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Abstract

We consider Finsler spaces with a Randers metric ' = « + 3, on the three-
dimensional real vector space, where « is the Euclidean metric and S is a 1-form
with norm b, 0 < b < 1. By using the notion of mean curvature for immersions in
Finsler spaces, introduced by Z. Shen, we obtain the partial differential equation
that characterizes the minimal surfaces which are graphs of functions. For each
b, 0 < b < 1/4/3, we prove that it is an elliptic equation of mean curvature type.
Then the Bernstein type theorem and other properties, such as the nonexistence
of isolated singularities, of the solutions of this equation follow from the theory
developped by L. Simon. For b > 1/4/3, the differential equation is not elliptic.
Moreover, for every b, 1/4/3 < b < 1 we provide solutions, which describe minimal
cones, with an isolated singularity at the origin.

1. Introduction

A classical result of S. Bernstein states that the plane is the only regular minimal surface of
IR?, which is the graph of a C?-function defined on the whole plane. This is a consequence
of the partial differential equation which characterizes such surfaces. Many properties of
the minimal surfaces can be atributed to the form of this equation. A major contribution
to the theory of such equations was given by L. Simon [S1,52], who considered the class
of equations of mean curvature type. The pioneering work in this direction was done by
R. Finn [F], who considered the equations of minimal type. Later other important results
were obtained by Jenkins [J], Jenkins-Serrin [JS] and Spruck [Sp].

The theory of minimal surfaces in Finsler spaces is quite recent. Actually, the first non
trivial examples of such surfaces were studied in [ST]. The fundamental contribution on
this subject was given by Z. Shen in [Sh1]. He introduced the notion of mean curvature
for immersions into Finsler manifolds and he established some of its properties. As in the
Riemannian case, if the mean curvature is identically zero, then the immersion is said to
be minimal.
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The main purpose of this paper is to prove a Bernstein type theorem in a three-
dimensional vector space, equipped with a Randers metric. This metric can be viewed
as the simplest possible perturbation of the Euclidean metric in a fixed direction. This
perturbation has a norm b, where 0 < b < 1 (b = 0 being the Euclidean case).

Our main result follows from the partial differential equation that characterizes the
minimal surfaces, which are graphs of functions, in this Randers space. We show that for
each b, 0 < b < 1/+/3, this equation is an elliptic differential equation of mean curvature
type. Then the Bernstein type theorem in this Randers space follows from the theory
developped by L. Simon for such equations. Similary, as a consequence of this theory, one
gets several results for the solutions of the equation such as a-priori gradient estimates, a
Bers-type theorem concerning the limiting behaviour of the gradient of solutions defined
outside a compact set, a global Holder continuity estimate for solutions which continuously
attain Lipschitz boundary values and a theorem concerning the removability of isolated
singularities.

When b > 1/ /3, the differential equation is not elliptic and one does not know if the
Bernstein type theorem holds. However, one can show that the property of nonexistence
of isolated singularities does not hold. In fact, for each b, b > 1/+/3, we provide a minimal
cone with an isolated singularity at the origin.

We conclude this introduction by pointing out that the differential equation is sensitive
to the fixed direction in the Randers space. In fact, a minimal surface which is the graph
of a function f over a certain plane may not be minimal as a surface obtained as the
graph of f over a different plane (see Examples in Section 3).

2. Preliminaries

We will follow the notation and terminology of [Shl] and [ST], and we will make use of
the following conventions: we will use Greek letters 7,7, € for indices running from 1 to n,
and Latin letters i, 7, k, [ for indices running from 1 to n + 1. We will also use Einstein’s
convention, i.e., in general we will not write the symbol of the summand to represent the
sum on repeated indices.

