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Abstract

We provide a method of constructing families of hypersurfaces of a space form with zero
Gauss-Kronecker curvature, from a given such hypersurface, based on Ribaucour transforma-
tions. Applications provide a 1-parameter family of complete, non-cylindrical hypersurfaces
of R4, with zero Gauss-Kronecker curvature, a 5-parameter family of compact Dupin hyper-
surfaces of S4, with vanishing Gauss-Kronecker curvature, infinite families of hypersurfaces
of Rn+1 and of the hyperbolic space H4, with flat Gauss-Kronecker curvature.

Introduction.

Surfaces with flat Gaussian curvature in the Euclidean space R3 are ruled, developable surfaces.
The only complete ones are planes and cylinders over plane curves [HN]. In higher dimensions, the
complete hypersurfaces Mn ⊂ Rn+1 with flat sectional curvature are hyperplanes and cylinders
over plane curves [HN]. This result does not hold if one considers complete hypersurfaces with
zero Gauss-Kronecker curvature. However, inposing additional conditions such as nonnegative
sectional curvature [H] and constant relative nullity ν > 0, one can show that such a hypersurface
is a cylinder over an (n− ν)-dimensional submanifold.

In general, complete hypersurfaces with zero Gauss-Kronecker curvature are not necessar-
ily cylinders. Such an example was given by Sacksteder [Sa]. Results on complete minimal
hypersurfaces in S4 with vanishing Gauss-Kronecker curvature were obtained in [AB], [L] and
[R]. Since the classification of complete hypersurfaces with zero Gauss-Kronecker curvature is
far from complete, it is important to study methods which produce such hypersurfaces. In this
paper we introduce a method based on Ribaucour transformations.

Ribaucour transformations for surfaces of constant Gaussian curvature and constant mean
curvature (including minimal) surfaces, were considered at the beginning of last century (see
Bianchi [Bi]) and they were recently applied for the first time to obtain minimal surfaces [CFT2].
These results were extended to linear Weingarten surfaces in [CFT3]. Ribaucour transformations
were also considered in [CFT1] to produce Dupin hypersurfaces of the Euclidean space and
submanifolds of constant sectional curvature in [DT].

In this paper, we consider n-dimensional orientable hypersurfaces M n of a space form, with
flat Gauss-Kronecker curvature. By considering an integrable system of differential equations
on M , we provide a method of construction of families of hypersurfaces M̃n, locally associated
by Ribaucour transformations to M , such that M̃ has also zero Gauss-Kronecker curvature (see
Remark 1.4, Theorems 1.5 and 1.6).
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We provide some applications of this method. We first obtain a 6-parameter family of hy-
persurfaces with zero Gauss-Kronecker curvature, contained in R4, which are associated to a
hypersurface given by Sacksteder. Generically, a hypersurface of this family has singularities.
However, the family contains a 1-parameter family of complete, non-cylindrical hypersurfaces.
Our second application provides a 5-parameter family of compact, Dupin hypersurfaces of S 4,
with zero Gauss-Kronecker curvature, associated to a tube around the Veronese surface contained
in S4. We then obtain two infinite families of hypersurfaces of Rn+1, with zero Gauss-Kronecker
curvature, associated, by Ribaucour transformations, to a hyperplane and to a cylinder, respec-
tively. We conclude with an infinite family of 3-dimensional hypersurfaces of the hyperbolic
space H4, with zero Gauss-Kronecker curvature, associated to H 3 ⊂ H4.

1. Ribaucour transformation for hypersurfaces.

In this section, we recall the basic theory of Ribaucour transformation for hypersurfaces and
provide its characterization as a system of differential equations. For the proofs and more details
see [Bi], [CFT1] and [CT].

