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Abstract

We consider Finsler spaces with a Randers metric F = a + 3, on the three dimen-
sional real vector space, where a is the Euclidean metric and g = bdxz is a 1-form
with norm b, 0 < b < 1. By using the notion of mean curvature for immersions in
Finsler spaces introduced by Z. Shen, we get the ordinary differential equation that
characterizes the minimal surfaces of rotation around the z3 axis. We prove that for
every b, 0 < b < 1, there exists, up to homothety, a unique forward complete minimal
surface of rotation. The surface i1s embedded, symmetric with respect to a plane per-
pendicular to the rotation axis and it is generated by a concave plane curve. Moreover,

for every b, @ < b < 1 there are non complete minimal surfaces of rotation, which

include explicit minimal cones.

1. Introduction

The differential geometry of minimal surfaces in Riemannian manifolds has been exten-
sively developped. However, minimal surfaces in Finsler spaces have not been studied and
developped at the same pace. Actually, there are no examples of such surfaces, except the
trivial ones. The fundamental contribution on this subject was given by Shen in [Sh1].
He introduced the notion of mean curvature for immersions into Finsler manifolds and he
established some of its properties. As in the Riemannian case, if the mean curvature is
identically zero, then the immersion is said to be minimal. The purpose of this paper is to
present our investigation, which includes some of the results obtained in [So], on minimal
surfaces of rotation in a three dimensional vector space equipped with a Randers metric.

Although Finsler metrics seem to be more complicated than Riemannian metrics, there
exist good reasons to study Finsler spaces, since Randers spaces occur naturally, for exam-
ple, in Physics applications and in some problems in Biology (see [AIM], [YS]).

In this paper, we consider V"*! the standard n + 1-dimensional real vector space
equipped with a Randers metric Fy(z,y) = a(z,y) + f(z,y) where (z,y) is in the tan-
gent bundle TV, « is the Euclidean metric and 8 = bdz,4; is a 1-form whose norm b
satisfies 0 < b < 1. We present the differential equation for a minimal immersion into an
n + 1-dimensional Randers space (Theorem 2). A particular case of the above equation
enables us to establish the ordinary differential equation that characterizes the minimal
surfaces of rotation around the z3 axis (Theorem 4) in the Randers space V3. By analyzing
the solutions of this equation we prove our main result
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Theorem 1 Up to homothety, there exists a unique forward complete minimal surface of

rotation around the x3 axis on a Randers space (V3| Fy), for each b, 0 < b < 1. The surface

is embedded, symmetric with respect to a plane perpendicular to the rotation axis and it is
V3

generated by a concave plane curve. Moreover, when %= < b < 1, the slope of the tangent

3
lines to the curve is bounded by ++/1 — b2//362 — 1.

This theorem reduces to the classical result for minimal surfaces of rotation in k3, when
the Randers metric is Euclidean, i.e. when b = 0. The proof of our main result follows
from the qualitative study of the ordinary differential equation considering two cases for
the parameter b, namely 0 < b < v/3/3 and v/3/3 < b < 1. In the second case, besides the
forward complete minimal surfaces of rotation, there are non complete ones which include
explicit minimal cones (see Proposition 13).

2. Preliminaries

We follow the notation and terminology of [Sh1], and we will make use of the following
conventions: we will use Greek letters 7,7,¢ for indices running from 1 to », and Latin
letters ¢, 7, k, [ for indices running from 1 to n 4+ 1. We will also use Einstein’s convention,
i.e., in general we will not write the symbol of the summand to represent the sum on
repeated indices.

Let M™ be a C° n-manifold, and 7 : TM — M be the natural projection from
the tangent bundle TM. TLet (z,y) be a point of TM, z € M,y € T,M. We con-
sider local coordinates (z',...,2™) on an open subset U of M. As usual, d/0z" and dz’
are the induced coordinate basis for T,M and T;M and (z°,y’) are local coordinates on
=Y (U) € TM, where y = y'd/0z'. A function F : TM — [0,00) is called a Finsler
metric on M if I has the following properties: [i] (Regularity) F' € C* in TM \ {0}; [ii]
(Positive Homogeneity) I'(z,ty) = tF(z,y), Vt > 0, (z,y) € TM; [iii] (Strong Convexity)
9= (g:i;(z,y)) = (%[FQ(w,y)]yiy]) is positive definite at each point of TM \ {0}. The pair
(M, F) is called a Finsler space.

