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Abstract

We study Dupin hypersurfaces in IR® parametrized by lines of curvature,
with four distinct principal curvatures. We characterize locally a generic family
of such hypersurfaces in terms of the principal curvatures and four vector valued
functions of one variable. We show that these vector valued functions are invari-
ant by inversions and homotheties.
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Introduction.

Dupin surfaces were first studied by Dupin in 1822 and more recently by many authors
[1]-]6], [9]-[14] and [16],[17], which studied several aspects of Dupin hypersurfaces. The
class of Dupin hypersurfaces is invariant under Lie transformations [11]. Therefore,
the classification of Dupin hypersurfaces is considered up to these transformations.
The local classification of Dupin surfaces in IR® is well known. Pinkall [12] gave
a complete classification up to Lie equivalence for Dupin hypersurfaces M3 C IR*,
with three distinct principal curvatures. Niebergall [10] and more recently Cecil and
Jensen [6] studied proper Dupin hypersurfaces with four distinct principal curvatures
and constant Lie curvature (the cross-ratio of four principal curvatures).

In this paper we study generic Dupin hypersurfaces in IR, parametrized by lines
of curvature, with four distinct principal curvatures. We obtain a local characteriza-
tion of a generic family of such hypersurfaces (Theorem 3.1), in terms of the principal
curvature functions and four vector valued functions of one variable. The characteri-
zation is based on the theory of higher-dimensional Laplace invariants introduced by
Kamran-Tenenblat [7]-[8].

We consider generic hypersurfaces in the sense that suitable generic conditions on
the Laplace invariants are required. Moerover, assuming that the Dupin hypersurfaces
are parametrized by lines of curvature, we eliminate those which are Lie equivalent
to an isoparametric hypersurface in S°. This follows from Pinkall’s result ([11] see
also [3]), which asserts that if M is an isoparametric hypersurface in S”, with more
than two distinct principal curvatures, then M cannot be parametrized by lines of
curvature. Further, it follows from [6] that if M is a Dupin hypersurface of RS,
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parametrized by lines of curvature, with four distinct principal curvatures, then M is
reducible in the sense of Pinkall or it has non constant Lie curvature.

We observe that if we consider a Dupin hypersurface M™ C R™t!, parametrized
by lines of curvature, with n distinct principal curvatures, satisfying the nongeneric
assumption that all Laplace invariants vanish, we can show that M has constant Lie
curvature. It follows from Pinkall’s [11] and Cecil-Jensen results [6] that, when n = 3
or n =4, M is reducible. This will appear in a forthcoming paper.

In section 1, we recall the main definitions and results on the Laplace invariants.
In section 2, we give some properties of Dupin hypersurfaces with distinct principal
curvatures. In section 3, Theorem 3.1 gives a local characterization of generic Dupin
hypersurfaces in IR® with four distinct principal curvatures. In section 4, we show
that the vector valued functions, which appear in the characterization of Theorem
3.1 are invariant by inversions and homotheties.

The local characterization of Theorem 3.1 is given in terms of the principal curva-
tures A\, and four functions of one variable G, (z,), 1 < r < 4, taking values in R5. We
observe that the principal curvatures A\, change under inversions in spheres centered
at the origin and under homotheties, while the functions G, are invariant under such
transformations. On the other hand, principal curvatures are preserved under isome-
tries of R%, but the functions G, are not invariant under isometries. This is certainly
expected, since parametrizations are not invariant under isometries. Therefore, the
functions G, are not invariant under the full group of Lie transformations of R®.

We conclude this introduction by observing that, although the theory in this paper
has been developped for M* C R®, one can consider a similar theory for hypersurfaces
M"™ C R™*!, in other dimensions n. For example, when n = 3, a similar classification
result can be obtained with the generic condition that one of the Laplace invariants
does not vanish. However, in this case one knows from Pinkall’s result [13], that such
hypersurfaces are reducible. For dimensions n > 4, the proofs get lenghthier as n
increases. We observe that we do not have explicit examples in higher dimensions,
which might help the reader to develop some understanding of the possible forms of
the vector valued functions G,. However, for some known examples, when n = 3, the
functions G, describe plane curves or points.

1. The Higher-Dimensional Laplace Invariants.

In this section we briefly review the theory of higher-dimensional Laplace invariants
[7]-[8] which will be necessary in the following sections. We consider linear systems
of second-order partial differential equations of the form

Y +ahYe+ay,Yi+enYy =0, 1<k#1<n, (1)
where Y is a scalar function of the independent variables zi,zs,...,z,, and the
coefficients a and ¢ are smooth functions of x1, o, ..., z, which are symmetric in the

pair of lower indices and satisfy certain compatibility condit ions. Y; denotes the
derivative of Y with respect to x;.



The general form of system (1) is preserved under admissible transformations

Y = o(z1,29,...,7,)Y (2)
z; = fi(zi), 1<i<n, (3)
where ¢ is a smooth and non-vanishing function and the f;’s are smooth functions

whose derivatives do not vanish. It is easily verified that under an admissible trans-
formation, the coefficients a and ¢ transform according to,

ale = fi |aly + (og @) ] (4)

ar = fife [Clk+a§k(10g‘P),l+Gfk(log90),k+% , 1<k#1<n,

and system (1) transforms into
Y',kl‘l‘c_"l]glyr,k"‘a%cl?,l"i_ékl? =0, 1<k#I[<n.

