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Abstract

The theory of Ribaucour transformations for hypersurfaces in space forms is established.
For any such hypersurface M, that admits orthonormal principal vector fields, it is shown
the existence of a totally umbilic hypersurface locally associated to M by a Ribaucour
transformation. A method of obtaining linear Weingarten surfaces in a three-dimensional
space form is provided. By applying the theory, a new one parameter family of complete
cme surfaces in the unit sphere, locally associated to the flat torus, is obtained. The family
contains a class of complete cmc cylinders in the sphere. In particular, one gets a family of
complete minimal surfaces and minimal cylinders, locally associated to the Clifford torus.

0 Introduction

The study of surfaces with constant mean curvature in space forms has been well developed in
recent years, principally in two directions: theory and construction of cmc surfaces (surfaces
with constant mean curvature). The following methods were used in the construction of emc
surfaces: the method of perturbation [K1], [K2]; integrable systems [PS], [Bo]; conjugate prime
surfaces [La], [Ka]; Weierstrass type representation [D-H] [KMS]. Recently, complete cme sur-
faces were contructed by applying another method, based on Ribaucour transformations. These
transformations for hypersurfaces in space forms were studied by Bianchi in 1918-1919 [Bi]. The
classical theory shows that Ribaucour transformations may be used to construct surfaces of
constant Gaussian curvature and constant mean curvature surfaces from a given such surface.
However, the first application of this method to minimal and eme surfaces in IR® was obtained
recently by Corro, Ferreira and Tenenblat in [CFT2] and [CFT3]. They provided new families
of complete minimal surfaces associated to the Enneper surface and to the catenoid. Moreover,
families of complete cmc surfaces were obtained by applying the theory to the cylinder and to
the Delaunay surfaces. These families contain the ¢me n-bubble surfaces described by Sievert
[S], [G-B] and [SW].

In [CFT3], the classical theory of Ribaucour transformations was extended to linear Wein-
garten surfaces in IR, providing a unified version of the classical results. As an application,
it was shown the existence of complete hyperbolic linear Weingarten surfaces immersed in IR,
in contrast to Hilbert’s theorem that asserts the non-existence of complete surfaces of constant
negative curvature immersed in R3.

The classical theory of Ribaucour transformations considers hypersurfaces parametrized by
lines of curvature, whose principal curvatures have multiplicity one, although this is not stated
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explicitly. In [CT], the definition of a Ribaucour transformation in Euclidean space was revised,
extending the concept to submanifolds with flat normal bundle, whose principal curvatures have
multiplicity bigger than one.

In this paper, following [CT], we establish the theory of Ribaucour transformations for hy-
persurfaces M™ in a space form MnH(E), k =0, 1, —1. For any hypersurface M™ C Mnﬂ, that
admits orthonormal principal vector fields, we show the existence of a totally umbilic hypersur-
face of M, locally associated to M by a Ribaucour transformation. We provide a method of
obtaining linear Weingarten surfaces in i (k) from a given such surface. By using this theory,
we construct a 1-parameter family of complete cme surfaces in the unit sphere S3, associated
to the flat torus. For special values of the parameter we obtain a family of complete cmc cylin-
ders immersed in S®. In particular, we get a family of complete minimal surfaces and minimal
cylinders immersed in S®, associated to the Clifford torus by a Ribaucour transformation. In
a forthcoming paper, we will give applications of Ribaucour transformations to cmc surfaces in
the hyperbolic space.

The paper is organized as follows. Section 1 contains the definition of Ribaucour transfor-
mations for hypersurfaces of a space form. This definition has also a local form. The first tool in
the study of Ribaucour transformations is its characterization in terms of differential equations,
given in Teorema 1.5. These equations reduce to a linear system (1.33)-(1.36). We show in The-
orem 1.10, for hypersufaces M of S™*! or of H**! which admits principal orthonormal vector
fields, the existence of totally umbilic hypersurfaces, locally associated to M by a Ribaucour
transformation. This section extends the results in the Euclidean space obtained in [CFT1, CT].