Minkowski spaces are the simplest Finsler manifolds. Denote by V™ the standard n-
dimensional real vector space. A Minkowski space is V" equipped with a Minkowski norm
F (whose indicatrix is strongly convex), i.e., F'(z,y) depends only on y € T,V". If I is
Euclidean, then R™ = (V™*, F).

A Randers metric on M is the Finsler structure F on T'M given by

F(z,y) = a(z,y) + B(z, y),

where a(z,y) = y/a;;(z)y'y?, B(z,y) = br(z)y", and a;;, a’ are the components of the
Riemannian metric and of its inverse matrix respectively and by are the components of the

1-form 3, whose norm b = y/a*b;b;, satisfies 0 <b < 1.

Let (M™,F) be a Finsler manifold and let ¢ : M" — (M™,F) be an immersion.
The induced metric ' = ¢*F on M, is a Finsler metric. We have by definition that
F(y) = (¢"F)(y) = F(e«(y)), Yy € T:M. From now on, we will consider hypersurfaces

on Randers spaces ¢ : M" — (V"T!1 F), where V is a n + 1-dimensional real vector



space, F=a+ B, a is the Euclidean metric, and § is a 1-form with norm 6, 0 < b < 1.
Without loss of generahty we will consider 3 = bdz™*'. If M™ has local coordinates
z = (2°), e = 1,---,n, and @(z) = (¢'(z°)) € V,i = 1,---,n+ 1, fix a local frame
e={e,} for TM and deﬁne for the Minkowski space (TI]M7 Fgg), the application

~ wol(Dm)’ (1)

where z € M,

and B™ = unitary ball in IR™, vol is the Euclidean volume, and
D' = {(yl,yQ,...,ym) € R™ | F,(y*z eZ| < 1} (3)
The induced volume element of (M, F) is given by
dVy = F(z, z)dz, (4)

where F(z, z) is given by (1).
The Euclidean volume of DY is given by

vol B™

vol D' =
(1 - b2AmZ¢+1zf;+1)

n+1
2

VdetA

n+1
A= () = (; ) , 5)

and (A™) = (A,,)"". Then from (4), we have the volume form dV given by the following
formula ([Sh2])

where

Ve = (1-bA7720%1 ”+1) e A do! (6)

The mean curvature H,, introduced by ([Sh1]), is given by

" (V) = L *F 9P PF e OF
)= 7\ 9507 037077 | 929021 03¢ 02

H,(V) depends linearly in V' and the mean curvature vanishes on ¢, (T'M) (cf. Lemmas
n [Sh1]). Observe that whenever (V, F) is a Minkowsky space, the expression of the mean

curvature reduces to 4
1 0*F 0%
,}_[|z = f i 9.0 ArEIF ' (7)
azéazn 0ze0En

Now we shall present the concepts and results related to the notion of completeness of
a Pinsler manifold. We will ommit the proofs and details, which can be found in [BCS].



Let (M, F) be a Finsler manifold, where I’ is positively homogeneous of degree 1. Let
o :[a,b] — M be a piecewise differentiable curve. The integral length L(c) is defined as

(o) = /ab F (a, ‘2—‘;) dt. (8)

For po, p1 € M, denote by I'(,,,,) the collection of all piecewise C**° curves o : [a,b] — M,
with o(a) = po and o(b) = p;. Define a map d : M x M — [0,00) by

d(po,p1) :== _inf L(o).

o€ (popy)

It can be shown that (M, d) satisfies the first two axioms of a metric space. Namely:
(1) d(po,p1) > 0, where the equality holds, if and only if, po = p; and (ii) d(po,p1) <
d(po, p2) + d(p2, p1). If the Finsler structure F' is absolutely homogeneous, i.e., F'(z,ty) =
|t|F(z,y),Yt € IR, then one also has the symmetry property: (iii) d(po,p1) = d(p1,po)-
We emphasize that generically, the distance function d on a Finsler manifold does not have
the symmetry property. In particular, the Randers metric /' = a 4+ 3 does not satisfy this
property.

A Finsler manifold (M, F) is said to be forward complete with respect to the metric
distance function d if every forward Cauchy sequence converges in M. A Finsler mani-
fold (M, F) is said to be forward geodesically complete if every geodesic v(t), a <t < b,
parametrized to have constant Finsler speed, can be extended to a geodesic defined on
a <t < oo. Similarly, one defines a backward complete and backward geodesically com-
plete Finsler space.