The higher-dimensional Laplace invariants of (1), introduced in [7], are the n(n —1)?
functions given by

1 i gk 0. 17
ng—aij,i‘l‘aijaij Cij » Myjk = Qg — Q5 k#i,7, (5)

for all ordered pairs (7,5),1 <i#j <n.

Lemma 1.1 The higher-dimensional Laplace invariants of a compatible system (1)
satisfy the following relations: for 1 <i,7,k,l <mn, 1,7k, 1 distinct,

Mijk + Mkji =

Mijk ke — MijkTMjki — Mk =
Mgk T MijeMik + Mg My; =

Mk — Mijl — Mijk =

oo o oo
—_~
o
S—

Mk, 5 T MijiMki + MMk =

The functions m;;, mjj;, are invariant under pure rescalings (2). The expression of
a system (1) in terms of its higher-dimensional Laplace invariants is given in the fol-
lowing result proved in [8].

Theorem 1.2 Given any collection of n(n — 1)2, n > 3  smooth functions of
T1, T2, ", Tn Mij, Mjk, 1 < 4,5,k < n, 4,7,k distinct, satisfying, the constraints
(6), there ezists a linear system (1) whose higher-dimensional Laplace invariants are
the given functions msj, mij,. Any such system is defined up to rescaling (2). A
representative is given by

Yij +AY; —mi Y =

Yip + (A+mjig) Yy — myY
Yk + miksY 5+ mijeYp

Yip + miY; +maYy =

(7)
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where (1,7) is a fized (ordered) pair, 1 <1i,j,k,l <mn are distinct and A is a function
which satisfies
Aj=mji —mij , Ak = —Mjki. (8)

2. Properties of Dupin hypersurfaces with distinct principal curva-
tures

We consider the Euclidean space IR" endowed with the Euclidian metric (,). Let
be an open subset of R™ and x = (z1, 9, -, xy,) € 2.

Definition 2.1 An immersion X : @ C R® — IRR""! is a parametrized Dupin
hypersurface if each principal curvature is constant along its corresponding lines of
curvature. If the multiplicity of the principal curvatures is constant then the Dupin
submanifold is said to be proper.

Remark 2.2 Let X : Q C IR® — IR""! be a proper Dupin hypersurface parametrized
by lines of curvature, with distinct principal curvatures A\;, 1 <7 <nand N : Q C
R" — IR™*! a unit normal vector field of X. Then

(X35, Xj5) = 6ijgii, 1<4,j<m,
N, = -\X;, 9)
Aii = 0.
Moreover,
Xij-TyX;—TLX;=0, 1<i#j<n, (10)
i Aiy ;
ng:Aj_Ai’ 1<i#j<n, (11)
where I‘fj are the Christoffel symbols.

We now consider the higher-dimensional Laplace invariants of the system of equa-
tions (10), defined by (5).

mij = L+ TTY, (12)
migy = T =Tf; , k#i,j, 1<k<n

As a consequence of (11) and Lemma 1.1, we obtain for 1 < i,5,k,l < n, 1,74k,
distinct,

mi; =

Mijk + Miji

Mijk,k — MijkMjki

Mijk — Ml — Mgk

Miik,j + MijiMkit + MijkMkij =

(13)

|
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We now consider the effect on the principal curvatures and on the higher-dimensional
Laplace invariants of a Dupin hypersurface under an inversion or a homothety. Let
X:QcR"— R — {0}, m > 2, be a proper Dupin hypersurface parametrized
by lines of curvature with distinct principal curvatures A;, 1 <% < n. Consider an
inversion

i R {0y - R {0}

X - I"+1(X):7<X),(X>

(14)

Denoting I"*1(X) = X, we have

(X, N)

N = _2<X,X)

X+ N

is a unit vector field normal to X. X is a Dupin hypersurface parametrized by lines
of curvature, with distinct principal curvatures given by

Ai = (X, X0\ +2(X,N),1<i<n.
Moreover, X satisfies the system
Xu—-ThXe-ThX; =0, 1<k#1<n, k#i,j,

and since X is a rescaling of X, we conclude that for, n > 3, an inversion does
not change the higher-dimensional Laplace invariants i.e. m;; = m;; = 0 and
Mijk = Mijk-

Similarly, let X : @ ¢ R® — IR""',n > 2 be a proper Dupin hypersurface
parametrized by lines of curvature with distinct principal curvatures \;, 1 <1 < n.
Consider the homothety

D : Rn-}—l N Rn-i—l

' 1
X —- D(X)=aX ,a€R ,a#0 (15)
Denoting X = D(X), we have that N = N is a unit vector field normal to X. X
is a Dupin hypersurface parametrized by lines of curvature, with distinct principal
curvatures given by A\; = A\;/a, 1 <1i <n. Moreover, since X satisfies the system

Xp—-ThX,—TLX,=0, 1<k#1<n, k#i,j,
and X is a rescaling of X, for n > 3 the higher-dimensional Laplace invariants do not
change, i.e. Mij = Mgj = 0 and Mijk = Mijk-
The following result provides some properties which are satisfied by the principal

curvatures of a Dupin hypersurface in IR"*! parametrized by lines of curvature. Its
proof is a straightforward computation which follows from (13).