Let Mn be an orientable hypersurface of a Riemannian manifold M̄n+1. Suppose M has an
othonormal frame of principal directions ei, 1 ≤ i ≤ n. A submanifold M̃n ⊂ M̄n+1 is associated
to M by a Ribaucour transformation with respect to e1, ..., en if there exist a diffeomorphism
ψ : M → M̃ , a differentiable function ` : M → R and unit vector fields N and Ñ normal to M
and M̃ respectively, such that:

a) expq(`(q)N(q)) = expψ(q)(`(q)Ñ (ψ(q))), ∀q ∈M ;

b) the subset expq(`(q)N(q)), q ∈M is a hypersurface;

c) dψ(ei) are orthogonal principal directions on M̃ .

This transformation is invertible in the sense that there exist orthonormal principal direction
vector fields ẽ1, ..., ẽn on M̃ such that M is associated to M̃ by a Ribaucour transformation with
respect to these vector fields. One may consider the analogue definition for locally associated
submanifolds or for immersions. The definition considered above differs slightly from the classical
notion of a Ribaucour transformation. This is due to the fact that if M is a hypersurface with a
principal curvature whose multiplicity is bigger than one, then Ribaucour transformations with
respect to distinct sets of principal directions may provide distinct families of hypersurfaces
associated to M . For example, any oriented hypersurface of the euclidean space Rn+1 is locally
associated to a hyperplane, by a Ribaucour transformation with respect to a set of conveniently
chosen orthonormal vector fields of Rn+1 (see [CT][T]).

In what follows M̄(K̄)n+1 will be a space form of constant sectional curvature K̄ ∈ {−1, 0, 1},
i.e.

M̄(K̄)n+1 =











Sn+1 ⊂ Rn+2 if K̄ = 1,
Rn+1 se K̄ = 0,
Hn+1 ⊂ Ln+2 if K̄ = −1,

where Ln+2 is the Lorentzian space.

Let Mn be a hypersurface of M̄(K̄)n+1. Let ei, 1 ≤ i ≤ n, be an orthonormal frame of
principal directions on M and let N be unit vector field normal to M . We denote by ωi the
one forms dual to the vector fields ei and by ωij, 1 ≤ i, j ≤ n, the connection forms determined
by dωi =

∑

j 6=i ωj ∧ ωji, ωij + ωji = 0. The normal connection is given by ωin+1 =< ∇̄ei, N >,
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where ∇̄ is the connection of the space form M̄ . The Gauss equation is

dωij =
∑

k

ωik ∧ ωkj + ωin+1 ∧ ωn+1j − K̄ωi ∧ ωj

and the Codazzi equations are dωin+1 =
∑

j ωij ∧ ωjn+1. Since ei are orthonormal principal
directions, we have

∇̄ei
N = λiei, ωin+1 = −λiωi. (1)

For each integer r, 1 ≤ r ≤ n, the r-mean curvature, Hr, of M is given by

Hr =
1

(

n
r

)

∑

1≤i1<...<ir≤n
λi1λi2 ...λir

and the n-mean curvature of M , Hn = λ1λ2...λn, is called the Gauss-Kronecker curvature of M .

Whenever λi ,∀i, 1 ≤ i ≤ n, are constant along the integral curves of ei, i.e. dλi(ei) = 0, M
is said to be a Dupin hypersurface.

In what follows, we will provide a characterization, for the hypersurfaces which are locally
associated to a given hypersurface, by Ribaucour transformations, by means of a system of
differential equations for a function h : M → R, where

h =











tan ` if K̄ = 1,
` if K̄ = 0,
tanh ` if K̄ = −1,

(2)

and ` is the function of the definition of a Ribaucour transformation. We observe that condition
a) of the definition is equivalent to saying that

X̃ = X + h(N − Ñ), (3)

where X and X̃ are local parametrizations of M and M̃ .

The proofs of the results of this section, using differential forms, can be found in [CFT1].
See [DT] for a different proof in the holonomic case.