It can be shown, using the Hopf-Rinow Theorem (see [BCS]), that M is forward complete
if and only if the length of any divergent curve is unbounded. If I is absolutely homogeneous
of degree one, then forward and backward geodesic completeness either both hold or both
fail. This is the case for Riemannian metrics.

3. The differential equation of minimal surfaces of rotation in Randers
space.

In this section, we start characterizing the minimal hypersurfaces M™ in Randers space
(V7+1 F}), in terms of differential equations. We then restrict ourselves to surfaces im-
mersed in V3 and we obtain the ordinary differential equation which characterizes such
minimal surfaces of rotation.

Theorem 2 Let o : M™ — (V™" F}) be an immersion into a Randers space, with local
coordinates (¢’ (z.)). Then ¢ is minimal if and only if it satisfies the differential equation

2 2
W =DIBIB ., ntl, g OB . 9BIC 0B0C
4 2 0z 2 0210z 0z 0zt~ 02L 0z
(9)

L=, Yo = v'e; € VL,

92C } D2l
"

dzc0z" v



where
C'=+VdetA, B= bQAE"zg"'lz;LH, (10)
e; is the canonical basis of V"1, 2L is given by (2), A is given by (5) and the components

of its inverse matriz are denoted by A®".

Proof: Since C' and B are given by (10), we have from (1) and (6) that

n+1

F=(01-B)= C.
From (7), the immersion is minimal, if and only if,

0?F 0%

— v
02102 0a=017

P =.

Taking the second order derivates of F with respect to the variable 2! and substituting
in the last equation, we obtain equation (9), which characterizes the minimal immersions
in a Randers space. a

From equation (9), it is easy to see that if ¢ is a minimal immersion into (V"% F}),
then the homothetic immersion @ = A¢p is also minimal. In what follows, we will restrict
ourselves to studying minimal surfaces in three-dimensional Randers spaces. Therefore, by
considering n = 2 in Theorem 2, we obtain the following result.

Corollary 3 Let ¢ : M?* — (V3,F;) be an immersion in a Randers space, with local
coordinates (¢! (2%)). Then ¢ is minimal, if and only if, it satisfies the differential equation

12E* - 2E+C*)?0C 0C  3C *E 3 (2E-C*\ (0C OF  0C OF
0(02 - E) 82; 82;7]7 2 627],’822_ 2 02 - F 82’; 82% 827]7 82;

L=, Vo =ruvle € V3,

L 3C 0EOE (2E +C?) 3202} D%

HCT=F)0:i 95 T 20 -394 0ac0an"
(11)
where z = (z£) and C are defined by (2) and (10) respectively,

3
E=02) (-1)"t72EER0 F =094 26,1 (12)

Proof: Considering n = 2 in Theorem 2, equation (9) reduces to

0%l .
en [
i1 9redan =0,
where
2 2
e _30B OB 5(1—3)( B ., 9BIC 8B80) - pp2C

URETEY A 0:10z; 0z 02 970z 02101



3. ..
. _ i i e s R
Since Agy = ) z:%, , its inverse matrix is given by
1=

3 (=1)=t7 ., ~
AT = Z Wzi:z%, where 7 = 0,0 + 24,.
=1
Hence it follows from (10), that
e U g
B = kz::l Y o E,
where F is given by (12). Taking derivatives of B we get the proof of Corollary 3. O

We observe that in (12) we have introduced a notation 7, which means

. )1 ifr=2,
7Y 2 ifr=1.

In our next result, by considering the immersion to be a surface generated by rotating a
plane curve around a fixed axis, we get the ordinary differential equation that characterizes
such minimal surfaces.

Theorem 4 Let (V3 F, = a+ 3) be a Randers space, where o is the Euclidean metric,
and 3 = bdzs is a 1-form with norm b, satisfying 0 < b < 1. Let ¢ : M? — V3 be an
immersion given by ¢(t,0) = (fo(t) cos @, fo(t)sin8,t), fo > 0. Then ¢ is minimal, if and
only if, fy satisfies the equation

= BR[04+ (7) (12074 (1= 36 (7)) + 36 ()] +
(13)
+ (1) (-84 (8)7) [ -0t (1-307) ()] =

Before proving this theorem, we observe that whenever b = 0, i.e., V2 is the Euclidean
space, equation (13) reduces to the classical differential equation, which characterizes the
minimal surfaces of rotation in R>.