In section 2, we study Ribaucour transformations for linear Weingarten surfaces in S® and
H? extending the results in IR? obtained in [CFT3]. Recall that (Cf. [T]) a linear Weingarten

= I . .
surface in M (k) is a surface M whose Gaussian and mean curvatures K and H, satisfy the
relation

a+ BH +~(K — k) =0,

where o, 8, v € R, > —4ay # 0, H = —(A\1 + X2)/2 and K = M2 + k, —N\i,i = 1,2,
are the principal curvatures of M. In Theorem 2.1, we get a sufficient condition so that a
Ribaucour transformation transforms a linear Weingarten surface into another surface of the
same type. This condition provides an integrable system of differential equations (Theorem 2.2)

whose solutions enable us to obtain linear Weingarten surfaces in M from a given such surface.
As a particular case of these results, we study Ribaucour transformations between cmc surfaces
immersed in M.

In Section 3, we construct a one parameter family of surfaces with constant mean curvature in
53, locally associated to the flat torus by a Ribaucour transformation and we prove in Theorem
3.2 that the surfaces of this family are complete. This family contains complete c¢mc cylinders
immersed in S3. As a particular case, we get a family of complete minimal surfaces and cylinders
locally associated to the Clifford torus by a Ribaucour transformation (Corollaries 3.3 € 3.4).

1 Ribaucour Transformations for Hypersurfaces in space
forms

This section contains the definitions and the basic theory of Ribaucour transformations for
hypersurfaces in a space form, extending the results in [CFT1] and [CFT2] of the theory in the
Euclidean space IR" .

Let M™+1(k), k = £1,0, be the simply connected space form of sectional curvature k and



let L"+2 be the set of = (xg, 1, ..., Znt1) € IR""? endowed with the pseudo-inner product

n+1
<,y >=—zoyo + Y Tilhi-
i=1

A model for the hyperbolic space is the submanifold

H" = {z e L""?| < 2,2 >= —1,2¢ > 0}.

Consider an orientable hypersurface M in 37" (F), where """ (k) = "1  IIR"™* when
k=1and MnH(E) = H"t!' C L""? when k = —1.

Let e;,i =1,...,n, be an orthonormal frame tangent to M and N a unit normal vector field
defined on M. Denote by w; the 1-forms dual to e; and w;;, 1 < 4,5 < n, the connexion forms

which are defined by

dw; = Zwij ANwj, wij +wj; =0.
J#i
The Gauss equations are given by

n
dwij = E Wik N\ Wkj + Wint1 A Wnpy1j — kw; N\ Wi,
k=1

where win4+1 = —wpt1; =< de;, N >, and the Codazzi equations are

n

(1.1) dwiny1 = Zwij A Wjin41-
j=1

If the vector fields e;, defined above are principal directions corresponding to the principal
curvatures —\;, 1 <1¢ <mn, then

(1.2) Win+1 = —/\iwi, dN(ez) = /\161

Let us consider a hypersuface M in IR"™!, §7*+1 or H"*! parametrized by orthogonal cur-

vature lines, X (u1, ..., u,), where X denote the position vector in IR™', IR"*? or L"*2. The

first fundamental form of M is determined by I = Y 7", w?, where w; = a;du; e a; = | X,,| are
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differentiable functions. The principal directions are e; = X,; /a;, where X,; denote the partial
derivative with respect to u;. It is easy to see that

1 da; da;
1.3 = — | ——w; Jwi),1<i,j5<n.
( ) Wiy a;Q; < 8ij +8inJ> =) =0
Motivated by the classical and modern definitions of the Ribaucour transformation for hyper-
surfaces in R"*1 (Cf. [Bi], [CFT1], [CT], [DT], [T]), we introduce a similar definition for
hypersurfaces in a space form.