Let M™ be a C'*° n-manifold, and # : TM — M be the natural projection from
the tangent bundle TM. Let (z,y) be a point of TM, x € M,y € T,M. We consider
local coordinates (x!,...,2") on an open subset U of M. As usual, /02" and dz’ are
the induced coordinate basis for T, M and T;M and (z¢,y%) are local coordinates on
7 Y(U) € TM, where y = 4'9/0x*. A function F : TM — [0,00) is called a Finsler
metric on M if F has the following properties: [i] (Regularity) F' € C* in TM \ {0}; [ii]
(Positive Homogeneity) F(z,ty) = tF(z,y), Vt > 0, (x,y) € TM; [iii] (Strong Convexity)
9= (9i(z,y)) = (%[FQ(x, y)]yiyj) is positive definite at each point of TM \ {0}. The pair
(M, F) is called a Finsler space.

Examples of Finsler manifolds are Minkowski spaces and Randers spaces. Denote by



V™ the standard n-dimensional real vector space. A Minkowski space is V™ equipped with
a Minkowski norm F' (whose indicatrix is strongly convex), i.e., F'(x,y) depends only on
y € T,V™. A Randers metric on M is the Finsler structure ¥’ on T'M given by

F(z,y) = a(z,y) + B(z,y),

where a(z,y) = \/ai;(z)yiyi, B(z,y) = be(z)y*, and a;j, a¥ are the components of the
Riemannian metric and of its inverse matrix respectively and b, are the components of

the 1-form (3, whose norm b = |/a%b;b;, satisfies 0 < b < 1.
If (M™, F) is a Finsler space, then F' induces a smooth volume form defined by

dpp = o(z)dz' A ... A dz"
where
vol (B™)
vol{y € T,M; F(z,y) <1}’

B™ is a unit ball in IR"™ and vol is the Euclidean volume.

o(z) =

Let (]\7’" ~) be a Finsler manifold, with local coordinates (Z',...,2™) and let ¢ :
M" —s (M™,F) be an immersion. Then there is an induced Finsler metric on M,
defined by

F(z,y) = (¢"F)(z,y) = F(p(2), 0:(y)), ¥ (z,y) € TM.

The notion of mean curvature was introduced by Z. Shen (see [Sh1]) as follows. Let
p:M" — (Mm F) be an immersion in a Finsler space and let ¢; : M" — (Mm F),
t € (—¢,¢€) be a variation such that for all ¢ ¢; is an immersion, ¢y = ¢ and ¢, = ¢ outside
a compact set 2 C M. Then F; = gotF denotes the induced metric of the variation and
o Op

X =——

T ——|4=0 is the variational vector field. Consider the function V(¢ / dpp,. Then

0) = [ Ho(X)dpur,

where #, is called the mean curvature of the immersion ¢. One can show that #,(v)
depends linearly on v and #,, vanishes on ¢, (T M) (cf. Lemmas in [Sh1]). The immersion
¢ is said to be minimal when H, = 0.

From now on, we will consider hypersurfaces in a special Randers space ¢ : M" —
(V"Jrl Fb) where V is a n + 1-dimensional real vector space, F, = a. + 3, where « is the
Euclidean metric, and § is a 1-form with norm b, 0 < b < 1. Without loss of generality
we will consider 3 = bdz"*!. If M™ has local coordinates * = (z°), € = 1,---,n, and

o(x) = (gpz(xf)) c ‘N/, t=1,---,n+ 1, we consider the application

vol(B™)

Flx,z) = m,

(1)



where z € M,

) &pi
— ¢ — 2
== (52). @)
B™ = unitary ball in IR" and

D:vl = {(ylayza“'ayn) € R" ‘ F(CE, yazo‘lm) < 1}’ (3)

where z, = 0p/0z®.
The induced volume element of (M, F') is given by

dVp = F(z, z)dxz, (4)

where F(z, z) is given by (1).
The Euclidean volume of D7 is given by

| B™
vol DZ = v n+1 ’

(1 - bQA”z’;“zZ}“) > VdetA

where
n+1 o
A=) = (L), 6
=1

and (A7) = (A,,)”". Tt follows from (4) that the volume form dVj is given by the
following formula ([Sh2])

dVp = (1—0?A7 2712 "+1) ' VdetAds' - (6)

The mean curvature #,, is given by (see [Shl])

Ho(v) = 1{ PF Py OPF oy  OF v
PN F | 02104 0xc0xn - 079021 0z 9% [
Observe that whenever (V| F') is a Minkowsky space, the expression of the mean curvature
reduces to . PFE P
(p .
= — . ’L. 7
Holv) = 7 {azgaz% D0 }” @)

3. The differential equation for a minimal surface which is the graph of a
function

In this section, we recall the differential equation which characterizes the minimal hy-
persurfaces M™ in the Randers space (V™! Fy). We then restrict ourselves to surfaces
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immersed in V2 and we obtain the differential equation which characterizes the minimal
surfaces which are the graph of a function.