For the proof of Theorem 4, we will need some preliminary observations and a Lemma.
We start observing that, since the mean curvature vanishes on tangent vectors of the im-
mersion ¢, we only need to consider a vector field v such that the set {v, s, g} is linearly
independent. Hence, we consider v = (—cos#, —sin#, f{(t)). For subsequent use, we will
express the coordinates of the vector v in the following way

v' = —8;1 cosf — 8;98in 6 + Siafi(t). (14)
With the notation z = gf:, introduced in (2), in the case of a rotation surface ¢(¢,8),

we have '
2L = 81 [0 f](t) cosO + 8o fi(t) sin 0 + §;3] +

ey [0 fo(1) sin 8 + 81 fy (1) cos ] (15)



In particular,
Zg = 551. (16)

The second order derivatives of the coordinates of the immersion are given by

@legn = (81050 + 8226,1) fL(t) (=81 sin 8 + 655 cos B)+ an
+ [65157;1][[;/(0 — 5526772fb (t)] (5]1 cos f + 5]2 sin 0)7
where 2! =t and z? = 6. In particular,
3. . =0, Ve, . (18)
Moreover, we obtain from (5), (15) and (16) that
1+ [fi(0)]* 0
A= , 19
( 0 P (19)
C? = (O + (0], (20)
E = 6[f;(t)]*. (21)

In order to prove Theorem 4, we need the expressions

or oC 1 0°C"
0217 0217 2 920921

for the immersion ¢. Moreover, we need to obtain the products and sums which appear in
(11). This is the aim of the following lemma.

Lemma 5 Let ¢ be an immersion in V3 given by o(t,0) = (f3(t) cos®, fy(t) sin 8,¢). Con-
sider the expressions E, C and A, defined by (12), (10) and (5), respectively, then

ac
822:.11 =0, Ve, (22)
oF .
azﬁ.u":Qb2 FE@) fl(#)6.1, Ve, (23)
O s o) = W01, Ve (24)
0z
0*F . :
L i v = WO+ 242(0)) (25)
20z
oC . '(t
9 i = —LD s [hmsm+1+ 520, e (26)
0 ERTIOE
Lo v = BOEROSO+1+ 20 21
28%8%%5%7] - o ' ’ 7
where 2t = gf;



Proof: From (10), we have that C' = |3 (2§)2(24)2 — 3" 2F2k2l20. Therefore
oy

g
oc 1 : :
= LS )02 - ) 29)
dzt  C Y
and 02
1 , :
3900 ; [0 (G 2h = 822) + 815(8,02] = S 2h)| (5125 — Gea2]) 29)
nY e ¢ . .
+ l;(ZiZé — 2521)81(6:18,2 — 8228,1).
It follows from (15) and (20) that
oC 1 :
T T [&glfb (t) (f5(t)(8i1 cos @ + 8;28in 0) + &;3) +
€ 14 fb (t)

+6e2 (1 + f2(£)) (=81 5in 0 + 855 cos 0)] .

Now, multiplying % by v given by (14) and adding in 4, we obtain equation (22).
Equation (26) is proved by considering (17) and the derivative of C with respect to 2}
given by (30).
It follows from (12) that the first order derivatives of E are given by

oF E+T 8 e+T k_k
P = 2b [ZSZ:(_I) T+ bis ;(—1) + zi’z_;zgl
= 2b2fb (t) [551 (—52'1 sin 6 + 52'2 COS 0) + 55252'3]% (t)] .

oF :
Multiplying by v', given by (14), and adding in ¢ we obtain equation (23). Now,

7
4 -

multiplying the derivatives of F with respect to the variables z}, given above, by the

expression in (17) and adding in j and 7, we obtain equation (24).

The second order derivatives of E are given by
0*F

W
0zL0z)

~ o [6;-36”5(—1)5*%3 (185284 (1) 0004
+6;3 Z(—1)€+n5j32§725 + 5i3(—1)5+ﬁzgzg + 5i3(—1)5+75n§z§z§ ,
k

using (15) and (16) we obtain
0*E

i .0
020z,

= 2% [5j36n§(_1)1+§fb (t) (—52'1 sin 6 + &;9 cos 0) + 551((_1)1-%775],2_5771_}_

+H(=1)"H65325) + bis ( D (1) 6552525 + (= 1) 7651 [6;1 (=021 £ (1) cos 6
k .
=022 f5(t) sin ) + 8;2(—0z1 f3(t) sin 0 + bz2 fi (t) cos ) + 6321+

F (= 1) £ (£)8,2(— ;1 sin 6 4 &5 cos 0))] .