Lemma 2.3 Let A\, : Q C R" = IR, n > 3, be smooth functions distinct at each



point, such that \,, = 0. Consider functions mj, defined by (11) and (12). Then
for 1,7 fixed, 1 < i # j < n, the following properties hold

Ak — Aj

mn| = —m 16
)\J — )‘Z Jkl] P Jkiyi ( )
Ak — Aj B
[Aj A m]kz] ; = 0, (17)
Ak — X Y

ki = ™M , 18
lAj _ Az sz‘| . lA] — >\z jle . ( )

where 1 <k #1<mn are distinct from i and j.
The next result is a straightforward application of Theorem 1.2.
Lemma 2.4 Let X : Q ¢ R® — R™"!, n > 3, be a proper Dupin hypersurface

parametrized by lines of curvature, with n distinct principal curvatures A, 1 <r <mn.
For i,4,k fized, 1 <1 # j # k < n, the transformation

Ak—X;
J
— Mk dTk
ef X ki

X=VX h V=—"—— 19
,  where vy , (19)
transforms system (10) into
. Xij+AX; =0,
B X,ir + ({1 + mjir))g,r = O, (20)
Xjr +mi; X j +mijp X, = 0,
X,rl + mier,r + mz’rlX,l = 0,
where | and r are such that 1 <r#[1l#i#j<mn and
A= —/mjki,idxk. (21)
Moreover,
A,j — 0, A,r,- — _m]rz,z . (22)

Remark 2.5 For subsequent use, we will compute the derivatives of the function V
given by (19). It follows from Lemma 2.3 that,

v, = (4+13)V,

vV, = T4V, (23)
V,k = FékVa
vV, = T4V,

where A is given by (21) and ! is distinct from 4, j, k.



3. A Characterization of Dupin hypersurfaces in IR°

In this section, we prove our main result which provides a local characterization of
generic Dupin hypersurfaces in IR, with four distinct principal curvatures. We start
by introducing some functions that will be useful in what follows. Considering the
higher-dimensional Laplace invariants, satisfying (13), for 1 < i # j # k #1 < 4
fixed we introduce the following functions admitting that mj;; # 0,m;; # 0 and
Mpi 7 0,

s
Tijkr = mja+ [log (ﬂ)] ; (24)
mra /)]
.
Uijkt = mgy+ |log —J% (25)
mijit ) | ;
Pl =mjuTijr , Pi=mjiuliu , P =muUiju - (26)

Theorem 3.1 Let X : Q C IR* — IR®, be a proper Dupin hypersurface, parametrized
by lines of curvature, with four distinct principal curvatures A\.. For 1,7, k,l distinct
fized indices, suppose mjp # 0, myjr # 0 and Ty # 0 then

X =V B} -B{+B|, (27)
where
J 3 mpaday 4
el Nith 1 Gz ,
V= W, B?: @ [/ QTZ(Z)CLTZ“—GS(J;S)] ; S#Z. (28)
J ? s s
PY, are defined by (26), Gy(z,), 1 < 7 < 4, are vector valued functions of IR®,
A= — | mjgidzy and
Q4 _ ef Adzx; if s=7, (29)
° ef (Atmyi)de: 4 o _f .
Moreover, considering
o = A—l—i M+ M; a‘(”:&M—I-M s#1 (30)
/\i — )\j ) /\s — )\i 5 9 ;

where M = B;-1 — B,% + Bl4 , the functions G,(z,) satisfy the following properties in
Q forl<r#t<4:

a) o #0,
b) (a7, a') =0, r#t,



(af, ,of X ad x o x ot)

Via? |of] |a?] [a*] o]

c) A\ =
Conversely, let \r : Q C R* — IR ,r = 1, .., 4 be real functions, distinct at each point,
such that A\, = 0. Assume that the functions m..s defined by

Ar,t _ )‘s,t
A=A A= g

Myts = , 1<r#t#s<4, (31)
satisfy (13), and for i,j,k,1 distinct fized indices, mj # 0, myj # 0, Tiji # O.
Then for any vector valued functions G,(x,) satisfying properties a) b) c), where o” is
defined by (50), the function
X :Q c R* — IR® given by (27) describes a Dupin hypersurface, parametrized
by lines of curvature, whose principal curvatures are the functions A,.

Before proving this theorem, we observe that Tj;;; = 0 if and only if Ujj,; = 0.
In fact, using the relation my; + My ik = mjy  (see (13)) twice, it follows from (24)
and (25) that mijkmkilTijkl = Uijkl- Hence, the hypothesis of Theorem 3.1 imply
that P} # 0, for s # i.

For the proof of Theorem 3.1 we will need three lemmas.

