK = 0 and locally parametrized by X : U C R> =+ M C R3. Any linear Weingarten
parametrized surface, locally associated to X by a Ribaucour transformation as in Theorem 1.5.
is given by

X:X—% (;Qiei—WN), (31)

where e; are orthogonal principal directions, 2, Q;, W are solutions of (16)-(18) and (24), and
X is defined on

0 ={(u,u) € U; T + 2TQH + Q*K # 0} (32)

where T = aQ? — yW? and Q = 2vQW + Q2.

Proof: We only need to show that X, defined by (31), is a parametrized surface of R3. With
the same notation introduced in the proof of Theorem 1.4., we observe that S = 2¢P, where P
is defined by (25) and the differential of S is given by (26). Therefore, we get that

Q 1
d=)=—=) Q

where 7, for k = 1,2 is a 1-form defined by
e = (YW? — aQ®)wi, — (BQ* + 29QW )wps. (33)

It follows from this expression and the last two equations of system (29) that

2
dX = % ; n:é; (34)
where
b= P~ e - 2 + Wes] (35)
éy = %[—919261 + (cP — Q3)ey + WQyes]. (36)

A simple computation shows that these vectors are orthonormal. Therefore, X is an immer-
sion wherever 1y A g # 0, i.e. on the subset U described by (32). 0

Remark 1.7. We observe that, as a consequence of the proof of Theorem 1.6., the principal
directions é;, éz, of X are given by (35) and (36). Moreover, its dual forms, which are determined
by (34), are given by &; = 5(YW?— aQ? 4 (8Q+2yW)QA")w;. We also observe that the surfaces
described in Theorem 1.6. depend on 4 parameters. However, in some cases the number of



parameters may reduce to one (the parameter c), if we exclude surfaces which are congruent by
rigid motions of R3.

Our next results give the H-cmc case, which is obtained by considering H a nonzero constant,
a=—H, =1and v = 0 on Theorems 1.4.-1.6. For later use, we will explicitly give the
corresponding results.

Corollary 1.8. Let M be a reqular surface of R®, with no umbilic point. Let M be associated
by a Ribaucour transformation to M, such that the normal lines intersect at a distance function

h. Assume that h = Q/W is not constant along the lines of curvature and the functions €;,
and W satisfy the additional relation

S =2eQ(-HQ+ W), (37)

where S is defined by (21), ¢ # 0 and H # 0 are real constants. Then M is an H-cme surface,
if and only if, M is an H-cmc surface. Moreover, M has no umbilic points.

Corollary 1.9. Let M be an H-cme surface of R*. Then the system of equations (16)-(18) and
(37) is integrable and the solution is uniquely determined on a simply connected domain U by
any given initial condition satisfying (37). Moreover, for any solution of the system defined on
U the function S does not vanish on U.

As a consequence of Theorem 1.6, we get our next result. We observe that in the case of
H-cmc surfaces, by considering & = —H, f =1 and v = 0, we conclude that (32) reduces to
QYK — H?) #0.

Corollary 1.10. Let M be an H-cme surface with no umbilic points, locally parametrized by
X :U C R 5 M C R Any H-cmc parametrized surface, locally associated to X by a
Ribaucour transformation as in Corollay 1.9. is given by

X=X- m (Z Qie; — WN) , (38)

where e; are orthogonal principal directions, Q, Q;, W are solutions of (16)-(18) and (37) and
the constant ¢ satisfies c(c — 2H) > 0.

Proof: We only need to prove that ¢ satisfies ¢(c — 2H) > 0. This follows from the algebraic
condition (37), which can be written as

D)+ (W = ) — c(c— 2H)Q* = 0.

Remark 1.11. It follows from the proof of Theorem 1.6. that if M and M are H-cme surfaces
associated by a Ribaucour transformation as in Corollary 1.10, then the principal directions éq,

€9, of M are given by (35) and (36) where P = Q(W — HQ). Its dual forms are,

C(H4+X)Q
SR Ty Tl (39)
Moreover, it follows from (28) that
. 2 HQ2W + \'Q
oW (2W + \'Q) (40)

Q2(Ni+ H)
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and the Gaussian curvature is given by

(W — HQ)?

K=H?>4+_2>_ "/
TR — Y

(41)

2. Families of linear Weingarten surfaces associated to the cylinder.

In this section, by applying Theorem 1.6. to the cylinder, we obtain a two parameter (c,7)
family of complete linear Weingarten surfaces. The parameters belong to a region composed
by two connected components of R?. One of these components contains curves which provide
n-bubble surfaces (Weingarten and cmc) which are 1-periodic, have genus zero and two ends of
finite geometric index. We also show that their total curvature vanishes, while the total absolute
curvature is 87n.

Proposition 2.1. Consider the cylinder parametrized by
X (11, u9) = (cos(ug),sin(ug), uq) (ur,ug) € R? (42)

as a linear Weingarten surface satisfying —1/2+ H + vK = 0. A paramelrized surface is a
linear Weingarten surface locally associated to X by a Ribaucour transformation as in Theorem
1.5., if and only if, it is given by

_x__ 2U+9)
7 c[(2y+1)g% - f7]

where N is the inner unit normal vector field of the cylinder, ¢ # 0 and v are real constants
such that

X (f'Xu, +9'Xu, — gN) (43)

le,y) =1—ec2y+1) (44)
and ¢ are not simultaneously positive, and f(uy), g(uz) are solutions of the equations
f"+ef=0, (45)
g"+&9=0 (46)
with initial conditions satisfying
(52 + (9 + 6> + cf?) (ul, u) = 0. (47)

Moreover, )N(w is a regular surface defined on the subset of U where

((F+9)2 +299%) (F2 4207+ 1) fg+ (274 1)g?) £ 0. (48)
Proof. The first fundamental form of the cylinder is given by ds* = du? + du3 and A\' = 0,
A2 = —1. In order to obtain the Ribaucour transformations, we need to solve the following
system of equations, which is obtained from (16)-(18),
09, o2 ow : C
- -, — N, 1< < 2.
8Uj 0’ 8u2 8u7; ! % ]

The associated surface will be linear Weingarten when €, and Qg satisfy 994 /0uy = ¢(W — Q)
and 0Qy/0uy = (¢ — 1 4+ 2¢y)W.
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Since Qy, 4, = 0, it follows that Q = f(u1) 4+ g(uz), where f and g are functions of uq and s
respectively. Therefore Q; = f’ and Qy = ¢’. Moreover, W = ¢ + a, where «a is a real constant
and the functions f and g satisfy the following equations

f"4+ef—ca=0
9" +&(g+a)=0.