Theorem 1.1 Let Mn be an orientable hypersurface of M̄n+1(K̄). Let ei, 1 ≤ i ≤ n,
be orthonormal principal directions of M , and λi the corresponding principal curvatures, i.e.
dN(ei) = λiei. A hypersurface M̃ is associated to M by a Ribaucour transformation with respect
to {ei}, if and only if, the function h : M → R, described in (2), satisfies 1 + hλi 6= 0 and

dZj(ei) +
n
∑

k=1

Zkωkj(ei) − Z iZjλi = 0, 1 ≤ i 6= j ≤ n, (4)

where ωij are the connection forms of the frame ei and Z i = dh(ei)/(1 + hλi).

Equation (4) is a second order differential equation for h, which is equivalent to a first order
linear system given in the following result.
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Proposition 1.2. If h is a solution of (4) which does not vanish on a simply connected domain,
then h = Ω/W , where W is a nonvanishing function and the functions Ω, Ωi, W satisfy

dΩi(ej) =
n
∑

k=1

Ωkωik(ej), for i 6= j, (5)

dΩ =
n
∑

i=1

Ωiωi, (6)

dW = −
n
∑

i=1

Ωiλ
iωi. (7)

Conversely, suppose (5)-(7) are satisfied and W (W + λiΩ) 6= 0, then h = Ω/W is a solution of
(4).

It is a straightforward computation to verify that equation (5) is the integrability condition
of equations (6) and (7). The proof of the following result can be found in [CFT1] or [CT], in
the case K̄ = 0. For K̄ 6= 0, the proof is entirely analogous (see also [DT]).

Theorem 1.3. Let Mn be an orientable hypersurface of M̄n+1(K̄) parametrized by X : U ⊂
Rn → M . Assume ei, 1 ≤ i ≤ n, are orthogonal principal directions, λi the corresponding
principal curvatures and N is a unit vector field normal to M . A hypersurface M̃ is locally as-
sociated to M , by a Ribaucour transformation w.r.to {ei}, if and only if, there exist differentiable
functions W,Ω,Ωi : V ⊂ U → R, which satisfy (5)-(7) with

WS(W + λiΩ)(S − ΩT i) 6= 0, 1 ≤ i ≤ n, (8)

where
S =

∑

i

(Ωi)
2 +W 2 + K̄Ω2, (9)

T i = 2(
∑

k

Ωkωki(ei) −Wλi + dΩi(ei) + K̄Ω), (10)

and X̃ : V ⊂ Rn → M̃ , is a parametrization of M̃ given by

X̃ = X − 2Ω

S

(

∑

i

Ωiei −WN + K̄ΩX

)

. (11)

Moreover, the normal map of X̃ is given by

Ñ = N +
2W

S

(

∑

i

Ωiei −WN + K̄ΩX

)

(12)

and the principal curvatures of X̃ are given by

λ̃i =
WT i + λiS

S − ΩT i
, (13)

In (8), we observe that the condition W 6= 0 is required by the expression h = Ω/W , while
W + λiΩ 6= 0 corresponds to condition b) of the definition of Ribaucour transformation and
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S 6= 0 determines the domain of the hypersurface X̃. The regularity condition is given by
S − ΩT i 6= 0. In fact, a straightforward computation shows that, using (11) and (5)- (7), we
have

|dX̃(ei)|2 =
(S − ΩT i)2

S2
.

Therefore, the parametrization X̃ given by (11) may extend regularly to points whereW (W+
λiΩ) = 0, whenever S(S − ΩT i) 6= 0.

Remark 1.4 As an immediate consequence of the above theorem we observe that if M is a
hypersurface of M̄n+1(K̄) with vanishing Gauss-Kronecker curvature and {ei}, 1 ≤ i ≤ n, is an
orthonormal frame of principal directions on M , such that λi0 = 0, then for any solution of the
system (5)-(7), satisfying T i0 = 0, the hypersurface M̃ , locally associated to M as in Theorem
1.3, has also zero Gauss-Kronecker curvature. See Propositions 2.3 - 2.5 for families of such
hypersurfaces, obtained by this procedure.