Definition 1.1. ) A congruence of geodesic spheres in Mn+1(E) is a family of n-parameter
geodesic spheres in MHH(E) such that the set of centers of the geodesic spheres is a hypersurface

of MHH(E) and the radii of the geodesic spheres are given by a differentiable function on the
hypersurface.

it) An involute of a congruence of geodesic spheres is an n-dimensional submanifold M of
M (k), such that each point of M is tangent to a geodesic sphere of the congruence of geodesic
spheres.



i11) Let M and M be hypersurfaces in MHH(E). We say that M and M are associated by
a congruence of geodesic spheres, if there exists a diffeomorfism v : M — M such that, at
the corresponding points p and ¥ (p), M and M are tangent to a same geodesic sphere of the
congruence of geodesic spheres.

An important special case of item dii) is when d¢) maps n principal vector fields of M to n
principal vector fields of M.

Definition 1.2. Let M be an orientable hypersurface in MnJrl(E). Suppose that there
exist n orthonormal principal vector fields eq, ..., e, defined on M. An orientable hypersurface

M C ! is associated to M by a Ribaucour transformation with respect to e1, ..., ey, if there
exist a differentiable function h: M — IR, a diffeomorfism ¢ : M — M and unit normal vector
fields N and N of M and M, respectively, such that

a) exp,h(p)N(p) = expd,(p)h(p)]\~/(1p(p))7 Vp € M, where exp is the exponential map of M.
b) the subset S = {exp,h(p)N(p)lp € M} is an n-dimensional submanifold of M;

¢) dip(e;), i =1,...,n, are orthogonal principal directions of M.

The Ribaucour transformation above is invertible in the sense that there exist n orthonormal
principal vector fields €, ..., €,, defined on M, such that M is associated to M with respect to
€1,...,€n. Moreover, one can show [CT] that if M has a principal curvature with multiplicity
bigger than one, the submanifolds associated to M, by a Ribaucour transformation may differ
depending on the choice of the principal vector fields {e;} on M.

Remark 1.3. Let M and M be hypersurfaces of M”H(E) as in Definition 1.2, then by
considering M as IR"", "1 C R"*2? or H"*! C L""2 we can rewrite condition a) above as

p+h(p)N(p) =9(p) + h(p)N(@(p), p€ M,

and
h(p) = { tan(é(p)), ¢:M— (0, %) , if E: 1,
P tanh(é(p)), ¢: M — R, if k=—1.

We can also formulate a local definition.

Definition 1.4. Let M be an orientable hypersurface in M’L—H(ELE =0,1,—1. Suppose
that there exist m orthonormal principal vector fields ey, ...,e, defined on M. We say that a

hypersurface M C HnH(E) is locally associated to M by a Ribaucour transformation with
respect to ei,...,en, if for any § € M, there exist a neighborhood 1% of ¢ in M and an open
subset V. C M such that V is associated to V by a Ribaucour transformation with respect to
€1y..y€En.

The following theorem, extending the result in the Euclidean space in [CFT1], is a character-
ization of Ribaucour transformation in terms of differencial equations, when the ambient space

is a space form M(k), k=0, 1, —1.

Theorema 1.5. Let M be an orientable hypersurface in MnJrl(E). Assume that there
exist n orthonormal principal vector fields e;,1 < i < n, on M. A hypersurface M C M (k) is
locally associated to M by a Ribaucour transformation with respect to eq, ..., e,, if and only if,
Vp € M, there exist parametrization X:UCR"— MCcC M (k) of a neighborhood of p and a
non-vanishing differentiable function h,

h:U — IR, WhenE:O,l,
h:U — (—1,1), when k = —1,



such that
(1.4) X =X +h(N - N),

where X is a parametrization of an open subset of M, N is a unit vector field of M and the
unit normal vector field N of M is given by