Theorem 1 [ST] Let ¢ : M™ — (V™" F}) be an immersion into a Randers space, with
local coordinates (¢’(z)). Then ¢ is minimal, if and only if, it satisfies the differential
equation

C+

{(n2—1)a_BaB n+tl ac
02107} 823 0zt 32‘2 0z)

0B #B . 0BOC  9BIC

a-5)

0°C 0?¢l . -
1— B 2 _ t_ 0 \v/ — gt ’ Vn+1
+ ) 6,2282%} axfaxﬂv ’ vEve € ’
where
= VdetA, B=0A"Z" 2" (9)

{e;} is the canonical basis of V™", 2t is given by (2), A is given by (5).

In what follows, we will restrict ourselves to studying minimal surfaces in the three-
dimensional Randers space. As a consequence of the above theorem one has the following
result.

Theorem 2 [ST] Let ¢ : M2 — (V3, F}) be an immersion given in local coordinates by
(©7(x)). Then ¢ is minimal, if and only if, it satisfies the differential equation

{12E2—(2E+02) oC oC  3C O°E 3<2E 02> (ao OF 608E>

C(CT—E) 0704 2 0404 o 9702 0207
3¢ OEOE (2E+C?) °C? | &Py | S
TN B osiod T 20 04pn [ w0 VUSUEEVS
(10)
where z = (2%) and C are defined by (2) and (9) respectively, and
3
=" (1) kR F=0m0+ 26,1 (11)

We observe that in (11) we have introduced the notation E = C?B and 7, which
means 7 =l ifr=2and 7=2if 7 = 1.

In our next results, by considering the immersion to be a surface which is the graph of
a function f, we obtain the differential equation that characterizes such minimal surfaces.
We will first consider the special and important case, obtained in [S], when the surface
is a graph over the zzy-plane (observe that we have chosen 5 = bdzs in the Randers
metric) and then we will consider the general case when the surface is the graph over any
plane.



Theorem 3 An immersion ¢ : U C IR> — (V3, Fy) given by ¢(21, z2) = (1, 2, f(x1,22))
1s manimal, if and only if, f satisfies

z:{na;-%%(&-j?§>+3#Hkuﬂ%%?}&q=0, (12)
ij=1,2

where
W?=1+f2 +f2, T,=b"+(1-b)W (13)

Proof: In order to obtain equation (12), we need to compute the expressions involved
in (10) for the immersion ¢. One computes the first and second order derivatives of C,
det A and E with respect to the variables z}, 1 < ¢ < 3,7 =1,2 (see also [ST]).

From the expression of ¢ and (5) we have that

{1+ 2 faifa _ _
A_<hﬁ21+i>’ C=VdetA=W, (14)

where W is given by (13). We now consider the vector field

v = (1}1,’02,?)3) = (_lea _f:ma 1)a

which is linearly independent with ¢,, and ¢,,.
By using the first and second order derivatives of C', det A, E, and the fact that
0%¢? |0z 0z, = 03 fz.a,, a straightforward computation implies that

oC
- = : 1
az;“ 0, Ve; (15)
E .
gzi vt = 2b2(551fw1 + 552f$2), Ve; (16)
R — 1 el1l 2 el2 . 1
024 03,01, W , V& (17)
OF 02y
14 = 2b2 [f;vlfwawl + fwszawz] s VE, (]_8)

8—z% 0z.0,

FE ¢ 2 2 2
- t=2 1 ToTo2 2 1o T122 1 T 1T | 3 1
0zL02 (%gaxnv b [( + fa) fas JorJosJrrar + (1 f,)f ] (19)

10%detA 0%
_ . t=1(1 2 zm_Qz o o 1 2 o | 20
¥ PrEE (U4 12) fases = 2o frsFrras + (L4 12,) faren (20)

where 1 <4, <3,1<¢e,n< 2.