Our next result shows that if we consider solutions of (5)-(7), such that T i is a multiple of
λi, say T i = −2bλi, b ∈ R, we get an integrable system. We observe that this condition together
with (5) is equivalemt to requiring

dΩi =
∑

k

Ωkωik − (W − b)ωin+1 − K̄Ωωi.

Theorem 1.5. Let M be a hypersurface of M̄n+1(K̄) and let {ei}, 1 ≤ i ≤ n, be an orthonormal
frame of principal directions on M . Then the system

dΩ =
∑

i

Ωiωi

dW =
∑

i

Ωiωin+1 (14)

dΩi =
∑

k

Ωkωik − (W − b)ωin+1 − K̄Ωωi

is integrable. Such solutions determine a family of hypersurfaces M̃ of M̄(K̄), locally associ-
ated to M by a Ribaucour transformation with respect to {ei}, which are regular on the subset
satisfying

S(S + 2bλiΩ) 6= 0, (15)

where S is defined by (9) and λi are the principal curvatures corresponding to ei. The function
S − 2bW = 2c is a constant, determined by the initial conditions. If c = 0, then M̃ is totally
geodesic in M̄ . If c 6= 0, then the principal curvatures of M and M̃ have the same multiplicity
and H̃n = 0 if and only if Hn = 0.

Proof. We consider the ideal I generated by the 1-forms

θ = dΩ −
∑

i

Ωiωi

β = dW −
∑

i

Ωiωin+1 (16)

θi = dΩi −
∑

k

Ωkωik + (W − b)ωin+1 + K̄Ωωi.
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A straightforward computation shows that dθ = −∑k θk ∧ ωk and dβ = −∑k θk ∧ ωkn+1.
Similarly, using (16) we obtain that dθi = −∑k θk ∧ ωik + β ∧ ωin+1 + K̄θ ∧ ωi. It follows that
I is closed under exterior differentiation, hence the system (14) is integrable and the solution is
uniquely determined, on a simply connected domain, by the initial conditions given at a point.
Moreover, since dS − 2bdW = 2

∑

i,j ΩiΩjωij = 0, we conclude that S − 2bW is a constant
function.

Hence any such solution satisfies S − 2bW = 2c ∈ R and it determines a hypersurface M̃
locally associated to M by a Ribaucour transformation with respect to {ei}. The regularity
condition requires that S(S − ΩT i) 6= 0. From (13) the principal curvatures of the associated
hypersurfaces are given by

λ̃i =
cλi

b(W + λiΩ) + c
. (17)

By choosing the initial condition such that c 6= 0, we conclude the proof of the theorem by using
(17).

In our next result, we obtain all hypersurfaces M̃ associated to a given hypersurface M n ⊂
M̄n+1(K̄) as in Theorem 1.5. We observe that for K̄ = ±1, we consider the unit sphere as a
subset of Rn+2 and the hyperbolic space as a subset of the Lorentzian space. Hence, < , > will
denote the usual metric on Rn+1 or Rn+2 if K̄ = 0 or 1 and it will denote the Lorentzian metric
on Rn+2 if K̄ = −1. Moreover, we will denote ||Y ||2 =< Y, Y >.

Theorem 1.6. Let X : Mn → M̄n+1(K̄) be a parametrized hypersurface. Then any hypersur-
face M̃ , locally associated to M by a Ribaucour transformation, with respect to any orthonormal
frame of principal directions {ei} on M , as in Theorem 1.5, is given by

X̃brV = X − 2(< V,X > +r)

||V − bN ||2 (V − bN) , (18)

where N is a unit vector field normal to M , b, r ∈ R, K̄r = 0 and V is a vector of Rn+1 (resp.
V ∈ Rn+2) if K̄ = 0 , (resp. K̄ = ±1), are such that (||V ||2 − b2)(||V − bN ||) 6= 0.