8



TeX

Multiplying this expression by ¢’ nvi and adding in all the indices we have that

r’E . . .
- ig‘o‘;ez‘nvl = 2b2{552(—1)1+7752'j57]2 + 52'3 [5n2(—5j1(552fé(t) cosf + 551fb (t) s1n 0)—|—

0290z
+3;0(—00f7(t) sin 6 + 621 f5(t) cos b)) + (—1)1+€fb ()62, (—6;1 sin 0+

+6;2 cosf)] goial,n v’

Hence, as a consequence of (14), we obtain equation (25).
In order, to prove equation (27), we consider the expressions given by (14) - (18). Using
(29) and considering the sums in all the indices, it follows that

1 8202 ; , 7 122
57T Pt = BOM 10 = KO L)
n

K3
€

This concludes the proof of the lemma. O
We can now prove Theorem 4.

Proof of Theorem 4: We begin obtaining some of the coefficients that appear in equation
(11). It follows from (20) and (21) that

3(C*=2FE)  3(1-20*+ f)

ACTZE) 2 1-b g f (31
3C 3/ 1211
—7——7[ + f77; (32)
3¢ 3 [+
WCT-E) - <33>
2E+C? (142b° +f,;2). (34)

= Jb 1
¢ [1+ )z

We observe that the terms in equation (11) which contain gg v' vanish due to (22).
Hence, it follows from (22) - (27) that equation (11) reduces to

! (2E B 02) I (fbf” +1+ (f/)Q) 36'C I
—3b2C f[1 + 2(f)? - 3027_Eb2fb2(fb)2 - n (fg)2b + Eff’(fb)QJr
02
P2 a0

Substituting the expressions (31) - (34), we obtain equation (13), which proves Theorem 4.
a



4. The Minimal Surfaces of Rotation in Randers Space

In this section, we will investigate the existence and uniqueness of the solutions of equation
(13), providing a qualitative study of the solutions. Besides, we will obtain the properties
of the surfaces generated by the rotation of the solution curves. Before we prove our results,
we observe that when b = 0, i.e., IV is the Euclidean metric, then the classical result shows
that the unique minimal surfaces of rotation are the catenoids. In fact, when b = 0, the
catenary fo(t) = ¢ cosh(%t + ¢3) is the only solution of equation (13) and the minimal
surface is unique up to homothety. Similarly, in Randers space, if f;(t) is a solution of (13),

1
then h(t) = — fy(a + ct),c # 0, is also a solution. Therefore, the solutions are unique up to
c

homothety.

We will now start analyzing the existence of solutions of equation (13). Since it is a
second order differential equation, it can be written in the form of a system of first order
as:

1 = T2
{ riaQslas) = Pra), (3%)
where z1(¢) = fi(t) and z4(t) = @1(¢),
Py(r2) = (1+23)(1 = 0" + 23)[1 = b + (1 — 36%)a3), (36)
and
Qp(z2) = (1 —b* + 23)[1 + 26% + (1 — 3b%)z3] + 3b 3. (37)
Remarks:

1) For 0 < b < @ the polynomials P, and @, given by (36) and (37), respectively, are
strictly positive.

2) For 53§ < b < 1, we have:

i) Py(£N1(b)) =0, where

Nih) =\ (39)

il) Py(z2) > 0 (resp. < 0) if and only if |z3] < Ny(b), (resp. |z2| > Ny(b)).
iii) Qp(£N2(b)) =0, where

1 — b2 4 3b% + b2/12 — 1202 + 9b*
Ny(b) = \/ :

32 -1 (39)
iv) Qp(z2) > 0 (resp. < 0) if and only if |zo| < Na(b) (resp. |za| > Na(b)).
v) 0 < Ny(b) < N3(b) for every b, 5@ <b< 1.
3) There are no solutions for equation (13), when @ < b < 1 and the initial conditions

are given by f3(0) = a # 0, f{(0) = d, with |d| = Ny(b).

10



The last remark follows from the fact that Qp(+N2(b)) = 0 and Py (£N3(b)) < 0. Due to
the remarks above, we will consider the study of equation (13) in two cases, depending on
the value of b, namely:

Case 1: 0<b < 5@, with initial conditions f;(0) = a > 0 and f{(0) =d € R;

Case 2: @ < b < 1, with initial conditions f;(0) = a > 0 and f;(0) = d where |d| # N(b).

Since we are interested in rotational surfaces, without loss of generality we are considering
f5(0) > 0. In those conditions, system (35) is equivalent to

fl = X2
{ i _ Pb(;fz)
? 21Qp(22)

The following lemmas provide information on the solutions of equation (13).