It follows from these equations and the expressions of 2 and W, that without loss of generality
we can consider ¢ = 0. Therefore, f and g must satisfy equations (45) and (46) and the algebraic
condition (24), which reduces to (47). Moreover, since this last condition should be identically
satisfied by the nontrivial solution functions f and g, we conclude that the constants ¢ # 0 and
~ are such that ¢ and & cannot be simultaneously positive.

Moreover, from (20) we conclude that the associated linear Weingarten surface is given by
(43). From (32) we obtain the domain where X is regular, which is described by (48). 0

The family of linear Weingarten surfaces given by (43) includes the cylinder. In fact, if we
choose the initial conditions such that f =0, g#0for £ < 0or f #0, g =0 for ¢ < 0, we get
a reparametrization of the cylinder.

Each linear Weingarten surface associated to the cylinder as in Proposition 2.1, is parame-
trized by lines of curvature and the metric is given (see Remark 1.7.) by ds? = vidu} + ¥2du3,
where
b= U+9)°+ 20 (1+27)g°+2(1+29)fg + f?

L2yt S (1427)g? - f2 '
These expressions show that the Ribaucour transformation, applied to the cylinder for v # 0, is
not a Darboux transformation.

and by =

(19)

We now introduce a notation, which will be useful in the following results. A rotation of
angle 6 in the zy plane of R® will be denoted by

cosf —sinf 0
Rg=| sinf@ cosf 0 |. (50)
0 0 1

We denote by Ts the translation defined by
T5($7y7z):($7y7z+6)' (51)

Corollary 2.2 Consider the linear Weingarten surfaces associated to the cylinder and parame-
trized by (43). Fxcluding the cylinder,

i) if ¢€ > 0, then any surface )M(C,Y has curves of singularities.

ii) If c€ < 0 then, up to rigid motions of R3, the surface )N(C,y is determined by the functions

f=en/|€]sin(v/eu) g = ea/ccosh(y/|&]uz) if >0, <0 (52)
f=eiv/Ecosh(y/|elur) g = eav/|c|sin(v/Euy) ifc<0,6>0 (53)

where £; = £1, ¢ # 0 and vy are real numbers and &(c,v) is defined by (44) .

Proof. We observe that the functions f and g of the family of surfaces described by (43) are
given by
) aqcos(y/cuy) + by sin(y/cuq) if ¢>0
f= ay cosh(y/]efuy) + by sinh(/[eJuy)  if ¢<0

12



a9U9 + bQ if 6 =0
g =1 agcosh(y/|€]ug) + bysinh(y/|€ug) if £ <0,
as cos(vEua) + by sin(v/Euz) if £€>0,

and the constants satisfy the algebraic relation given by (47),

a1 =by=ay;=0 if ¢>0and =0
c(bf —ai)—a3=0 if ec<0and&=0
cb2—|—a% —I—S(ag—bQ) if e¢>0and <0

( ) 0
c(bf —af) — (aﬁ—bz):o if c¢<0and <0
c(b? —a?) - 0 if e<O0and {>0

If ¢ >0, and £ = 0, then the surface X reduces to the cylinder. If ¢ < 0 and & = 0, there are
curves in R* where (48) vanishes.

If ¢€ > 0, since by Proposition 2.1 ¢ and £(c,v) cannot be simultaneously positive, then
we may only have ¢ < 0 and € < 0. In this case, the functions f and g are defined as above,
v < —1/2 and there are four curves on R? determined by (48)

fHgx/2v[g=0 FT+2y+)gEt/29v(2y+1)g=0

where X is not regular.

If ¢ > 0 and § < 0, then by choosing a; = by = 0 we have by = +a3, f = 0, g =
ay exp(£+/[€uy) and the surface X reduces to a reparametrization of the cylinder. Therefore,
excluding the cylinder, we may assume a? 4 b7 # 0 and

f=cei/I¢]sin(A+eu) gzsg\/Ecosh(B%—\/EuQ)

Similarly, If ¢ < 0 and £ > 0, then excluding the cylinder, we may assume a3 + b3 # 0 and

hence
f=e 5cosh(A—}—\/mu1) g:52\/msin(B+\/§u2)

We conclude the proof by observing that the constants A and B, without loss of generality,
may be considered to be zero. One can verify that the surfaces with different values of A, B are
congruent by rigid motions of R*. In fact, using the notation f(chB for the surface i(cv with
fixed constants A and B, we have

Xeyap =R__5 Xewoooh+T__a
VIEl

le]

where h(uy,ug) = (u1 + A/\/H, Uy + B/\/E) 0

We observe that it follows from the above expressions that the function P defined by (25),
reduces to

P=[2y+1)g" - /2 (54)

and it does not vanish on R%. This will be useful for considering global properties of the surfaces
obtained in Proposition 2.2.
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In order to study the regularity of the surfaces obtained in Proposition 2.2, we introduce the

following notation:
mien) = 2@y+1) (V@ +1)-2) -1 (55)
hale,y) = 2¢ (\/MJF 27> 1 (56)
hy(e,y) = —2¢(2y+1) <\/m+ 27> ~1 (57)
ha(c,y) = 2¢ (W - 27> +1 (58)
hs(e,r) = —2¢(2v+1) <\/27(277+1) - 27> +1 (59)

Our next result shows that a surface XCA/ given by (43) is an immersion of R? if and only if the
pair (c,7) belongs to a region with two connected components of R* determined by the functions

&(e,v) and hy(e,7) ...hs(c,v) (see Fig.1).