Proof: It follows from a straightforward computation that the following functions are solutions
to the system (14)

Ωi = < V, ei >,

Ω = < V,X > +r, (19)

W = − < V,N > +b,

where b, r ∈ R, K̄r = 0 and V is a vector of Rn+1 (resp. Rn+2), if K̄ = 0 (resp. K̄ = ±1).
Moreover, S = ||V − bN ||2 and S − 2bW = ||V ||2 − b2. Since for a fixed constant b, any
solution of (14) depends on n + 2 parameters, it follows that (19) provides all the solutions of
(14). The expression of the parametrization of the associate hypersurface follows from (11).
Observe that when K̄ 6= 0, the condition K̄r = 0 guaranties that the image of X̃brV is in M̄ .
From Theorem 1.5, we conclude that (18) is a regular hypersurface defined on the subset where
||V − bN ||(S + 2bλiΩ) 6= 0, 1 ≤ i ≤ n, where Ω and W are given by (19).

We conclude this section by providing a geometric interpretation of the family of hypersur-
faces described by (18). For fixed b, r, ∈ R such that K̄r = 0 and V1 a unit vector, consider the
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set of hypersurfaces in M̄(K̄) given by

Y t
brV1

= X − 2(t < V1, X > +(1 − t)r)

||tV1 − (1 − t)bN ||2 [tV1 − (1 − t)bN ]

where t ∈ R. The family Y t
brV1

contains the parallel surface (t = 0) and the reflection of X
with respect to a hyperplane orthogonal to V1 passing through the origin (t = 1). This family
is associated to the solution of (5)-(7) given by

Ωt
i = t < V1, ei >,

Ωt = t < V1, X > +(1 − t)r,

W t = −t < V1, N > +(1 − t)b.

It is easy to see that the family X̃brV given by (18) coincides with Y t
brV1

.

2. Applications

In this section, we provide some applications of Remark 1.4 and Theorem 1.6. We first obtain
a 6-parameter family of hypersurfaces with zero Gauss-Kronecker curvature contained in R4,
which are associated to a hypersurface given by Sacksteder [S] which has zero Gauss-Kronecker
curvature. Generically, a hypersurface of this family will have singularities. However, we will
show that the family contains a 1-parameter family of complete, non-cylindrical hypersurfaces.
Our second application will provide a 5-parameter family of compact, Dupin hypersurfaces of S 4,
with zero Gauss-Kronecker curvature. This family is associated to a tube around the Veronese
surface contained in S4. We then obtain two infinite families of hypersurfaces of Rn+1, with
zero Gauss-Kronecker curvature, associated, by Ribaucour transformations, to a hyperplane
and to a cylinder, respectively. We conclude this section with an infinite family of 3-dimensional
hypersurfaces of the hyperbolic space H4, with zero Gauss-Kronecker curvature, associated to
H3 ⊂ H4.

Proposition 2.1 Consider the hypersurface of R4 defined by X(x, y, z) = (x, y, z, f(x, y, z)),
where f = x cos z + y sin z, and its Guass map N = (cos z, sin z, fz, −1)/

√

2 + f2
z .

i) For any vector V of R4 and real numbers b, r such that |V |2 − b2 6= 0,

X̃brV = X − 2(< V,X > +r)

|V − bN |2 (V − bN) , (20)

is a hypersurface with zero Gauss-Kronecker curvature, which is locally associated to X by
a Ribaucour transformation.

ii) If r = 0 and V = (0, 0, 0, ε), where ε = ±1, then for any constant b such that εb < 0 and
b2 + 2

√
2εb + 1 > 0, X̃b, defined by (20), is a complete, non-cylindrical hypersurface, not

congruent to X, with zero Gauss-Kronecker curvature.