As a consequence of (15) and the definition of E, equation (10) reduces to

3C ’E 3 [2E-C? @8E+ 3C aEa_E+

2 025022 2\ C?>—FE ) 820z 4(C?>—E) 02! 9)

(21)
2\ 52 2,0
+(2E+C’)6d.et/.1 0 i 0.
2C 8z%8zg o0xeoxn

It follows from (5), (9) and (14), that B = b*(W? — 1)/W?. Therefore,

2E —C? 2T, —W? 3¢ 3w 2E +C? 2T, — 3W? (22)
C2—E T, 4(C?2 - E) 4Ty’ 2 2w

where T}, is given by (13). Now it follows, from (15)-(20) and (22), that equation (21)
reduces

Ty(Ty = 36%) [(1+ f2) frses = 2farFasForms + (L F F2) Foias| +

+362(Ty + V) [£2 Forer + 2Fis FooForas + £, Frnan] = 0.

This concludes the proof of the theorem, since this equation is equivalent to (12).
O

Our next result will provide the differential equation which must be satisfied for a
minimal surface which is the graph of a function over any plane of V3.

Theorem 4 An immersion ¢ : U C IR*> — (V3, F,) which is the graph of a function
f(x1,m2) over a plane of V3 is minimal, if and only if, [ satisfies

2
e fwfz 27172 /77 2 9 fw f:c
Ty(Ty — 3b°w?) (6 — L) + 38 WA(T, + b*w?) (ki + ~w)(kj + S2w) p fagz; = 0.
i,jz_l { W2 W2 J W2 J
(23)
where W? is defined by (13), k; are real numbers such that >0 k> =1, and
W=~k fo, — kofu, + ks, Ty =0"w?+ (1 -2 )W2 (24)

Proof. The proof is similar (although lengthier) to the particular case proved in Theorem
3. Assume that the immersion ¢ is a graph of a function over an open subset of a plane
of V3. Then ¢ is a function of the form

(71, 72) = (21,22, f(x1;1'2))(mij)a (25)

where (m;;) is a 3 x 3 orthogonal matrix, (z;,z9) € U C IR? and the surface is a graph
over the plane mgz + mgay + ms3z = 0.



We need to compute the expressions involved in (10) for the immersion ¢. The first
and second order derivatives of C, det A and E with respect to the variables zf,, are those
computed in the proof of Theorem 3.

From (5) and the expression of ¢ given by (25), and since the matrix (m;;) is or-
thogonal, we have that A and C are given by (14). We now consider the vector field
v=(v',v%v?)

V' = —frmy — fo,Moi + M,

which is linearly independent with ¢,, and ¢,,.
Observe that

z:’ = a—xn = My; + fznmgi, m = fzszc,,m3i- (26)

Moreover, for all 1 =1,2,3 and n,v,e = 1,2

o 3 3 3 82(pi
ZZ,Z]?J% =0, szm&' =1, sz]m?n' = fz,,, Z Z; L0z = fwyfzawn-

By using the first and second order derivatives of C, det A and F, a straightforward
computation implies that

oC .
= ; 27
azév 0, VS, ( )
E .
0 = 21)2(231455 — ZgAEg)w, Vg; (28)
o0zt
[ — 1 ell 2 el V . 29
0z} 0x.0xy W » VE; (29)
OE 0%y
- =92 2 T LT Zo Tez2) ) \v/ : 30
97 Du-on, 0% [(for + k1) freay + (fan + ko) fora] , Ve (30)
0’E  9%¢)
. =92 !l 2 _ 2 ‘
97107 00.02," 2 L+ 72 = k(bW + foyw)] o,

— [(U+ k) fon fa + krkaW? + kiks fo, + koks foy + kiko] forey  (31)
+ [1 + fa%z - kl(k1W2 + lew)] f$1$1} ;

10%detA 9*¢?

vt = (1+ fg?l)fwzm — 2y for farmy + (1 + ig)f-fclwl’ (32)

where w = v? is given by (24) and we have introduced the notation k; = my3, fori = 1,2, 3.