Proposition 2.3. A Weingarten surface )M(w given by Proposition 2.2 is an immersion of R?,
if and only if, c€(c,v) < 0 and the pair (c,7) belongs to one of the following subsets of R%:

i) ¢ > 0 and one of the following holds

a) v >0 and &(e,y) <0, hi(e,7) <0
b) —1/2 <y < 0and &(c,v) <0, ha(e,7) <0

il) ¢ < 0 and one of the following holds

a) v > 0 and hs(c,v) < 0;
b) —1 <% <0 and h4(c,v) > 0;
c) v < -1 and hs(c,v) > 0.

Proof: From Corollary 2.2, we have seen that if the surface X is a regular immersion of R?,
then excluding the cylinder, we only need to consider c¢ < 0.
i) If ¢ > 0 and & < 0 then the functions f and g are given by (52). If ¥ > 0, )N(w is an immersion
of R? if and only if the second factor of (48) does not vanish. Tt follows from (44) that this is
equivalent to having h(c,v) < 0, where h; is defined by (55).

If v <0, then 1/c — 1 < 2y < 0. Hence, ¢ > 1 and —1/2 < v < 0. Then f(cw is a regular
immersion of R?%, if and only if the first factor of (48) does not vanish i.e. 1/(2y+1) < ¢ <
1/2(\/2]y] + 27), or equivalently ho(c,v) < 0, where hy is defined by (56). This concludes the
proof of i).

ii) If ¢ < 0 and &(¢,y) < 0, then the surface ch is defined by (43) and the functions f and
g are given by (53). We need to consider four cases for 4. If 4 > 0, then the nonvanishing of

the second factor of (48) is equivalent to /|| (27 +1+/2v(2y+ 1)) <€ ie. hz(c,y) <0,
where hg is defined by (57). If —=1/2 < v < 0, from the first factor of (48) we conclude that the
pair (c,7) must satisfy hy(c,v) > 0, where hy is defined by (58).
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Figure 1: Any pair (c¢,%), in each of the two connected components, generates a complete linear Wein-
garten surface, which satisfies the relation —1/2 + H — vyK = 0 and it is cme when v = 0. The dashed
curves in the left region, given by 1 —¢(2y + 1) = n?/m?, generate 1-periodic n-bubble surfaces with two
ends of geometric index m (see figure 2).

If ¥ < —1/2, then both factors of (48) should not vanish on R* This occurs if and only if the
following inequalities hold

1+ 1/211 1yl < V& 27+ 14 /292y + )]y /Je] < VE. (60)

If =1 <~y < —=1/2then /2y(2y+1) — 2y —1 < 14 /2|y|. Hence, the system (60) holds if and
only if hy(e,v) > 0. If v < —1 then 14+ /2[y] < /27y(2y+ 1) — 2y — 1. Therefore, (60) holds if

and only if
(Varr+ 1 -27-1) /el < vE
i.e. hs(c,v) > 0, where hs is defined by (59). This concludes the proof. 0

Our next result shows that the linear Weingarten surfaces, locally associated to the cylinder
by a Ribaucour transformation, are asymptotically close to cylinders.
Proposition 2.4. Let X (u1,uz) be the parametrized cylinder given by (42). Any linear Wein-
garten surface )M(C,Y given by Proposition 2.3, satisfies the following:

i) Ifc <0 and &(c,y) > 0 then Ve > 0 there exists L > 0 such that
|)~(CW(U1, ug) — X(up £2/4/|cl,uz)| < e V(uy, up) € R* with £ uy > L.

15



and L o
ot X ot X
oy
i, UL, Uz) T T
oul 0wy oul 0wy

where 1 <14 7 <2, and 1, j are non negative integer numbers.

(u17u2)| < &,

it) If ¢ > 0 and &(e,7y) < 0 then Ye > 0 there exists L > 0 such that

|XC,\/(’LL],U2) — X(’LL], (75) + 0)| <e V(U] s UQ) € R2 with =+ (15) 2 L,
where 6 is such that cosf =1 —2/(c(14 2v)) and sin § = —2/=&/(c(1+ 27)).

Proof: If ¢ < 0 and £(e,v) > 0 then the functions f and g are given by (53). It follows from
a straightforward computation that

2

2
CZ Xy, up) = X £2/y/|e],ug)| = 2+ 53 + 52,
where (U +9)f (/ +9) (/ +9)
_Ut9r _U+tgg _Ut9)g
S1="p RVl Se=TmpT =t

where P is given by (54). Since g and ¢’ are bounded functions, we have that lim,, 4.0 Si(u1, u2)
= 0 uniformly with respect to ug. Similarly, considering the difference of the first and second
derivatives of )N(CW and X as a linear combination of the vectors X,,, X,, and N, one can show
that each coefficient tends to 0 uniformly in ug, when uw; — doo. This concludes the proof of
i). Similar arguments prove ii). 0

Our next result shows that the regular surfaces ch given in Proposition 2.3 are complete.
Moreover, the connected region described by ii) contains an infinite number of curves ( de-
termined by considering /T — ¢(2y + 1) to be a rational number) such that the corresponding

surfaces are 1-periodic n-bubbles whose total absolute curvature is 87n.