Proof. i) The principal curvatures of the hypersurface X are

λ1 = 0,

λ2 = −(2 + f 2
z )

−3/2
(

f +
√

f2 + 2(2 + f 2
z )

)

,

λ3 = −(2 + f 2
z )

−3/2
(

f −
√

f2 + 2(2 + f 2
z )

)
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and the corresponding principal directions are ei = dX(vi)/|dX(vi)|, where

v1 = cos z
∂

∂x
+ sin z

∂

∂y
,

v2 = (−y +Q sin z)
∂

∂x
+ (x−Q cos z)

∂

∂y
+ 2

∂

∂z
,

v3 = −(y +Q sin z)
∂

∂x
+ (x+Q cos z)

∂

∂y
+ 2

∂

∂z

and

Q =
√

f2 + 2(2 + f 2
z ). (21)

Since the Gauss-Kronecker curvature Hn of the hypersurface X vanishes, it follows from Theo-
rems 1.5 and and 1.6 that X̃brV is locally associated to X by a Ribaucour transformation and
its curvature H̃n = 0.

ii) If r = 0 and V = (0, 0, 0, ε), with the hypothesis on the constants b we have X̃b globally
defined on R3. We will prove that X̃b is complete and non-cylindrical. We consider the orthog-
onal principal vector fields of X̃b, dX̃b(ei), i = 1, 2, 3. Then we will prove that there exists δ > 0
such that |dX̃b(ei)|2 ≥ δ, for all i. We first observe that

dX̃b(vi) = (1 + 2bLλi)vi − 2dL(vi)(V − bN) where L =
εf

|V − bN |2 ,

and

dL(vi) = ε

(

df(vi)

|V − bN |2 +
2bfλi < vi, V >

|V − bN |4

)

.

Therefore,

|dX̃b(e1)|2 = 1 and |dX̃b(ej)|2 = (1 + 2bLλj)2, j = 2, 3. (22)

Since

Lλ2 =
2εf

U(f −Q)
and Lλ3 =

2εf

U(f +Q)
, where U = 2εb+ (1 + b2)

√

2 + f2
z ,

we have |dX̃b(ej)|2 = 1 for j = 2, 3, wherever f vanishes. Otherwise, where f 6= 0, it follows
from the hypothesis on b that

0 <

∣

∣

∣

∣

2b

U

∣

∣

∣

∣

≤ −2εb

2εb + (1 + b2)
√

2
.

Moreover, we get from (21) that 0 < 2f/(f −Q) < 1 and f/(f +Q) < 0 (resp. f/(f −Q) < 0
and 0 < 2f/(f + Q) < 1) where f < 0 (resp. f > 0). Hence, it follows from (22) that there
exists a real number 0 < δ < 1, such that |dX̃b(ej)|2 > δ for j = 2, 3. Therefore, we conclude
that the submanifold is complete since any divergent curve has infinite length.

In order to prove that X̃b is not a cylinder, we observe that the only vanishing principal
curvature of X̃b is λ̃1. Since dX̃b(e1) is not parallel to a fixed direction in R4, we conclude that
X̃b is not a cylinder. Moreover, none of these complete hypersurfaces is congruent to the original
hypersurface X. In fact, one can easily see that the principal vector field of X corresponding to
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λ1 = 0 is orthogonal to the vector (0, 0, 1, 0). However, there is no constant vector of R4, which
is orthogonal to the principal vector field corresponding to the vanishing principal curvature of
X̃b.

Our next application will provide a 5-parameter family of compact Dupin hypersurfaces
in the unit sphere S4, whose Gauss-Kronecker curvature vanishes. We start considering the
Veronese surface described by X : S2√

3
→ S4 ⊂ R5,

X(x, y, z) =
1√
3
(xy, xz, yz,

x2 − y2

2
,

√
3

2
(1 − z2)),

where S2√
3
⊂ R3 is the sphere of radius

√
3. We denote by T1X

⊥ the unit normal bundle of X,
i.e.

T1X
⊥ = {(p, ξ); p ∈ S2√

3
, ξ ∈ (TpX)⊥ ⊂ TpS

4 and |ξ| = 1}.