As a consequence of (27) and the definition of F, equation (10) reduces to (21). It
follows from (5), (9) and (14), that

b2 2 2

Therefore,
2E —C* 2T, — W? 3 3W 2E+C* 2T, — 3W? (33)
cC:—-E T, 4(C?2—E) 4Ty’ 20 2W

where T} is given by (24). Now it follows from (27)-(32), (33) and the fact that ks =
w + fz, k1 + fz, ko that equation (21) reduces to (23).
O
Observe that when k; = ks = 0 and k3 = 1, then equation (23) reduces to (12).
Moreover, when b = 0 both equations reduce to the classical equation of a minimal
surface in IR®, which is the graph of f.

Examples: A surface which is the graph of a linear function f(z1,z2), is minimal Vb, 0 <
b < 1. Moreover, one can verify, that for any b such that 1/4/3 < b < 1, the cone

(fﬂl, T2, \/(3b2 _11)_(22 * 35%)) ’ (34)

where 22 + 22 # 0 is a minimal surface in (V3, F}), since it satisfies (12). In par-
ticular, (1,9, 1/2? + 23), is a minimal surface, when 4> = 1/2. However, the cone

(m1,1/2? + 23, 25), is not a minimal surface in this Randers space. In fact, by considering
ki = ks =0, ky = 1 and b*> = 1/2, one shows that the left hand side of (23) is always
positive.

For a fixed plane of V3 of the form viz; + voze + v3z3 = 0, where Y, v? = 1, the
minimal graphs over subsets of this plane are the solutions of equation (23), where k; =
mas, ko = mog, ks = vz and (m;;) is an orthogonal 3 x 3 matrix such that ms; = vy and
m3o = V2.

It is not difficult to prove that, for 0 < b < 1/ V/3, equation (12) is an elliptic equation
of mean curvature type, as defined by L. Simon [S1]. In fact, one can show that for such
a b, one has Ty > 0 and T, — 3b* > 0. Hence, (23) can be written as

Jai fo;

Z aij (T, f,Vf) friz; =0, where a;; =6+ (Sp—1) 5 (35)
ij=1,2 W
and
g _ 3% (T, + b?)
" T(T, - 302)
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It is simple to verify that for all ¢ € IR?\ {0}, z, p € IR* and z € R,

€ ( \p|25’b(p)> 2
0< < aij(r,2,p)6& < |1+ ——5 | [€]”
1+ |p|2 i,jZI,Q ]( ) J 1+ |p|2 | |

Therefore, (35) is an elliptic equation. Moreover, one can show that for b fixed, there
exists a constant C > 0, such that Sy(p) < C/W?(p) and ¥, 4i;(p)&&; > [€12/W?(p)
where

60) = 0 = g s (36)

Therefore, for all (z, z,p) € IR° and & € IR?

(p-&)° (p-&)°
e < T aulemmieg < 040 (e - )

€1° =

i.e., (12) is an elliptic equation of mean curvature type.

Our next result proves the general case, i.e. that for 0 < b < 1//3, the differential
equation of a minimal surface, which is the graph of a function in (V3 F;), (23), is an
elliptic equation of mean curvature type.

Theorem 5 Let ¢ : IR? — (V3, F,) be an immersion which is the graph of a function
f(z1,25) over a plane. If 0 < b < 1/4/3, then ¢ is minimal, if and only if, f satisfies the
elliptic differential equation, of mean curvature type, given by

Z aij(xv f7 vf)fwﬁj = 07 (37)
i,j=1,2
where Iy F f
aij = 0ij — ”;ij + QW? (kz + V[j;w> (kj + M’;gw) : (38)
36%(Ty + b2
Q= ltl) (39)
Ty (T, — 3b?)

w and Ty, are given by (24) and k;, i = 1,2, 3, are real numbers such that >; k? = 1.