Proposition 2.5. Any linear Weingarten surface )~(Cy, given by Proposition 2.3 is complete.

a) Ife< 0 and \/&(c,y) = n/m is an irreducible rational number, then f(cw is an immersion of
a cylinder into R3, with two ends of geometric index m and n isolated points of mazximum
(respectively minimum) for the Gaussian curvature. Moreover, the total curvature of )M(w
is zero, while its total absolute curvature is 8n. The ends are embedded if and only if
m = 1. In this case they are cylindrical ends.

b) If ¢ > 0 or ¢ < 0 and \/€ is not a rational number then )M(C,Y is an immersion of R? into
R? (not periodic in any variable) with an infinite number of isolated critical points of its
Gaussian curvature.

Proof: Assume £ > 0 and ¢ < 0 then the functions f and ¢ are given by (53) and the coefficients
of the first fundamental form ; of f(cv are given by (49). Therefore, lim, |50 [¢i] = 1 for
i = 1,2 uniformly in uy. Hence, there exits k > 0 such that |¢(uy, uz)| > 1/2 for all (uq, uy) € R?
with |uq| > k. Let

i U, U — 2—71-
w:mm@mwmmu(hae[thMVg}
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Since )N(CW is regular, m; > 0. Moreover, g(uz) = g(ug + 27 //€), therefore |¢;(u1, ug)| > m; in
[~k, k] x R. Now consider mg = min{my, my, 1/2}, then |¢);] > mq in R%. We conclude that
)N(CW is a complete surface. The case £ < 0 and ¢ > 0 is analogous.

For ¢ < 0 if \/&(¢,y) = n/m is an irreducible rational number, then )Z'CA, is periodic in the
variable u, with period 2mm. Hence it is an immersion of a cylinder into R*®. Moreover, the
surface has two ends F* corresponding to u; — +oo.

It follows from (41) that the Gaussian curvature K of )N(CW, is given by

2fg(f* + (1 +27)g°)
(F+9)2+2v¢1)(f2+ (1 +27)9(2f+ 9))

=h

Therefore, the domain R x [0, 2m~] of X is composed of 2n horizontal strips where K changes
sign from positive to negative at each open consecutive strip and vanishes on the bordering
straight lines. Moreover, lim,, 400 K = 0 uniformly in uy in each strip. The critical points
of K are determined by the points (u1,us) which anihilate f/ and ¢’, which occur at X (0, u9),
where u) = m(2k + 1)7)/2n, 0 < k < 2n — 1. We conclude that the image of each of the n
regions of positive (resp. negative) curvature has an isolated point of maximum (resp. minimum)
Gaussian curvature.

As an immediate consequence of K, it follows that the total curvature vanishes. Moreover, a
straightforward computation shows that on a horizontal strip with positive curvature, the total
curvature is 47. Hence, the total absolute curvature is 87 n.

In order to show that the ends F* have geometric index m, we consider for each A € R, the
intesection curve I'y of the surface with the horizontal plane z = A. Let

2f'(f+9) _
[f2 = (1+27)g7

It is not difficult to prove that v, is a regular connected curve, which is the graph of a function
uy = Pa(ug), for A > 0 sufficiently large. Moreover, it follows from Proposition 2.4 that the

TN = {(Ul,ug) € RQ, 2(u1,u2) = u + p

curvature ky of the curve I'y(uz) = X(ﬂA(’U/Q), u3), has the following property: limy_yeo ka(u2) =
1 uniformly in wu,.

If \/&(e,7) = n/m then Z and hence () are periodic functions in uy with period 2mmr.
Therefore, for A sufficiently large, [') is a closed curve and

2mm
lim —/ ky(ug) dug =m
0

The curve I'y will be a simple closed (convex) curve if and only if m = 1. We conclude that the
end F* has geometric index m and it is embedded if anf only if m = 1. Using the symmetry
of the surface (X, (—u1,us2) is obtained by X, (u1,us) by reflecting with respect to the z0y
plane) we get the result for F~.

If ¢ >0 orc< 0 and+/€is not a rational number then )M(C,7 is a nonperiodic immersion of
the plane into R*, with an infinite number of isolated critical points of its Gaussian curvature.

d

Our next two results provide the symmetries of the complete linear Weingarten surfaces

given by Proposition 2.3. In Figure 2, one can visualize some of the surfaces given by X.,. In
order to describe the symmetries of the surfaces we introduce the following notation.
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A reflection with respect to a plane z = zg will be denoted by
Zy(z,y,2) = (2,y, —2 + 220). (61)

Let Vg = (—sin §8,cos 3,0) be a unit vector determined by a constant 3. The reflection with
respect to the plane orthogonal to Vi which passes through the origin is denoted by

Sa(p)=p—2<p,Vg>Vs pé€R’, (62)

where <, > denotes the euclidean inner product of 3.

Proposition 2.6. Any complete linear Weingarten surface )N(Cw, given by Proposition 2.3 with
¢ < 0 satisfies the following symmetries

Xy (ug, g + 0) = Ry X ooy (g, 1), where 0 = 27 /1/&(c, ), (63)

Xc'y(uly U2 + ﬁk) = SﬁkXC’V(ula —U2 + ﬁk)7 where /@k = (Qk + 1)77/2 \/ 5(07 7)7 (64)

f(m(—uh uy) = ZOchy(ula us), (65)
where £ is given by (44) and Rg, Zy and Sg, are defined by (50)-(62).
Proof: The surface X, with ¢ < 0 is described by (43) where f and g are given by (53).

Moreover, Xo (1, ug) = Ry, Y (u1, ug) where Y = (1—gA, —g’A, us — f'A), A= (f+g)/cP and
P is given by (54). Therefore, we have

Xc'y(uh ug + 0) = Ru2-|-t9Y(u17 uy + 0) = RHRUQY(ula u2) = RHch(uly u?)a
which proves (63).
From the definition of Sg, we have Sg, (z,y, z) = R2p,S0(z,y, z). Moreover, g(—uy + Bi) =
g(uz + Br) and ¢'(—u2 + Bi) = —g'(u2 + Bi). Hence,

Sex Xy (ur, —ug 4+ Br) = Rap,SoR_uy45,Y (U1, —uz + B)
Rap, SoR—u, 4+, SoY (u1, ug + By)
= Ruz-l-ﬁky(uhu? +ﬂk) = XC’Y(“MUQ +ﬂk)a

where we have used the identity SoR_y,44,50 = Ru,—g,. This proves (64). The proof of (65)
follows from the equalities

Xey(—ur,u2) = Ry, Y (—uq, ug) = ZoXey (1, ug).