- 1 n . _ _
1.5 N=—— 27%; + (A +kh* —1)N + 2khX |,
(15) A+kh2+1<; @t ) )
with
i_ dh(e;) _ - 2
(1.6) 2= AEXE

and h satisfies the differential equations

(1.7) dZ7(e:) + Y Z'wijle)) = Z'ZIN =0, 1<i#j<n.
=1

Proof. The proof for k = 0 can be found in [CFT1](see also [CT]). Using similar arguments
we sketch the proof for the case k = +1. Suppose that M is locally associated to M by a
Ribaucour transformation with respect to eq, ..., e,,. We can assume, by definition, that for each
p € M, there exist local parametrizations X of a neighborhood of p, X of a subset of M, and a
differentiable function ¢ defined on U C IR™ such that

if £ =1, (cos )X + (sin )N = (cos §) X + (sin¢)N e ¢(z) € (0, 3), Yo eU;

if k= —1, (cosh ¢)X + (sinh ¢)N = (cosh¢)X + (sinh ¢)N,
where N and N are unit normal vector fields of M and M, respectively.

We have

(1.8) <dX(e;)),N>=0,1<i<n.
Let
b — tan ¢, when k =1,
]| tanh, when k = —1.

Then X is given by (1.4) and hence
(1.9) dX = dX +dh(N — N) + h(dN — dN).

Suppose that

n

(1.10) N => bhep+ "IN + pX,
k=1

where

(1.11) SO+ ") 4+ Rt =



Taking the differential of (1.10) and using (1.2), we get

(1.12) dN(e;) = Zn: (dbk(ei) + Zn: blwk(e;) + udix + b”+1/\k5ik> ex
k=1 =1
+(db™ 1 (e;) — AB)N + (du(e;) — kb)) X.
From (1.9) we have
(1.13) dX (e;) = (14 hAY)e; 4 dh(e;)(N — N) — hdN (e;).
Substituting (1.10) and (1.13) into (1.8), we get
(1.14) (1 + hADYY 4 dh(e))(0" T —1) =0, 1<i<n.

We claim that 1+ hA® # 0 for all i. Let us prove the claim for the case that k = 1, since the
case that k = —1 is similar. Consider the central manifold X° = (X + hN) cos ¢. Then

dX%e;) = [(1 + hA")e; + dh(e;)N] cos ¢ + (X + hN)(—sing)dg(e;).
We conclude from h = tan ¢ that dé(e;) = cos? ¢ - dh(e;). Therefore
dX%e;) = [(1+ hA") cos @] e; + (N — (X + hN) sin ¢ cos ¢) cos ¢ - dh(e;).

Suppose that (1+hA")(u?) = 0 at a point u°. Then we get from (1.14) that (b" 1 —1)dh(e;)(u’) =
0 and, therefore, dh(e;)(u®) = 0. Otherwise, b"1(ug) = 1 implies that N(u®) = N(u°) and,
therefore, X (u®) = X (u®) = X°(u°), that is, ¢(u®) = 0 which is a contradiction. Therefore we
have dh(e;)(u®) = 0 and dX°(e;)(u") = 0. This is a contradiction since X is an n-dimensional
submanifold. Therefore 1 + hA® # 0 for all . Hence from (1.14), we have

(1—b"th = Z(1 — o™ th).

The condition < X, N >= 0 implies that
(1.16) pw=h(1—b"Th).
Substituting A = >";_;(Z%)?, (1.15) and (1.16) into (1.11) we obtain

e A+Fkh?—1

(1.17) ==T — -
A+Ekh2+1

It is easy to check from (1.10), (1.15)-(1.17) that N is given by (1.5).
Now we introduce the following notation

(1.18) dN(e;) = L¥er+ LIT'N + ¢, X.
k=1
By (1.12),
(1.19) Lf = dbk(ei) + Z blwlk(ei) + poir + bn+1)\k5ik,
=1
(1.20) LI = ab™t(e;) — b,

(1.21) ¢ = dp(e;) — kb'.