Proof. From Theorem 4, ¢ is minimal if and only if f satisfies (23). Since 0 < b < 1/V/3,
it follows that T, > 0 and

Tb — 3b2w2 > Tb —w?= (1 — bQ)(I/V2 — w2).
One can see that
VV2 — w2 = (kazcl — klwa)Q —+ (kl + k3fz1)2 —+ (kQ + kgfw2)2.

Therefore, T, — 3b%w? > 0. Dividing equation (23) by —T3(Tj — 3b*w?)W?2, we get (37).
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With the notation introduced in (36), we observe that for all ¢ € IR?

1€

Z gzg ngj (1 + |p\2sm 0) (40)

,j=1
where 6 is the angle function between p and £&. Moreover,

2

> ag(e 2 p)E = 3 b + QW (ki ko) €+ %p -] (41)

B,j=1 1,j=1

where - is the Euclidean inner product. Therefore, since @ > 0, for all ¢ € IR?\ {0}, we
have ,
S
S (e np)es > Y Gl > Lk >0, (42)
ij=1,2 ij=1
where the second inequality follows from (40). Therefore, (37) is an elliptic equation.

In order to prove that it is a differential equation of mean curvature type, we need to
show that there exists a constant C such that, for all (z, z,p) € IR® and ¢ € IR?,

2 2
Z zj(x 20y 615] < Z azg T,z p)glé-j = ( ) Z Eij(maz,p)é-ié-j- (43)
1,j=1 1,j=1 =1

The first inequality was obtained in (42). In order to prove the second inequality, it
follows from (41), that we only need to prove that there exists a constant C such that

2

QW (ks k) - €+ - g] <CY byl 2 p)Ec;, (44)

ij=1
where w = —ki1p; — kops + k3.
From (24) and (39) we have that
30°[(1 — b*)W?2 + 20%w?|
(1 —=0H)W?2 4 p?w?|[(1 — b2)W?2 — 2b%w?]

Qb =
and it follows from (40) that

2 [W2|(k1, ks)| cos v + wlp| cos O]

W2 |(ky, k
(ks o) - £+ 373 1+ [p|2sin® 0

p-£€

Z lij(2, 2, p)&i;,

4,j=1

W2

where 7y is the angle between (k1, ko) and £. Hence, we need to show that there exists a
constant C such that

[W?2|(k1, k)| cosy + w]|p| cos ]?

@ 1+ |p|2sin? 0

<c. (46)
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Observe that W? > 1. When W2 = 1, i.e., p = 0, the left hand side of (46) is less than
or equal to the real number Q4(0)(kf 4+ k3) > 0. Whenever W? > 1 and sin§ = 0, then
p # 0 and the vectors p and & are parallel. Hence,
[W2 |(k1, k2)| cosy + w|p| cos 0]2 = [|(k1, k2)| cosy + ks|p| cos 0]

Therefore, the left hand side of (46) is a rational function of |p| whose numerator is of
degree less than or equal to 4, and denominator is of degree 4 and hence it is a bounded
function when |p| (or equivalently W) tends to infinity. Whenever W2 > 1 and sin # 0,
then p # 0 and the vectors p and £ are not parallel. Hence, the left hand side of (46)
is a rational function of |p| whose numerator is of degree less than or equal to 6, and
denominator is of degree 6 and hence it is a bounded function when |p| (or equivalently

W) tends to infinity. This completes the proof of the inequality (46).
a

We observe that when b = 1/y/3 equation (12) is not elliptic. In fact, in this case, the
equation reduces to 3; ;19 Cijfez; = 0, where

[ fa; Jai fa;
W2

2V
- W2

Cij 3 )+ (4+2|VfJ)

2
(1+ §|Vf|2)(5ij -

Therefore, 3, ; ¢ij(x, z,p)&&; is a multiple of |p|* and hence vanishes for p = 0.

As an immediate consequence of Theorem 5 and a Bernstein type theorem proved by
Simon (see Theorem 4 in [S1], Theorem 4.1 in [S2]), we conclude that

Theorem 6 A minimal surface in a special Randers Space (V3,Fy), 0 < b < 1/+/3,
which is the graph of a function defined on IR?, is a plane.