~ g
Proposition 2.7. Any complete linear Weingarten surface X, given by Proposition 2.3 with

¢ > 0 satisfies the following symmetries

2T

)N(Cn/(ul + 68, up) = T,gf(w(ul, u3), where § = %, (66)
N . 2k + 17w

Xey(ur + 20, u2) = Z2 Xony(—u1 + 20, uz), where zp = %7 (67)
X (11, tg) = So Xy (11, —1u3), (68)
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£l 1

Figure 2: Complete Weingarten surfaces XCW which satisfy the relation —1/2 + H + yK = 0 and
they are associated to the cylinder by Ribaucour transformations. a), b) and c¢) are l-periodic cmc
surfaces obtained by considering ¥ = 0 and /1 — ¢ = n/m a rational number equal to 2/1, 3/2 and 7/6
respectively. d) and e) are 1-periodic Weingarten surfaces for which v = 0.2, \/1—¢(2y+1) = 14/13
and v = —1/2, ¢ = —0.1 respectively. f) is a cmc surface obtained by considering ¢ = 2.8 and y = 0.
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where k is an integer, Ts, Z,, and Sy are defined by (51), (61) and (62) respectively.

Proof: The surface X, is described by (43) where f and g are given by (52). Therefore, (66)
follows immediately. In order to prove (67), we observe that f(—u; + z9) = f(u1 + 20), and
f(ur + z0) = —f'(—u1 + 20). Therefore, we conclude that

Xc'y(ul + 20, u?) = Rugy(ul + 20, u?) = ZZUXC'V(_U] + 20, UQ),

where we have used the function Y introduced in the proof of Proposition 2.6.
Finally, we prove (68) by observing that

SO)N(C"/(Ula —U2) = SOR—uQY(ula —U2) = SOR—ustY(ula U2)

= Ru2Y('u1, UQ) = Ru2Y(U1, 'UQ) = chy(ul, UQ)

d
We conclude by observing that the linear Weingarten surfaces given by )N(CW are tubular
surfaces when v = —1/2, since they satisfy A = 3% — 4ay = 0, and they provide examples of
complete surfaces with A < 0 and A > 0. The lines of curvature )N(cﬂ,(ul, uJ) are planar, while
the curves X, (u,uz), when f'(uf) # 0, are contained on a sphere centered at (0,0, f/f(u})
with radius /T + (f/f1)2. Whenever f'(u9) = 0 (it can only occur for ¢ > 0) then X, (ul, us)
are planar lines of curvature. Surfaces with one family of planar curvature lines while the other
family of curvature lines is spherical is said to be of Joachimsthal type by Wente [W2].

3. Families of cmc surfaces associated to the cylinder.

In this section we describe a one parameter family of 1/2-cmc surfaces obtained from the cylinder
by Ribaucour transformations. The surfaces are contained in the class of linear Weingarten
surfaces described in Proposition 2.1. where we restrict v = 0. These surfaces could also be
obtained directly from the cylinder by applying Ribaucour transformations as in Corollary 1.9
and 1.10.

In [PS], Pinkal and Sterling introduced the notion of a solution of finite type of the equation
w5 +sinh (2w)/2 = 0, where z is the complex variable z = w1 +u3. The cmc surfaces associated
to such solutions, i.e those parametrized by isothermal coordinates such that the metric is given
by ds? = 4e*"(du} + du3), are also called cmc surfaces of finite type. In particular a solution w
is of finite type 1, if considering ¢y = w, and ¢y = w,,. — 2w?, there exist complex numbers a
and b such that ¢y = apy + b@;. We will show that the cmc surfaces we obtain associated to
the cylinder are of finite type 1.

Proposition 3.1. Fzcluding the cylinder, any 1/2-cme parametrized surface locally associated
to the cylinder as in Theorem 1.5., is given, up to rigid motions of R>, by

” 2 ' ' _
Xc—X+m(qu1 +9'Xu, — gN) (69)

where N is the inner unit normal field of the cylinder paramerized by (42), ¢ is a real constant
such that ¢ < 0 or ¢ > 1, and the functions f(uy) and g(usy) are given by

f=e1ve— 1sin(veuw) g = eay/ccosh(ve —Tuy) ife> 1, (70)
f=e1vV1 —ccosh(y/|c|uy) g =-eay/|c|sin(v/1—cug) if e <0, (71)
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where €; = £1. These surfaces are of finite type 1.

Proof: By considering v = 0 in (43)-(47), we get the right hand side of (69), where f and g
are solutions of

f"4ef=0 "+ (1-c)g=0 (72)
and the initial conditions for f and g must satisfy
()2 + (907 + (1= )g* + ef?) (ul, uf) = 0. (73)

Moreover, since this last condition should be identically satisfied by the nontrivial solution
functions f and g, we conclude that the constant ¢ # 0 is such that ¢(1 — ¢) < 0, hence ¢ < 0
or ¢ > 1. However, when ¢ = 1, it follows from (73) that g = by where by # 0 is a real constant
and f=0. In this case X reduces to the cylinder and therefore ¢ # 1.

From (44) we have that & = 1 — ¢. Therefore, using Corollary 2.2, we conclude that if
¢ > 1 then (52) reduces to (70) and if ¢ < 0 then (53) reduces to (71). Each 1/2-cmc surface
described by (69) is parametrized by isothermal coordinates where the metric is given (see (49))
by ds? = ¢*(du? + du?), with ¥ = (f + ¢)/(g — f). Any 1/2-cmc surface described above is of
finite type 1. In fact, considering w = log(1)/2), ¢1 = w., ¢y = W,.. —2w3, it is a straightforward
computation to verify that po = (1/2 — ¢)p1 + ¢1. 0

The properties of these cmc surfaces are given in the following results.