Since dX (e;) are principal orthogonal directions we have, when i # j

< dX(e;),dX (ej) >=< dN(e;),dX (ej) >=< dN(e;),dN(ej) >= 0.
Therefore, we obtain from (1.13) and (1.18) that
(1.22) LI+ L 77 =0, i}

Similarly, using B 5
< dN(e;),dN(ej) >=0, i# ],

we get
(1.23) S OLFLY + LY LT 4 kqig; =0, i # 4
k=1
It follows from (1.15) that
(1.24) dyy =dz7 (1 — ") — Z7ap" T 1< j <.
Substituting (1.15), (1.19), (1.20) and (1.22) into (1.24), we get, when ¢ # j
0=(1-b""Y (de(ei) + ) 2w (ed) — x‘ziZJ)
k=1

Hence (1.7) holds. This completes the proof of the first part of Theorem 1.5.
Conversely, suppose that h is a non-vanishing solution of (1.7). Define the functions Z © and
A by (1.6), b*, u, b"Tt and N by (1.15), (1.16), (1.17) and (1.9), respectively. From

Z(bk)2 + (bn+1)2 _'_ENQ — A(l _ bn+l)2 + (bn+1)2 _'_ENQ =1,
k=1

it follows that N is a unit vector field. We want to show that X, given by (1.2), is associated
to X by a Ribaucour transformation with respect to eq, ..., e,. Since h is non-vanishing, we can
assume without loss of generality that h(z) € (0,400), Vo € U. Consider

6= tan~! h, when k =1,
| tanh™'h, when k = —1,

then (1.4) implies that the condition a) in Definition 1.2 or 1.3 is satisfied. From (1.4), (1.10)
and (1.16), we know that < N, X >= 0. By definition of X, we conclude that dX(e;) is given
by (1.13) and therefore

< dX(e;), N >= (—(14 hX\)Z" + dh(e;)) (" —1) =0,
which implies that N is a unit normal vector field of X in MnH(E). By (1.15)-(1.17),

(A4 ER241)2

(1.25) db™ 1 (e;)

_2dZi(e;)  2Z9(dA(e;) + 2khdh(e;))
A+ kRZ+1 (A 4 kh? +1)2

(1.26) v’ (e;)

)



_ 2kdh(e;))  2h(dA(e:) + 2khdh(e))
A+ ER2 41 (A+Kkh24+1)2

(1.27) dpu(e)

Therefore, using (1.18)-(1.21), we have

(1.28) oL 2dZ(e)  27'(dA(e;) + 2khdh(e;)) 9h
' L A+ERRI 41 (A1 Rh2 1 1) AT o1
he1 27 wi(e;) (A +Ekh2 —1)N
A+Ekh?+1 A+ ER2 + 1
; k i _L(A — ER2 iz
(1.29) gt 208(e0) | 2K(@hZ' KA kW2 +1DN'ZY)
(A4 kh?+1)2 (A +kh2 +1)2

Hence from (1.21), (1.27) and (1.15) we get
(1.30) q = —khL}Tt.
We conclude from (1.7), (1.28) and (1.29) that
i (A+ER?+1 ;
(1.31) ZiLi = <% - (Zl)2> L+,

On the other hand, we can deduce from (1.7), (1.19), (1.26) and (1.29) that (1.22) holds. Thus,
we obtain from (1.22), (1.30) and (1.31) that for ¢ # j,

\7 \7 i j A+ Eh? +1 n n
< dN(e;),dN(ej) > = <(Z 2+ (Z9)2 -2 f) Lyt
+ Y (2N Lt 4 Lt L 4 BRI L = 0.
k#i,j

Now, using (1.13), (1.22) and the above equality, we have, when i # j
< dN(e;),dX (ej) >= (1 4+ hN)(L] + L1 Z;) = 0.
Finally, we conclude that, when i # j,

<dX(e;),dX(ej) > = —(1+hA)(dh(e;)Z" (1 —b""") —hZ'LIH!
—Z'(1 = b")dh(e;) + Z°hLyT) = 0.
Define a map ¢ : X(U) — X(U) by
¢ X(p) — X(p).