Lemma 3.2 Let X be a Dupin hypersurface as in Theorem 3.1, then
\%4

Mjik

X =

Wk —wi], (32)
where W¥(z;,zj,7)) and W (z;,zx, 1)) satisfy the following systems of equations,

Miik.i
k JLRy k k
72

Mot -
Wh+ (A + My — ]:z;zz) Wi + magmgaW* = 0, (33)
W’ﬁ . ikl W’; o TGk ik Wk = o,
’ Myjik ’ Mil ’
wi A e — ik ) g imiasWi = 0
Jik + + mjik & + Mg Mk )
Mjik
W]z:l + (A + mji — % le + miljmjile = 0, (34)
) ]zl b)
W]kl + M1k 541 W]k + MjkIMjik W]l - 0.
’ Mjik ’ mji ’
Proof: From Remark 2.2, we have,
Xo—T5,X,—T5,X,=0, 1<s#r<4 (35)



For fixed distinct indices 7, j, k, we consider the transformation
X=VX, (36)
as in Lemma 2.4, where V is given by (19). Then system (35) reduces to

X +AX; =0,
B Xir + (A + mjir)X,r_: 0,

37
X jr +mirj X j +mijr X = 0, (37)
Xk +mip X g +m X =0,
where r = k,[ and k # [,
ij = 0, A,r = —Mjris- (38)
It follows from the third and second equations of (13) and (38), that
(A + mji,«),r =0, r=k,I. (39)
Using (38) and (39) in the first two equations of (37), we have that
X+ AX = W (24, mk, 1), (40)
Xi+ (A+mjp)X = Wz, zj, ), (41)
X+ (A+ma)X = Wz, zj, 7). (42)

where W7, W* and W' are functions that do not depend on zj, Ty and z;, respectively.
Since mj;; # 0, from (40) and (41) we have

1

Mjik

X = Wk — w). (43)
Therefore, it follows from (36) that X is given by (32).

We will now obtain the differential equations that W* and W7 must satisfy, by
using (37), (40)-(42). )

The substitution of X and X ; into (40), (41) and (42), gives

(A _ M) Wk — W)+ Wk -WI); = mjuW?, (44)
Mjik

(A + ik — %) WE—WI+Wr Wi, = muW", (45)
51
jik

Substituting X ; and X ;; into the first equation of (37), it follows from (13), that

wh+ (A—M>Wﬁ—mijk {(A + mjip — mf—’“) (W — W] + [W* — WJ'],Z-} = 0.

mjik ) Mjik



Using (45) in this equation, we conclude that Wk satisfies the first equation of (33).
Similarly, substituting X & and X j; in the second equation of (37) for r = k, and
using (13) we obtain that

Wi+ (A + Mg — mﬁ’“”’)wf,; + Migj { (A - ””9—’“> Wk — W]+ Wk — Wj],i} — 0.

’ Mjik ’ Mjik
It follows from (44) that this equation reduces to the first equation of (34).

Now substituting X ; and X ;; in the second equation of (37) with r= l, and_using
(13) we obtain a relation equivalent to (46). The substitution of X ;, X ; and X j; in
the third equation of (37) with r = k, gives an identity.

Using X j, X; and X j; in the third equation of (37) with r = [, and using (13),
we have that
ML T jil

wk 4 WW’“ + My _[W’C _ Wj] L+
7.7l m]’tk 5] J ’

Wk — Wf]} =0. (47)

M jik
From (40), (41) and (42) we get,

Wk — Wi = Tk gyl gk, (48)
M4

Differentiating (48) with respect to z;, and using (13), we obtain

MM il Mjik

W =W, = = WS =W = W (49)
Ju %

which substituted into (47), provides the third equation of (33).
Similarly, substituting X 5, X; and X j; in the last equation of (37), and using
(13), we have that
Wiy + IR g W — g W+ LS Wi = 0. (50)
’ Myjik ’ ’ ’ Mjik

From (49) we get,

Ml MMl

Wh = —2w] +

1 W* —w].
T My Myjik

Using this relation into (50), we obtain the third equation of (34).
Differentiating the first equation of (33) with respect to z; and using the third
equation of (33), we get

A Myiksi \ 4 _ Mk | Tkl
Mjik ) Mjik Mjik

Myjik,i \ MM jik

JUK,1 J J k k _

M jiMji — A— Wl + (mkjimjik),lW =0.
mMjik Ml ’

k
Wi+

k
Wi+

(51)

+

10



Differentiating the third equation of (33) with respect to z;, it follows from the first
equation of (33), that

k M1k Mkl Mjiki \ TjlkMkil
2

W}Jc_l_( lik ]zk) VV}IC-I-
7

Mjik Mjik Mjik Mgt/
mljk jik k k
+7W,li + mjlkmkilmijkW =0.

Mg

(52)

Since my;, # 0 and W’;ll = I/V”fjl , from (51), (52), (38) and (13), we obtain the second
equation of (33).

Similar computations provide the second equation of (34). In fact, differentiating
the first equation of (34) with respect to z;, and using the third equation of (34), we
get

Wi + W+

<A+m-~k—M> — <A+m..k_mjik,i> Myjik™Mjil
Jt 7t
l

Mjik Mjik Mjik

(53)

ik \ Tk jik , ,
MikiMijik — | A + My — 2R St & WJl + (mikjmjik),lWJ =0.
Mjik il ’

Differentiating the third equation of (34) with respect to z; and using the first equation

of (34), we obtain

wi g | (a4 - Mjiki \ Tk il
ki ji
! Mjik ) . Mjik Mjik
MR ik 117 ;
kI jik 117 _
7Wli + mkljmjilmikjWJ =0.
mijil ’

: kT ik .
Wi+ | =) Wi+
) m]Zl ; )

_I_
(54)

Since mji; # 0 and W,]z:kl = W]l'cli , from (53), (54), (38), and (13), we obtain the

I

second equation of (34). Which concludes the proof of Lemma 3.2.
O

The solutions of the systems of equations (33) and (34) are given in the following
two lemmas.