Lemma 6 let 0 < b < 5@, and fy(t) be the solution of the equation (13) defined on the
mazimal interval J, satisfying the initial conditions f,(0) = a > 0, f](0) = d, where d is an
arbitrary constant. Then:

(1) ) f'(t) >0,Vt e J;

(ii) there exists t; € J such that fi(t1) = 0;

(iii) The function f, is symmetric with respect to the straight line t = ;.
. Q iy Pb(fé)
Proof: Since fy(t) f{'(t) = (1))
fore, @ > 0 implies that f;(¢) > 0in J and hence f'(t) > 0, i.e. fi(t) is increasing in .J.
The maximality of .J implies the existence of t; such that f/(¢;) = 0.

In order to prove item (iii) we define the functions

g+ (t) = it +t1), g-(t) = fi =t +11).

The functions g4 satisfy equation (13) with the same initial conditions. By the theorem

of existence and uniqueness of solutions of ordinary differential equations, it follows that

g— = g+. Therefore, f; is symmetric with respect to the straight line ¢ = ¢;. |
The following lemma folllows immediately from (13):

, Vt € J, then property (i) follows from Remark 1. There-

Lemma 7 Let b, 53@ < b < 1,and fi(t) be the solution of the equation (13), with initial
conditions f;(0) = a > 0, f{(0) = £N;(b). Then f3(t) = £N;(b)t + a.

Lemma 8 Let b, @ < b < 1, and fy(t) be the solution of the equation (13), defined on
the mazimal interval J, with initial conditions given by f,(0) = a > 0, f](0) = d, where
|d| < Ny(b). Then

(i) |fé(t)| < Nl(b)7 VieJ;

(i) () f7(t) >0, Vie J;

(iii) J = (—o0,00);

(iv) there exists t; € J such that fj(t;) = 0;

(v) fu(t) is symmetric with respect to the straight line t = t;;

(vi) the curve fy(t) does not intersect the line sign(d) Ny(b)t+a, Vt #0,
where sign(d)=1 (resp. -1) when d > 0 (resp. d < 0).

11



Proof: Since f,(0) = ¢ > 0 and f(0) = d, with |d| < N;(b), it follows that in a neighbor-
hood I of t =0, |f{(t)| < N1(b). Therefore, as a consequence of Remark 2 we have

By (f1(t) > 0 and Qy(f1(t)) > 0, Yt € I.

We want to prove that I = .J. Otherwise, there would exist ¢ in the boundary of I, where
fi(to) = £N1(b). By the uniqueness of the solution of the equation (13) f; would be the
linear solution, which contradicts f/(0) = d, and |d| < Ny(b). This concludes the proof of
(i) and (ii).

The properties (i),(ii), Lemma 7 and Remark 2 imply that J = IR. In fact, one proves
easily that the set J = {t € R; f3(t) > 0 and |f}(t)| < Ny(b)} is a non empty open set
whose complement is also open.

The proofs of (iv) and (v) are analogous to the proofs of ii) and iii) of Lemma 6. The
property (vi) holds, otherwise there would exist tq € J\ {0} for which f](to) = sign(d) N1(b)
which contradicts (i). ]

Lemma 9 Consider 5@ < b < 1 and fi(t) the solution of equation (13), defined on the
mazimal interval J, with initial conditions given by f,(0) = a > 0, f7(0) = d, with N1(b) <
|d| < Na(b). Then

(1) Ni(b) < [f5()] < No(b), Vi€ J;

(1) fir(t) fi'(t) < 0,Vt € J;

(iii) the curve fy(t) fort € J\{0} is contained between the lines N1 (b)t+a and Ny (b)t+a

when d > 0 and between the lines —N3(b)t + a and —N1(b)t + a when d < 0.

(iv)J is a bounded open interval.

Proof: (i) follows from Remark 3 and Lemma 7. As a consequence of (i) and Remark 2

ii) and iv) we have that f; f; < 0in J. When d > 0, then the curve f3(t), t € J, does not

intersect the lines N;(b)t + a. In fact, for ¢ close to the origin, we have Ny (b)t+a < fi(t) <

Ny(b)t + @ when t > 0 and Ny(b)t + a < fp(t) < Nq1(b)t + a, when ¢t < 0. Since the curve

is concawe7 assume there exists tg > 0 (resp. to < 0) such that f;(to) = Ni(b)to + a (resp.

fb(to) Ny (b)to + a), then there exists ¢ty < to (resp. t1 > tg), such that f;(t1) = Ny (resp.
fi(t1) = N3), which is a contradiction. Similarly, when d < 0, one shows that the curve
fo(t), t € J, satisfies —No(b)t + a < fi(t) < —Ni(b)t + a, for t > 0 and —N;(b)t + a <
fo(t) < Ng( )t + a, for t < 0.