Proposition 3.2. Any 1/2-cmc surfaces X, given by (69) is a complete surface asymptotically
close to the cylinder. Moreover,

a) If ¢ <0 and /1 —c=n/m is an irreducible rational number, then X, is an immersion of a
cylinder into R3, with two ends of geometric index m and n isolated points of mazimum
(respectively minimum) for the Gaussian curvature. The total curvature of X, is zero,
while its total absolute curvature is 87n. The ends are embedded if and only if m = 1. In
this case they are cylindrical ends.

b) If¢> 1 or ¢ <0 and \/1 — ¢ is not a rational number then X, is a nonperiodic immersion
of R% into R®, with an infinite number of isolated critical points of its Gaussian curvature.

Proof: The properites of any surface X, and its asymptotic behaviour are consequences of
Propositions 2.4 and 2.5, where we consider 7 = 0. We observe that in this case the Gaussian
curvature K. of X, is given by K. = 2fg(f*+ ¢%)/(f + 9)*. 0
Proposition 3.3. Any 1/2-cmec surface X. with ¢ < 0 satisfies the symmetries defined by
(63)-(65) where 0 = 2w /\/1 — ¢ and B = (2k + 1)7/(2V/1 — ¢).
Proposition 3.4. Any 1/2-cme surface X. with ¢ > 1 satisfies the symmetries defined by
(66)-(68).

We observe that the family of cmc surfaces considered in this section, is a special case (y = 0)
of the linear Weingarten surfaces of the previous section. Therefore, they are cmc surfaces of

Joachimsthal type (see [A, Wa, W2]).

4. Families of cmec surfaces associated to Delaunay surfaces.

In this section, by using Ribaucour transformations, we will obtain families of cmc surfaces
associated to the Delaunay surfaces. We will consider the Delaunay surfaces parametrized by

X (uy,ug) = (p(uq) cos(uz), p(uq) sin(ug), ¢(uy)), (74)
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where a # 0 is a real constant such that 1 — 4aH > 0,

plur) = ﬁ (1 —2aH + 1 —4aH cos(QHul)>1/2 ) (75)

o(ur) = /Oul(Hp—I— %)dt uy € R. (76)

The generating curves are unduloids when a > 0 and they are nodoids when a < 0.

Proposition 4.1. A parametrized surface is a H-cmc surface locally associated to a Delaunay
surface X, given by (74), by a Ribaucour transformation as in Corollary 1.10, if and only if, it
is given by

(=X - P oy Iy _ (Y
X=X c[ag+(£—Hf)p]<(pg+f)Xu1+pX“2 (p+£+Hpg)N> (77)

1
where N is the inner unit normal vector field of the Delaunay surface, ¢ # %a is such that ¢ < 0
a

or¢>2H and l(uy), f(uy), g(ug) are solutions of the equations

"= (c+ AN —eXif =0, (78)
g" + (1 —2ac)g =0, (79)
—p' [+ epA' [+ ple+ A =0, (80)
where
M= _—H+a/p? M =_—H-a/p? (81)

and the initial conditions must satisfy
()2 + (1 = 2ac)g> + (J')? + 2 + 2¢H f* = 2¢f£) (u3, u) = 0. (82)

Proof: The first fundamental form of the Delaunay surface is given by ds? = du? + p?(u;)du?
and the eigenvalues A\' and A? of dN are given by (81). There are no umbilic points and the
1-forms dual to the principal directions are w; = du; wy = pdus. Moreover, the connection
forms are given by wyy = p'duy, wis = —A'du; and w3 = —A2pdus,.

In order to obtain the Ribaucour transformations of the Delaunay surface, we need to solve
the integrable system (16)-(18), and (37) (see Corollary 1.10), which reduces to the following
system of differential equations:

Qo = O 0., = Qap (83)

W = -\ W, = —QX%p (84)

Dy = NQ4 (c+ AW Qiu, = 0’ (85)
Qo =0 Doy = —p'Q1 + cpA'Q 4 ple+ AW, (86)

where the initial condition for the solution must satisfy (37) at a given point.

From (86) and (85) we get
Qy = g'(u2) Q= p'g+ f(m) (87)
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where g and f are functions of us and uy respectively, and it follows from (83) and (84) that
Q=pg+f W=—pgA’+L(m), (88)

where

O(uy) = =A'f. (89)
Substituting (87) and (88) into equations (85) and (86), we get

(0" +pA'N%)g = ="+ X [+ (c+ A1)
9" = (=(p)? + o™\ = pH(c+ A2)N2) g = p [+ epALf + ple+ AL,

From the expression of p, we have p/ = —p%(Hzp4 —a?) and —(p)2 + cp?A! — p?(c+ AH)A? =
—14 2ac #0.

On the other hand, using the expressions of A! and A%, we have pA\? = (H?p* — a?)/p?.
Therefore, we conclude that f satisfies equation (78) and

g"+ (1 —2ac)g=B
—p'f' + epA' f+ple+A2) =B

where B is a real constant, which we may consider, without loss of generality, to be zero. Hence
g satisfies (79) and the functions f(u1), £(u1) must satisfy (80). Moreover, from Corollary 1.10
c(c—2H) > 0 and since H > 0, it follows that ¢ < 0 or ¢ > 2H.

Finally, from (87)-(88) and using the equalities (p)% + p?(A?)? = 1 and

P+ e(pH ~ %)f —p(\ + )l =0,

we conclude that (37) reduces to (82).