Lemma 3.3 The solution of (33) is given by

) Heney
dx; +Gj($j)] kil [/ Ql 31;:4( z)d-’Ei-|-Gl(.’13l) . (55)

=04 1 1
Qj P @
Proof: Using equations of (13) and (38), we have that
ik
(A - %) = MjikMiji, (56)
itk 7
——
(A +mjy — ﬁ) = MMk (57)
[ )0

11



Substituting (56) in the first equation of system (33), we get

Wk 4 (A - —mj“”> W’“] —0,
J

Mjik

whose integration with respect to z;, provides

Wk (A T8k ) Wk = Di(gy,0) . (58)
’ Mjik
Using (57) in the second equation of system (33), we obtain
|:VV,,Zc + (A—I—mjil - %) Wk:| =0.
Ml 1
Therefore, integrating with respect to z;, we get
k Mkil i k !
Wk + (A+mjil— —>W _ D!ai,a;). (59)
’ TNkl
From (58), (59) and (24), we conclude that
1 .
wk = [D' — D7]. (60)
Tijr
Differentiating W, using (13) and the following derivatives
Mk Mk MEimMjik
Tijkij = LTkt » Tijrige =0, Tijkig = ————Tyjkt
Mkl Mjik
we have
’ (Tijk1) Tijki
mie 1 1
wh = Tk ___pl_ pijy _—_pl, (62)
’ mEit Tijrl ikl
MM 1 ! ; 1
wk = M D' — DIl — D’ 63
! Mjik Tijkl[ ] Tijki ! (63)
1 Tijki Mijk | Mkji Mk Lijki ;
Wk — Dl--—MDl-— J + Jr J JKL, m--le—DJ +
o Tijk 7" (Tj)? 7 | mua - Tijlw mea (Tije)? | [ ]
o 1 .
— TukMyik - pl_ pi]; (64)
mEit  Tijrl
1 Tijkli Ml Mak Mk Lijkig I ;
wk = —— D)+ D) L+ — IR IR gD — DI+
- Tk " (Ty)? Y | myi - Ty mgie (Tym)? | [ ]
. o1 .
_ m]lkmkll [Dl o D]]yi (65)
Mjik  Tijrl
ngl _ Zmjikmge (D! — D] — MEaMjk 1 Dlj MyjkMjik 1 Djl. (66)
’ Tijri Mjik  Tijr Miy Tijrr

12



The substitution of (60) and (61) into (58) and (59), gives

<A S T—kl> (D'~ D)+ (D'~ DIy = TyuD’,  (67)
ji ij

A+ mjy — Mkili _ Lijklyi [D' - DI+ [D' - D), = TyuD (68)
mii Tijri ’

Substituting (60), (62), (64) in the first equation of system (33), and using (67), we
obtain

D,lji + A4 Dtk ikl ij + MTijlel —0. (69)
M jik Tijri M

Similarly, using (63), (65) in the second equation of the system (33), and using
(68), we get

Di, (A gy - T T_) D)4 Ty i o (0
kil ijkl Mk
The substitution of (62), (63) and (66) in the third equation of (33) gives an identity.
Next we compute the Laplace invariant 7m; of equation (69),

_ Myiki  Lijki Mk ik
— JiRyT LJRL,? YIAEAN )
mj; = (A— - - Tijhi-
7j

M jik Tijri M
Using (38), (13) and the relation

Tijkii
Tijr

Tijktij = Tijkl,j <Tz’jkl + ) + ik iLijr

we conclude that

mj; = 0.
Therefore, the solution of equation (69) is given by,
eJ A4 G, ()

dz; + Gi(x;
Mjik Lijkl ' (@)

D(z,3j) = mjz'lcTijkleifAdwi [

where G;(z;) e G;(z;) are vector valued functions in IR’.
Let us compute the Laplace invariant 7y; of equation (70)

- MEit:  Lijkli N1k M kil
= | A+my — 7T - Tijki-
Myl ik ) Myjik

Using (39), (13) and the relation

Tijr i
Tijr

Tijkr = —Tijriy (Tijkl - ) + mgamikTijr

13



we obtain
my; = 0.
Therefore, the solution of equation (70) is given by,

ef(A-ij“)dwi éz (wz)

dr; + Gi(zy) | . (71)

D’ (zi, 71) = myaTijrie” J(Atmja)dai /
M Lijrl

where G;(z;) and Gi(x;) are vector valued functions in IR®.
We will now show that G;(z;) = G;(z;). Differentiating D! and D’ with respect
to x;, we obtain respectively

Dl- — _(a— Mijik,i _ Ligkly Dl + Gz(-’L'z),
Mjik Tijri

2
I

Mkl  Lijkli -
—|A+my— = — —= | D? + Gi(z;).
( T Iy > i(@:)