Our next results, provide properties of minimal surfaces in the special Randers space,
when 0 < b < 1/4/3.

Corollary 7 Assume b is in the interval [0,1//3). If there exists a solution of the
Dirichlet problem for a minimal surface which is the graph of a function f in the special
Randers space (V3, Fy), then it is unique.

Consider two minimal surfaces in a special Randers space (V3 ), with 0 < b < 1/ V3,
which are graphs of functions. Assume the surfaces are tangent at a point p, € V3, then
both surfaces can be locally considered to be graphs of functions f(z1,x9) and h(z1,x2)
over the same plane of V3. Let u = f — h be a function defined in the intersection of the
domains of f and h. Then

Lemma 8 The function u satisfies the differential equation

L(u) = Z aij(xv f7 vf)uxzzj + Z Cilly;, = 0, (47)

,J i
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where a;; is given by (38),

2 1 0B ]
;= — E ——(V Vh =V f))dt| hy,g,
’ J=1 l/o opi Vi+H 1) dt ! 48)
and for p = (p1,p2) € R,
Brelp) = ~ 75 + Q)W (k,- + ”—”’V“;ip)) (kz + L;@) , (49)

where Qy(p) is given by (39), W? = 1+ |p|? and w(p) = —kip1 — kopo + k3. Moreover,
L(u) is an elliptic operator.

Proof. Since the graphs of f and A are minimal surfaces, it follows from Theorem 5
that

Zaje(x, [V f)fejz, =0 and Zajg(:c, h,Vh)hgz, =0,

gt gt
where aj, is given by (38). Taking the difference of these two equations, adding and
subtracting the expression 3=, aje(z, f, V f)he;sz,, We get

0= aje(z, f, Voo, + O [Bie(V ) = Bie(VR)] haye,,
7,

gt
where [}, is given by (49). Since

590~ 590 =3 [ DT 4 TR V1), fu)

=1 0

we conclude that

2
3t i=1
where ¢; is given by (48).
O
Since the functions ¢; given by (48) are locally bounded, the following theorem follows

from Lemma 8 and the maximum principle.

Theorem 9 Let M, and M, be minimal surfaces in (V3 F), 0 < b < 1/y/3. If My is
above My near py and internally tangent at py, then My and My coincide in a neighborhood

of po.

Besides the Bernstein type theorem given in Theorem 6, as a consequence of Theorem
5 and the theory developped by L. Simon [S1], one gets several results for the solutions
of the equation of mean curvature type (37); in particular we will list some of these
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results such as a-priori gradient estimates, a Bers-type theorem concerning the limiting
behaviour of the gradient of solutions defined outside a compact set, a global Holder
continuity estimate for solutions which continuously attain Lipschitz boundary values
and a theorem concerning the removability of isolated singularities.

In what follows, it is assumed that Q C IR?, and f is a C?(Q) solution of (37), where
we have fixed k; such that > k? = 1. Let zy denote a fixed point of 2, and let py be
the corresponding point on the surface M which is the graph of f. Let D,(z) = {z €

IR?; |x — z4| < p} and S,(po) = {p € M; |p — po| < p}-
Proposition 10 If D,(zo) C Q, then
sup /1+|Vf]2< fySinf V1+ |V f2,
So/2(v0) #/2(po)

where v > 0 depends only on C of (43). Moreover, if f > 0 on D,(x), then

'V f(xo)| > mexp{raf(xo)/p},

where 1, vo depend only on C.

Proposition 11 Suppose f is defined outside of a compact subset of IR?. Then there is
a vector a € IR? such that V f(x) — a uniformly for |z| — cc.

Proposition 12 A minimal surface in the Randers space (V3,Fy), for 0 < b < 1/v/3,
cannot have an isolated singularity.

We conclude by observing that the above result fails if the condition on b does not hold.
In fact, any minimal cone given by (34), for 1/4/3 < b < 1, has an isolated singularity at
the origin.
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