We observe that in the open subset of R* where ¢+ A? does not vanish ¢ is defined by (80).
Moreover, £ can be extended continuously to R?. It is a straightforward computation to verify
that ¢ satisfies (89). 0

The cmc-surfaces given by (77) are called of Enneper type by Wente [W2], since one family
of curvature lines is spherical. In fact, the curves )Z'(u(l), ug) are contained on a sphere centered
at (0,0, ¢(u)) — #(uf)) with radius \/p? + ¢?, where ¢ = [ep*(N' [+ £) — f1/(p"C + N?pf').

The eme surfaces described in Proposition 4.1 by X depend on ¢ which is well defined on
R?. However, the points where ¢ 4+ A? = 0 may introduce singularities for the function f which
must satisfy (78). In the following result, we will restrict the range of the parameter ¢ providing
a sufficient condition for the surfaces X to be defined on R2.

Proposition 4.2. Let X(ul, ug) be an H-cme surface locally associated to a Delaunay surface
by a Ribaucour transformation as in Proposition j.1. If ¢ satisfies

1 v1—4aH 1 v1—4aH

c < % — W, or c > % + 2|a| (90)
then X is defined on R? and it is given by (77), where f(uy) is a solution of the equation
P le+ X217 = ppf e+ N + 2ac(c — 2H) f = 0 (o1)
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g(u2) satisfies (79), £(u1) is given by (80), A' and \* are given by (81) and the initial conditions
for f and g satisfy (82).

Proof: Since c(c—2H) > 0 we have ¢ # H, and the hypothesis of ¢ satisfying (90), is equivalent
to
c— H —2acH

(¢c— H)V1-4aH

This inequality occurs, if and only if, the function ¢4+ A? does not vanish for any real value of u;.
Moreover, we observe that whenever ¢ satisfies the first inequality of (90) then ¢+ A? < 0 and
if ¢ satisfies the second one then ¢ + A\? > 0. It follows from (80) that the differential equation
(78) for the function f reduces to (91). 0

In order to show that the H-cmc surfaces obtained in Proposition 4.2 are complete, we will
need the following result, where we consider an assumption on the functions f and ¢ which is
equivalent to the non vanishing of S given by (21) (see Corollary 1.9).

Lemma 4.3. Let f(uy) and g(uy) be solutions of (91) and (79) respectively. Assume that pg+ f
does not vanish, then

i) If 1 —2ac <0 then

= crr(u)e 4 cps(ug e (92)

f
g = Acosh(v2ac—1uy), (93)

where A # 0 and o are real numbers, o # kH, k € Z\ {0}, ¢1, c2 € C and r(u1), s(u1)
are complex valued periodic functions of period = /H or 27 /H.

ii) If 1 —2ac > 0 then

f = (,'17‘(71,1)€5ul + (,'28(11,1)6_5“1, (94)
g = Asin(vV1—2acuy), (95)

where A # 0, ¢1, ¢cg, § # 0 are real numbers, r(uy), s(uy) are real valued periodic functions
of period w/H such that for all uy, eyr(uq)eas(uq) >0 .

Proof: We start observing that f is a solution of (91), which is of type f"" — A1 f' — Ao f =0,
where Ay and Ag are real periodic functions of u;, with period 7/H and A, is an odd function.
Therefore, it follows from Floquet’s theory [Le] that, given any real initial conditions, the only
solution of this equation is real and it is of the form (92), (94) or of type

f=cra(u1) + ea(uralur) + b(ur)), (96)

where ¢y, ¢ are complex numbers and r(uy), s(u1) are complex valued periodic functions of
period 7/H or 2x/H. If f is of type (96), then there exits (u,uJ) which anihilates the function
pg + f, which is a contradiction. It follows that ¢; = 0 and hence f is of type (92) or (94).

Since f and g satisfy (82) in R?, it follows from the expression of ¢ given by (80) that f
satisfies the equation

1+ b)) () +2h1(hy — ) ff +[(ha — ¢)® — e(c — 2H)]f* + A*(1 — 2ac) =0,  (97)
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where

_ P _ —c(c—2H)
hl_p(c+)\2) and hg—c= Py
By considering (97) as a quadratic equation for f’, its discriminant is given by
cle—2H)f? 2\ A2
— (] — _ > 0.
A = 4(1 - 2ac) IS OE (14+h7)A%| >0 (98)

Now if 1 — 2ac < 0, it follows from (98) that f2 < A?(p? + clc__éafl)). Since the right hand
side of this inequality is a bounded function, we conclude that f is bounded, hence it is of the
form (92). Moreover, we can show that ¢ is given by (93).

If 1 —2ac > 0, then f is of type (94). In fact, otherwise, f is of the form (92) and it follows
from Floquet’s theory that there exists u{ such that f(u{) = 0. Since g(0) = 0, it follows that
the pair (u9,0) anihilates the function pg+ f, which contradicts the hypothesis. Therefore, f is
of type (94) and for any integer n,

™

fud + n%) = oyr(u)e MM F 4 cys(ul)e N e N E (99)

We claim that Yu, € R, we have ¢;r(uy)cgs(uq) > 0. Otherwise, suppose there exits u? such
that r(uf)s(uf) = 0, then it follows from (99) that f(u{+ n7/H) tends to zero when n tends to

+o0o. This is a contradiction because (98) implies that f% > A?(p? + c(lc__éafl)). Similarly, we get

a contradiction if ¢;7(uf)cas(uf) < 0, since in this case, it follows from (94) that f(R) = R.

Proposition 4.4. Any surface of the family X given in Proposition /.2 is a complete H-cme
surface. Moreover, if 1 — 2ac > 0 and /1 — 2ac is an irreducible rational number, then X is an
immersion of a cylinder into R>, otherwise it is a immersion of R? into R>.