Therefore
. _ T s ] .
[D'—Di]; = Gi(zi)— Gilzi) — (A _ M) [D! — Di] + Tikipty

’ Tijri ik

Ml i ;

+ (mjil - #) DJ.
Mg

It follows from (67), that )
Gi(z;) = Gi(@s).
Now using (26) and (29) we get

4 A 1;
= 534 [ wdﬂi + Gj(wj)] . (72)
Qj

J
On the other hand, from equations (13) we obtain,
mkiszijkl = mjilUijkl- (73)
Therefore from (73) and (71), we have that

ef(A-l—mju)dwi GZ (xz)

miUijki

Dj(xi, 7)) = mjilUijkle_f(A+mjil)dmi [/ dz; + Gi(x;)

Using (26) and (29) we obtain

4 4y, T
Dj(a:i,wl) = g_lf l/ %}(l)dwz + Gl(wl)] . (74)

14



Substituting (72) and (74) into (60), we conclude that

P} 2Gi(zi * [ Gi(wi
e = g [ B U ) B[ A ] .

Tiji | Qf ]

It follows from (73) and (29) that Pl4 = mjyUijki = mgaTijri- Using this relation

in the expression above, we obtain (55).

Lemma 3.4 The solution of (34) is given by

' - Ao, ” [ F(z; A
wi = ik l/ Q’“Z:E%)da:i + Gk(mk)] L l/ el Zi%)d“ + Gl(xl)]

T Q@ Qt

Proof: Using (13) and (38), we have that

jiryi _ _
(A + Mjir — —) = MjyMirj, T =k,

jor

The substitution of (76) in the first two equations of (34), gives

wﬂ+<A+nmr—Tﬂﬂ>W4 =0, r=kL
’ Mjir .

El

Therefore, we have that

Wi+ (A Mgk nf—m,:) W = L¥(zi, @)
74

and

W,JZ- + (A + mji — ﬂ) Wi = Ll($i,$k) .
mgi1

From (77), (78) and (25), we conclude that

1

Wi =
Uijki

(L' — LF).

Differentiating W7, using (13) and the following derivatives

M jik Mkl il j1k
_ _ Mk _ Myjim;
Uijki,j =0, Uijrix = Uijki, Uijkig = Uijki
M Mjik
we get
Wi o= — 2Lt - LR+ —[L' - LF);
’ (Uijk) Usjri

15



1

j MMy 1 l k l
w? o= 0 R4 ——L 81
* Ml Uijkl[ ] Uijr (8
j MMy 1 1
Wi = L% Lt - LM - Lk (82)
ol mjik  Usjkil [ ] Uijer
; 1 Uijkii Mikt . Mik; Mkl Uijklg
wl. = ) ¥ LT gkt g My Jkl, m_,kLz_LkJr
ki Uger ™ (Ugi)2 ™ * | mja * Ugl mga Ugr)?| " [ ]
_ WL[LI — L}, (83)
M Usjrl ’

' 1 Uijkii mE; - Mag Mk Usjrg ! k
wi o= _ Ik o Jigkli ko gy My Ty ZLI P 7
b Ugr ™ Ugr)? 7t |mjie Uijln mjie Ugr)2 | | ]

mikmga 1o
S L L 84
ik Uijkl[ Ji (84)
W’]lk _ 2m]lkm]kl [Ll . Lk] . mylktr.njzl - Lfk 4 m]kl'r-’iljzk - L{cl (85)
ijkl mjit  Uijrl mii Uijkl

The substitution of (79) and (80) in (77) and (78), gives

<A + myi — Dkt _ M) [Ll - Lk] + [Ll - Lk],i = ijlek’ (86)
M jik Uijki

At myy — 2ot Bk ) (g gkt o, = gt (87)
mjil Uijki

Using (79), (81) and (83) in the first equation of (34), as a consequence of (86), we
get
Myiki  Uijkli \ ;1 MikjMyik !
Lo+ | A+ myy — 220 - 2980 o 0 g L = 0. 88
ke ( " mi Ugw ) my (88)

Similarly, it follows from (79), (82), (84) substituted in the second equation of
(34), as a consequence of (87), that

J L) Jt

The expressions (81), (82) and (85) substituted in the third equation of (34) provide
an identity.
The Laplace invariant my; of equation (88) is given by

_ Mjiki  Uijkl,i Mk Mjik
g = <A+mjik _ Myiki _ Uikl | ki Mjik pr
&

M jik Uijki

Using (39), (13) and the relation

Uijk,i

_ jklyi

Uijki,ik = Uijkik <U + U + mjiemikiUsj
ijkl

16



we obtain
my; = 0.