We now prove that .J is a bounded interval for d > N;(b) > 0. Otherwise, since f;’ <0
there exists tg > 0 such that fj(tg) = 0, hence there exists t;, 0 < t; < to such that
fi(t1) = Ny(b) which is a contradiction, due to Lemma 7. Therefore, J is bounded from
above. In order to show that J is bounded from below, we observe that from (iii) we have
fo(—a/N1(b)) < 0, hence there exists ty, —a/N;y(b) < t; < 0 such that fy(t;) = 0 which
contradicts ii). Similarly one proves that J is bounded when d < 0. a

Lemma 10 Consider @ < b < 1 and fi(t) the solution of equation (13) defined on the
mazimal interval J, with initial conditions f,(0) = a > 0, f{(0) = d, with |d| > Ny(b).
Then

(1) |fi()] > Na(b), VE€ T ;

(i) fo(®)ff (@) >0, Vee J ;
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(iii) the curve fy(t) fort € J\ {0} does not intersect the line sign(d) Ny(b)t + a.
(iv) J is bounded from below (resp. above) when d > N3(b) (resp. d < —Ny(b)).

Proof: We will prove the lemma for d > 0. The case d < 0 is analogous. Since d > N;(b), it
follows that fj(t) > Na(b) in a neighborhood of the origin and due to Remark 3 it does not
reach Ny(b) in J. As a consequence of (i) and Remark 2 ii) and iv) we have that f; f’ > 0
in J.

From the initial conditions, we have that a + No(b)t < f3(¢t) when ¢ > 0 and f3(¢) <
a+ N3 (b)t when t < 0 for t € J sufficiently close to the origin. Assume there exist ¢, < 0 in
J, such that f3(¢1) = Na(b)t; +a. Then there exists to, £ < to < 0such that f/(to) = No(b)
which contradicts (i). Therefore, property (iii) holds.

Assume J is not bounded below, since d > N3(b) and f/’ > 0 in J, there exists t; < 0
such that f/(to) = 0. Hence there exists ¢, to < t; < 0 with f/(¢1) = Na(b) which again
contradicts (i). m]

Now we can present the result on the existence and uniqueness of minimal surfaces of
rotation, forward complete, in Randers spaces (V3, F;), for each b, 0 < b < @

Theorem 11 Up to homothety, there is a unique minimal surface of rotation in Randers

space (V3,Fy), for 0 < b < 5@ Moreover, the minimal surface is embedded, forward

complete, symmetric with respect to a plane perpendicular to the rotation axis and it is
generated by a concave plane curve.

Proof: It follows from Theorem 4 that the rotation surface ¢;(t,8) = (f3(t) cos 8, f3(t) sin 8, ¢)

is minimal if and only if f; is a solution of the equation (13). Without loss of generality,
due to Lemma 6 ii) we may consider initial conditions f;(0) =a > 0 and f{(0) = 0. Let .J
be the maximal interval where f; is defined.

Now, in order to show that ¢ is forward complete we consider an arbitrary divergent
curve 7 : [0,00) — M, given by v(s) = (f5(¢(s)) cos@(s), fo(t(s)) sin 0(s), t(s)).

Since the curve is divergent, it follows that the length of the vector v(s) in Randers
metric is unbounded when s — oco. Therefore, the euclidean length |y(s)] — oo when
5 — 00.

If J =(—w,w), w < oo, then tgl}tlwlfb(t” = oo, and

/OT {,/ :%fb(t(s) + bt’(s)} ds

| F(t(r))| + b2 (r) = [£5(2(0))] = b£(0).

| Frends = /N L 500) +[fb(t(S))O’(S)]2+t’(8)2+bt’(8)}dS

v

v

r

Therefore, it follows from (8) and the unboundedness of | f3| that Lr(y) = lim F(+/'(s))ds

— 00
0
oo , i.e. the immersion is forward complete.