Proof: The first fundamental form of any surface of the family X is given by (see Remark 1.11)
ds? = Yidu? + vidu} where

a(pg + f)ai
apg + p*({ — H)

Moreover, the functions f and ¢ determined by (91) and (89) satisfy the following relation
identically

b=

a; =1, and ay = p

(1 —2ac)A* + (f)2 +2cf(Hf —£) + £* = 0.
i) If 1 — 2ac > 0, then f and ¢ are given by (94) (95). It follows from the above equation
that f and H f — ¢ do not vanish for any u; € R and there exists € > 0 such that |[(/f — H| > ¢

for all wq € R. Using the arguments of the proof of Lemma 4.3, by considering equation (97) as
a quadratic equation for f'/f, we get that f’/f is a bounded function and hence £/ f is also a

bounded function. Hence,
aa; f
lim ( i — 7> =0
e V17 2= 1)

uniformly in the variable u5. Now, with arguments similar to those used in the proof of Propo-
sition 2.5, we get m > 0 such that |¢;| > m for all (u;,u3) € R? and hence we conclude that X
is complete.

ii) If 1 — 2ac < 0, then f and g are given by (92) (93). Hence lim,,|u [t — @;| = 0
unifomly in u;. Therefore, there exists mg and L positive real numbers such that |¢;] > myg
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for all (u1,uz) such that |uz| > L. One can show that for any «, there exist m; > 0 such that
|9hi (w1, ug)| > m; > 0 for all (uy,us) € R X [—-L, L]. We conclude that X is complete. 0

We conclude this section by observing that with the same arguments of the proof of Propo-
sitions 2.6 and 2.7, one can show that any H-cmc surface given in Proposition 4.2 satisfies the
following symmetries:

X (ur,ug 4 0) = RgX (uy,uy)  where 8 = 27/+/1 — 2ac,

N - 2k +1
K (un, 1z + Be) = Sg, X (w1, s + B)  where g = LA DT

a 4 A k € Za
2v/1 — 2ac

whenever 1 — 2ae¢ > 0 and

X(uh uy) = SOX(?Ll, —11)
whenever 1 — 2ac < 0.
One can also show that the complete H-cmc surfaces of the family X given by Proposition
4.1, whenever 1 — 2ac < 0, are asymptotically close to the Delaunay surface. In fact, ¥e > 0
there exists L > 0 such that

|X(U1,UQ) — X(ul,uQ i0)| <e€ V(Ul,UQ) S R2 with :EUQ Z L,

where @ is such that cos§ =1 — 1/(ac) and sin @ = —v/2ac — 1/(ac).

References

[A] Abresch, U., Constant mean curvature tori in terms of elliptic functions, J. Reine Angew.
Math. 374, (1987), 169-192.

[Bi] Bianchi, L. Lezioni di Geometria Differenciale, Bologna Nicola Zanichelli Ed. , 1927.

[BS] Brito F.B., Sa Earp, R., On the structure of certain Weingarten surfaces with boundary a
circle, Ann. Fac. Sci. Toulouse 6 (1997), 243-256.

[Bu] Buyske, S.G., Geometric aspects of Bicklund transformations of Weingarten submanifolds,
Pac. J. Math. 166, (1994), 213-223.

[CFT1] Corro, A.V., Ferreira, W., Tenenblat, K., On Ribaucour transformations for hypersur-
faces, Mat. Contemp., 17, (1999), 137-160.

[CFT2] Corro, A.V., Ferreira, W., Tenenblat, K., Minimal surfaces obtained by Ribaucour
transformations, Geom. Dedicata to appear.

[G-B] Grofe-Brauckmann, K., New surfaces of constant mean curvature, Math. Zeit. 214
(1993), 527-565.

[K] Kapouleas, N., Complete constant mean curvature surfaces in Fuclidean three space, Ann.
of Math. 131 (1990), 239-330.

[KKS] Korevaar, N., Kusner, R., Solomon, B., The structure of complete embedded surfaces
with constant mean curvature, J. Diff. Geom. 30 (1989), 465-503.

[Ka] Karcher, H., The triply periodic minimal surfaces of A. Schoen and their constant mean
curvature companions, Man. math. 64 (1989), 291-357.

[L] Lawson, B., Complete minimal surfaces in S*, Ann. Math. 92 (1970), 335-374.

[Le] Lefschetz, S. Differential Equations: Geometric Theory. Dover, 1977.

[M] Meeks 111, W.H., The topology and geometry of embedded surfaces of constant mean curva-
ture, J. Diff. Geom. 27, (1988), 539-552.

26



[PS] Pinkal, U., Sterling, 1., On classification of constant mean curvature mean tori, Ann. Math.
130, (1989), 407-451.

[RS] Rosenberg, H., Sa Earp, R., The geometry of properly embedded special surfaces in R3; e.g.
surfaces satisfying aH + bK = 1, where a and b are positive Duke Math J. 73 (1994), 291-306.
[S] Sievert, H., Uber die Zentralflichen der Enneperschen Flichen konstanten Kriimmungsmasses,
Diss. Tiibingen (1886).

[SW] Sterling, 1., Wente, H.C., Ezistence and classification of cmc multibubbleton of finite and
infinite type, Indiana Univ. Math. J. 42 (1993), 1239-1266.

[T] Tenenblat, K., Minimal and cme surfaces obtained by Ribaucour transformations, Proceed-
ings of the CMI Summer School, MSRI (to appear).

[Wa] Walter, R., Ezplicit examples to the H-problem of Heinz Hopf, Geom. Dedicata 23, (1987),
187-213.

[W1] Wente, H.C., Counterezample to a conjecture of H. Hopf, Pac. J. Math. 121, (1986),
193-243.

[W2] Wente, H.C., Constant mean curvature immersions of Enneper type, Memoirs of the AMS
478, 1992.

A. V. Corro and W. Ferreira K. Tenenblat

Instituto de Matemadtica e Estatistica Departamento de Matematica,
Universidade Federal de Goids Universidade de Brasilia
74001-970 Goidnia, GO, Brazil 70910-900, Brasilia, DF, Brazil
corro@mat.ufg.br  walter@mat.ufg.br keti@mat.unb.br

27