Therefore, the solution of equation (88) is given by

ef(A'f'm]'ik)dl‘iF(xi)

mjikUijki

LNzi, ox) = mjirUijre JAtmsia)da: {/ dz; + Gi(zk) |

where F(z;) and Gg(zx) are vector valued functions in IRS.
Similarly, we compute the Laplace invariant my; of equation (89),

~ ml . l)kl . m'lk”’;"l
— %0, IRy J Jt
,l

i Uijki M jik
Using (39), (13) and the relation
U. ikl
Uijkiit = —Uijkiy (Uijkl - UZ]—MZ> + mjumiiUsjri
ij
we obtain
my = 0.
We conclude that the solution of (89) is given by,
ef(A+mju)d$iF(iL'i)

m Uik

dz; + Gi(z))

bl

Lz, 21) = mjiaUijkie” J(A+mji)dz; [/

where F(z;) and G;(z;) are vector valued functions in IR®.
As in the proof of the previous lemma, we show that F(z;) = F(z;). Differenti-
ating L' and L* with respect to z; we obtain respectively

e Usipy s
Li = - (A+ i — et J—’”) L' 4 F (), (90)
Mjik Uijki

o Uiy s _
t = - (A +omyy — b ]—’“’> L* + F(z). (91)
i Uijki

From (90), (91) and (86) we conclude that
F(z;) = F(x;).

Now using (26) and (29) we have that

Lonay) = L / %F—i‘“)dxﬁak(wk)],
L k

Qr P

P [ [ QiF(x; _
LH(zi, @) = Q—l4 QlTy)diBH-Gl(lvl)]-

il I

17



Substituting the last two expressions in (79) we get

Wi = 1 {Q [ Q4F(x’)dw,+Gk ] l/ Q?F (= d$z+Gl(xl)]}
k

4
zykl P

Finally we obtain (75), using (26).
We can now prove our main result
Proof of Theorem 3.1

It follows from Lemmas 3.2 to 3.4 that a Dupin hypersurface is given by (32), where
Wk and W7 are given for (55) and (75), respectively. Differentiating (55) with respect
to z; and using (73), we obtain

4
k. _ _mjilc _ Mjik,i Q]Gz(:l;z) . . .
e Q; (A Mjik ) l Py dz; + Gj(z;)

Ml Mg Q/Gi(zi) .
+ Q;L (A + mjy —mkil ) [/ 7Pl4 dz; + Gi(zy) | .

Differentiating (75) with respect to z;, we get

(92)

_l’_

4
io— ik (A Tk /QkF(xi)d ,
W,z Q% ( + mjik ms; P];l x; + Gk(ajk)
4
mji Mjili /QIF(a:i) _
A+mjy — ——= o by + G .
+ Q? ( + M mjz'l) Pl4 z; + Gi(z;)
The substitution of (55), (75), (92) and (93) into equation (44), gives

G (s [ (i) [/ 50 ) -
Ml

— Q% (mjil — Mjik + llog (%)] ) l/ Ql Pfx)dm, + Gl(:vl)]

From (24) and (25), we get

(93)

MgaTlijr l/ Ql d:JcZ + Gl(xz)] = m;uUijn l/ QF )dacZ + Gl(.’L‘l)]
and it follows from (73), that
LYa i 4 ] _
/%Z(xz)dxi + Gi(zy) = / Qliiixz)dwi + Gi(xyp). (94)
l l

Differentiating (94) with respect to z;, we get
Gi(zi) = F(z:),

18



and therefore

Gi(z) = Gi(z).-
The substitution of these two equalities in (55), (75) and in (43), gives
1

X=—

1 1 1 1
p— [mjikBj — mya By — mji By + mjilBl] )
7t

where we have used (28). It follows from the fourth equation of (13) that
X = Bj — B; + B,

which substituted into (36), implies (27).

Considering o* and of, s = j,k,[ defined by (30), it follows from (16)-(18), (22)
and (12) that
X, = Vo ,r=i,74k,l. (95)

Differentiating (95), we have

X =V +Val, , r=i,jk,l (96)
It follows from (95) that the metric of X, is given by

gre=(V)?|0"1> , g =0, 1 #1. (97)

A unit vector field normal to X is given by

) J k l
o ¥xdxatxa (98)
|o?| o] || o]

Since X is a Dupin hypersurface parametrized by orthogonal curvature lines, with
As, as principal curvature we have, for 1 <r # s <4

X, r N
(N, Xﬂ) =0, As = M .
grr

Hence from (96) and (98) we obtain for r =i, 7, k,1,
k x ozl)

Viar?|o?| [a7] [o*] o]

(o, , &' x & X «
3

Ar =

Therefore, we conclude that conditions a), b) and c) are satisfied.

Conversely, let A, be real functions distinct at each point, such that A\, = 0.
Assume that the functions m,s, defined by (31), satisfy (13) and suppose G (z,), 1 <
r < 4, are vector valued functions satisfying properties a), b) and c). Defining X by
(27), it follows from Lemma 2.3 and properties a) and b), that X is an immersion,
whose coordinates curves are orthogonal. Moreover, the induced metric is given by
(97) and a unit normal vector field by (98).
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Differentiating (95) with respect to z;, using Lemma 2.3, the expressions (13),
(23) and (30) we obtain

/\rt /\tr t)
X0 = Lol :
ot V(/\t_ATa —I-)\r_/\toz , T £t

From (98), it follows that (X ,; ,N) = 0. Hence the second fundamental form is
diagonal and therefore the coordinates curves are lines of curvature. Moreover, it
follows from (96) - (98) and from property c) that for r =1, j, k, [,

(X, N) () Jof x od x o x o)
Grr Vier *o?| |o7] [a¥| |o]

= M

which concludes the proof.