13



Similarly, in the case J = (—o0, 00) we observe that

/OT t'(s)ds

[£(r)| + bt (r) = [£(0)] — b£(0).

v

| rere)s

—I—b/ t'(s)ds
0

v

We conclude that Lg(y) = oo, since |t(r)| + bt(r) — oo when r — co. The embeddedness,

the symmetry of the surface and the fact that the curve generating the surface is concave
follows from (i) and (iii) of Lemma 6.

O

In our next results, we consider the minimal surfaces of rotation in Randers space

(V3, Fy), where 3@ <b< 1.

Theorem 12 Up to homothety, there exists a unique, forward complete, minimal surface
of rotation in the Randers space (V3 F,) for @ < b < 1. The surface is embedded,
symmetric with respect to a plane perpendicular to the rotation axis and it is generated by

a concave plane curve. Moreover, the curve (0, fy(t),t) generating the surface is such that

| fo(8)] < Ni(b), Vi
The proof of this theorem will be a consequence of two propositions:

Proposition 13 Let (V3 F;) be the Randers space, where @ < b < 1. The minimal

surfaces of rotation generated by the curve (0, fy(t),t), where f, is a solution of equation
(13) with initial condition f,(0) = a > 0 and f{(0) = d, with |d| > Ny(b) and |d| # N3(b)
are not forward complete. In particular, when d = £Ny(b), then the minimal surface is a
cone generated by the straight line fy(t) = £N1(b)t + a.

Proof: If d = £N;(b), then it follows from Lemma 7 that the minimal surface is a cone
(punctered at the vertex), which is not forward complete.

If Ny(b) < |d| < No(b), then Lemma 9 implies that the solution of (13), satisfies Ny (b) <
|f1(t)] < Nz(b),¥t € J, where J = (w_,wy) is the bounded maximal interval. Let us
consider the divergent curve on the surface v(¢t) = (f3(¢),0,%), t € (w—,0). The length of v
is given by

0
Lr(y) = tgrg t [ 1+ fi(t)? + b] dt < — [ 14 (Na(b))2+ b] w_ < oo.
Therefore, the minimal surface is not forward complete.

If d > Ny(b), let fy(t) be the solution of (13), defined on the maximal interval .J, with
initial conditions f;(0) = @ > 0 and f{(0) = d. From Lemma 10, J = (w_,w;) where
—00 < w_ < 0. Moreover, f{’(t) > 0, hence Ny(b) < f{(t) < f/(0) =d, forallt <0in J.

Now we consider the divergent curve v(¢) = (f3(¢),0,%),t €Jw_,0[, on the surface gen-
erated by v. Then

Lp(y) = lim 0[ 1+ fl(t)2 + bldt < —[V1+4d? + blw_ < 0.

t—w_ t
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We conclude that the surface is not forward complete. Similarly, one proves the non com-
pleteness when d < —N3(b) < 0. ]

We observe that the minimal cones of the above result converge to a cylinder when
b — 1, since %1_)11% Ny (b) = 0.

Proposition 14 Let (V3, F;) be the Randers space, where @ < b < 1. The minimal

surfaces of rotation generated by the curve (0, f3(t),t) where f, is a solution of equation
(13), with initial conditions f,(0) = a > 0, f/(0) = d, where |d| < Ny(b) are forward
complete.

Proof: From Lemma 8, f; is defined on (—o0,00). Since y(s) is a divergent curve, the
length of v(s) in the metric F,, 43 and hence in the Euclidean metric is unbounded. Hence
ILm \/fb2 (t(s)) + t?(s) = oo, therefore li)m |t(s)| = co. We will compute the length of v(s).
Observe that F(v/(s)) > [t'(s)| + bt'(s).

Therefore

Lr(y) = lim 7nF(’y’(s))dsZ lim {

r—r0o0 0 r—r00

/07” t'(s)ds

Since v is an arbitrary curve we conclude that the rotation surface is forward complete.
O

+bi(s)fs | = oo

Theorem 12 follows from Propositions 13 and 14. The embeddedness and symmetry
of the surface, as well as the upper bound for the inclination of the tangent line of the
generating curve, follow from Lemma 8.

As a consequence of Theorems 11 and 12, we obtain our main result, Theorem 1 stated
in the Introduction, on the existence and uniqueness, up to homothety, of a minimal surface
of rotation, forward complete, on a Randers space (V?2, F}), for each 6,0 < b < 1.

We conclude by observing that the differential equation which characterizes the minimal
surfaces that are graphs of functions on a Randers space were obtained in [So] and it will
appear elsewhere. Finally, we want to thank Z. Shen for the series of lectures on Finsler
geometry, while he was visiting the University of Brasilia.
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