The tube of geodesic ray R = π/2, around X is the hypersurface Y : T1X
⊥ → S4 given by

Y (p, ξ) = expX(p)(
π

2
ξ) = ξ.

A vector field normal to Y (tangent to S4 along Y) N : T1X
⊥ → S4 ⊂ R5 is given by N(p, ξ) =

X(p).
One can show (see [AB]) that Y is an isoparametric minimal hypersurface in S 4 whose

principal curvatures are λ1 = 0, λ2 =
√

3, λ3 = −
√

3.

Proposition 2.2 Let Y be the tube of geodesic ray π/2 around the Veronese surface X. Then
the map ỸbV : T1X

⊥ → S4 ⊂ R5 given by

ỸbV = Y − 2 < V, Y >

|V − bX|2 (V − bX)

is a regular, compact, Dupin hypersurface of S4, with zero Gauss-Kronecker curvature, locally
associated to Y by a Ribaucour transformation, ∀b ∈ R and any unit vector V ∈ R5 such that

b2 + 1 − 2|b|(1 +
√

3) > 0. (23)

Proof. It follows from Theorems 1.3 and 1.5 that Ỹ is a Dupin hypersurface with zero Gauss-
Kronecker curvature, which is regular whenever (15) is satisfied. Observe that Ωi, Ω and W are
given by (19), where r = 0 i.e. W = − < V,X > +b, Ωi =< V, ei > and Ω =< V, Y >. Moreover,
S− 2bW = 2c is a constant. Therefore, it follows from (9) that S = 1 + b(−2 < V,X > +b) and
c = (1−b2)/2. The hypothesis (23) implies that c 6= 0 and hence S = 2(bW +c) ≥ (|b|−1)2 > 0.
In order to conclude the regularity of Ỹ , we need to show that b(W +λiΩ)+ c 6= 0 for i = 1, 2, 3.
In fact, for i = 1 this follows from S > 0, and for i = 2, 3 we have that

2b(W + λiΩ) + 2c = 1 + b2 − 2b < V,N > ±2
√

3 b < V, Y >

≥ 1 + b2 − 2(1 +
√

3)|b| > 0,

where the last inequality follows from (23).
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We observe that each hypersurface ỸbV is a tube of geodesic ray π/2 over the image of the
its Gaussian normal map ÑbV : T1X

⊥ → S4 given by

ÑbV = X +
2(− < V,X > +b)

|V − bX|2 (V − bX).

Our next results follow from the basic theorem on Ribaucour transformations.

Proposition 2.3 Let X be the parametrized hyperplane xn+1 = 0 in Rn+1 and let e1, ..., en be
the canonical orthonormal basis of X. Consider arbitrary differentiable functions fi(xi) of xi
such that for some i0, 1 ≤ i0 ≤ n, fi0 = axi0 + b, a, b ∈ R and γ, α 6= 0 real numbers. Then

X̃ = X − 2(
∑n
i=1 fi + γ)

∑n
i=1(f

′
i)

2 + α2
(f ′1, ..., f

′
n,−α)

is a family of hypersurfaces with zero Gauss-Kronecker curvature, locally associated to X by a
Ribaucour transformation with respect to {ei}.
Proof. The proof follows from the fact that the solutions of (5)-(7) are given by

Ωi = f ′i(xi), Ω =
n
∑

i=1

fi(xi) + γ and W = α 6= 0.

Since S =
∑

i=1(f
′
i)

2 + α2 and Ti = 2f ′′i , it follows from (13) that the principal curvatures of X̃
are

λ̃i =
2αf ′′i

∑

i=1(f
′
i)

2 + α2 − 2f ′′i (
∑

i fi + γ)
.