4. Properties

In this section, we show that the vector valued functions which appear in Theorem
3.1 are invariant by inversions and homotheties.

Theorem 4.1 Let X : Q C R* — IR’ be a proper Dupin hypersurface, with four
distinct principal curvatures M., parametrized by lines of curvature as in the Theorem
3.1. Then the vector valued functions G,(z,),1 <r <4 are invariants by inversions
(assuming w.l.o.g that 0 ¢ X (Q2)) and homotheties.

Proof: a) Let X = I°(X) be the immersion obtained by composing X with the
inversion defined in (14). From Remark 2.2, we have that X is a Dupin hypersurface
parametrized by lines of curvature, with distinct principal curvatures given by

M= (X, X))\ +2(X,N), 1 <r <4 (99)
Using Theorem 3.1 for X, we have for 4, j, k, [ fixed distinct indices

X =V [B - Bi+Bi],

where
~ 1 Y (s B
B! = = [/%ﬂfwl)daﬁl+(}’s(%)] , S F£ 1,
//}k — %\j mjkidxk
) Aj—Ai

<
I
2

(100)

N
Il
|
—
=
.
T
5
8
e



P* Q% s# i are defined by (26) and (29), in terms of the higher-dimensional
Laplace invariants 7 and G, (z,), 1 < r < 4 are vector valued functions in IR’.
From Remark 2.2, X and X have the same higher-dimensional Laplace invariants.

Therefore, it follows that
A=A, Q}=Q; , P'=P'#0,r+#i. (101)

Substituting (99) in (100), we have

V = ] 102

VT xx) 102
On the other hand,

- X

X = X, X)" (103)

We will show that G,(z,) = G, (z,) r # i. It follows from (102) and (103) that

Bf - B} - (Bi - B{)+ B} - B = 0. (104)
We observe that
Gi(z; G (2
B;-l,z. = —AB;-1 + Z]§4Z)’ B;l,i =—(A+ mjis) B;1 + }()41) , s=k,lL
J s
This fact follows from the equalities
;%,i = AQ? ) ;{i = (A + mjj;) Q;l , s=k,l.

Therefore differentiating (104) with respect to z;, we get
—A (B;l — B;l) + (A + mjik) <B;§ — B]%) — (A + mjil) (Bl4 — Bl4) +
+(Gi — Gi) pr—prtpr| =0
J

Using (104) and the fact that

111
A A
we have 3 B
ik [B,% - B;g] — mj [B;1 - Blﬂ — 0. (105)

Differentiating this relation with respect to z;, we obtain
Mk, — mjik (A + mji)] [Bﬁ - Bp| - (mjiri — mja(A 4+ mjq)] [Bfl - BZL] +
~ s o
+ (Gi(wi) — Gi(w)) [ -

= 0.
A
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It follows from (105) and from the fact that
Mjik  Mjil
L

=0,

that the expression above reduces to
[mjz'k,i - (mjz'k)2] [B’ﬁ - B/%] - [mjil,z' - (mjz'l)2] [BZI - 314] =0.

Again, using (105), we obtain the relation

Mjiki  Mjili \ [ 5
Mijip — Mijig + — — —I22 [B?—B?]ZO,
Mjik Myl

which, as a consequence of (25), reduces to
Uijki [314 - Bz4] =0.
Since Ujjp; # 0, we obtain 3
B} = B} (106)

Differentiating with respect to z;, we get é,(w,) = G;(z;), hence it follows that
Gi(z;) = Gi(z;). From (105) and (106), we have

By = By, (107)
and therefore Gy (z1) = Gy (xx). Substituting (106) and (107) into (104), we obtain
P4 _ o
B! =B

and hence G(z;) = G;(x;), which concludes the proof of a).

b) Let X = aX be a homothety of X. From Remark 2.2, we have that X is a
Dupin hypersurface parametrized by orthogonal curvature lines, with distinct princi-

pal curvatures given by

_ >\r
=22 1< r <A (108)

a
Using Theorem 3.1 for X, we have for 4, j, k, [ distinct fixed indices

X =V (B} - Bl+B{].

where
_ 1 Q3Gi(zi) A ;
B;L — Q_gl/%ﬁzdxz—i_GS(xs) 73#1’
e — A
_k _J mjkid~77k
V e )xj - )\i
_ _ _ 109
———— (109)
A = —/mjki,idl'ka
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P} Q% s #1i are defined by (26) and (29) in terms of the higher-dimensional Laplace
invariimts and G, (z,), 1 < r < 4 are vector valued functions in IR®>. We will show
that G, (z,) = Gr(x,).
From Remark 2.2, X and X have the same Laplace invariants. Therefore, it
follows that ) ) B
A=A Q;=Q; P/=P/#0,s#i. (110)
Substituting (108) in (109), we have
V =aV. (111)
Since - ) B
X=V|Bj-B{+B}| , X=V B -Bi+B. (112)
substituting the expressions (110), (111), (112) in X = aX we have,
Bj - Bj — (B — B;) + B} — B} =0.
The same argument of item a) proves that G,(z,) = G.(z,), V r.

O

The results of this paper were announced in [15]. Higher dimensional generaliza-
tions of Theorem 3.1 and the non generic case will appear elsewhere.
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