Similarly one can show that

Proposition 2.4 Let X = (cos x1, sinx1, x2, ...xn) be a parametrized cylinder in Rn+1 and let
ei = Xxi

, 1 ≤ i ≤ n. Consider arbitrary differentiable functions fi(xi) of xi such that for some
i0 ≥ 2, fi0 = axi0 + b, a, b ∈ R and γ, α ∈ R. Then

X̃ = X − 2(
∑n
i=1 fi + γ)

∑n
i=1(f

′
i)

2 + (f1 − α)2
(−f ′1 sinx1 − (α− f1) cos x1, f

′
1 cos x1 − (α− f1) sinx1, f

′
2, ..., f

′
n)

provides a family of hypersurfaces with zero Gauss-Kronecker curvature in Rn+1, locally associ-
ated to the cylinder by a Ribaucour transformation with respect to {ei}.
Proposition 2.5 Consider a parametrization of the hyperbolic space H 3, as a hypersurface of
H4, contained in the Lorentzian space L5, given by

X = sinhx3(cos x2 cos x1, cos x2 sinx1, sinx2, 0, 0) + (0, 0, 0, 0, cosh x3),

where −π/2 < x2 < π/2 and x3 > 0. Let ei = Xxi
/|Xxi

|, i = 1, 2, 3 and let N = (0, 0, 0, 1, 0)
be the normal map. Then the hypersurfaces of H4, locally associated to X by a Ribaucour
transformation with respect to ei, are given by

X̃ = X − 2Ω

S
(
∑

i

Ωiei −WN − ΩX),
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where

S =
∑

i

Ω2
i +W 2 − Ω2, Ω1 = f ′1, Ω2 = −f1 sinx2 + f ′2, W = b 6= 0, b ∈ R, (24)

Ω3 = (f1 cos x2 + f2) cosh x3 + f ′3, Ω = (f1 cos x2 + f2) sinhx3 + f3, (25)

and fi is an arbitrary differentiable real function of xi. Moreover, if

f3 = c1 sinhx3 + c2 coshx3, c1, c2 ∈ R, (26)

then X̃ has zero Gauss-Kronecker curvature.

Proof. From the expression of X, we have that ai = |Xxi
| are given by a1 = sinhx3 cos x2,

a2 = sinhx3 and a3 = 1. It follows from (5) and a straightforward computation that the
functions Ωi are given by (24), (25). From (6), we obtain the expression of Ω and this concludes
the proof of the first part of the theorem.

Using these expressions into (10), we obtain

T i =
2

ai





∑

k 6=i

Ωk

ak

∂ai
∂xk

+
∂Ωi

∂xi
− aiΩ



 . (27)

Since λi = 0, for all i, it follows from (13) that T i0 = 0, if and only if, the principal curvature of
X̃, λ̃i0 = 0. We will now obtain the conditions on the functions fi for the vanishing of some T i.

It follows from (27), that T 3 = 0 if and only if f ′′3 − f3 = 0. Hence, f1, f2 are arbitrary
differentiable functions of x1 and x2 respectively, f3 is given by (26) and λ̃3 = 0.

Similarly, T 2 = 0 if and only if f ′′2 + f2 = −c1 and f ′3 coshx3 − f3 sinhx3 = c1, where c1 ∈ R.
Hence, f2 = −c1 + b1 cosx2 + b2 sinx2, f3 is given by (26) and f1 is an arbitrary function. In
this case, λ̃2 = λ̃3 = 0.

Finally, one can show that T 1 = 0, if and only if, f1 = −b1 + c3 cos x2 + c4 sinx2, f2 =
−c1 + b1 cos x2 + b2 sinx2 and f3 is given by (26), i.e. X̃ is a totally geodesic submanifold of H3.

Therefore, we conclude that if f3 is given by (26), then X̃ has vanishing Gauss-Kronecker
curvature.

In Proposition 2.5, we observe that if the function fi for i = 2, 3 are of the form fi =
αi + βi cos xi + γi sinxi, then X̃ is a Dupin hypersurface with zero Gauss-Kronecker curvature.
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