Then item c¢) of Definition 1.2 or 1.3 is satisfied.
Let

X0 — (X + hN)cos ¢, when k = 1,
| (X + hN)cosh g, when k = —1.
When k =1,

dX%e;) = [(1 + hA") cos @] e; + (N — (X + hN) sin ¢ cos ¢) cos ¢ - dh(e;),



and so
|dX°(e;)|? = (1 4+ hA)? + ((cos ¢ — hsin ¢ cos? ¢)? + sin? ¢ cos® @) (dh(e;))? # 0,

since Z* is well defined. This implies that S := {cos(¢(X (p)))X (p) + sin(¢(X (p)))N (p)|p € U}
is an n-dimensional submanifold.
On the other hand, when k£ = —1,

dX°(e;) = [(1 + hA") cosh ¢] e; + (N + (X + hN) sinh ¢ cosh ¢) cosh ¢ - dh(e;)
and therefore

|dX%(e;)|> = ((cosh¢ + hsinh ¢ cosh? ¢)? + sinh? ¢ cosh® ¢)(dh(e;))?
+(1+ hAH? £ 0.

Hence, the set {cosh(¢(X (p)))X (p) + sinh(é(X (p)))N(p)|p € U} is an n-dimensional subman-
ifold. Thus, in both cases, M is locally associated to M by a Ribaucour transformation with
respect to eq,...,e,. Observe that M is generically n-dimensional. Consequently, M is locally

associated to M by a Ribaucour transformation with respect to ey, ..., ey,. O
The following result linearizes the problem of obtaining the function h.

Proposition 1.6. If h is a solution of (1.7) which does not vanish on a simply connected
domain, then h = Q/W, where W is a nonvanishing function and the functions , Q" W satisfy

(1.32) du(e;) =Y Qwir(ey), if i # j,
k=1
=1
(1.34) AW ==Y QNw;.
=1

Conversely, suppose (1.32)-(1.34) are satisfied then h = Q/W is a solution of (1.7).

Proof. Assume h is a non-vanishing solution of (1.7), then ¢ = + >} Z*w;, is a closed
1-form. Hence, on a simply connected domain there exists a differentiable function €2 such that
d(log ) = 1. We define

Q

One can verify that that (1.33) holds and

Q, QN , QX
1. D=—(1 | i1 :
(1.36) dh(e;) W<+W) + hA 7

1 o . Q

1.37 A=— 02 Zt= .
(1.37) W kzzl YT W

Moreover it follows from (1.7) that (1.32) and (1.34) are satisfied.
Conversely, if (1.32)-(1.34) hold, considering Z* = Q' /W, one concludes that (1.7) is satisfied.
We define h = Q/W, then it follows that dh(e;) = Z*(1 + hA?). ad
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From now on, when we say that a hypersurface M in MHH(ELE = =+1, or 0, is locally
associated by a Ribaucour transformation to M, with respect to a set of principal directions
e;,i=1,..,n, on M, we are assuming that there exist functions Q¢, Q and W, locally defined,
satisfying the system (1.32)-(1.34). When all the principal curvatures of M are distinct, we will
only say that M is associated to M by a Ribaucour transformation.

We rewrite Theorem 1.5 in the following form for our future use.

Theorem 1.7. Let M C MHH(E) be a hypersurface parametrized by X : U C R™ — M.
Assume that e;, 1 < i < n are orthonormal vector fields in the principal directions and N is a
unit normal vector field of M, dN(e;) = \ei,1 < i <n. A hypersurface M C M (k) is locally
associated to M by a Ribaucour transformation with respect to eq, ..., ey, if and only if, for any
p € M, there exist an open subset V C U, non-vanishing functions W,Q,; : V.C U — R, which
are solutions of (1.32)-(1.84) satisfying WS(W + XN'Q)(S — QT") # 0, and X:VCR"— M,

a parametrization of M, given by

. 2k 20 —
1.38 X=(1- X —=() Qie; —WN),
(1.38) (1757 x-S e wm)
where S =Y "1_ ()% + kQ% + W2,
Proof. Note that
- 1 n . _ _
N = ——— 27%; + (A +kh* —1)N + 2khX
A+kh?+1 | ( ) 1

oW [ _
= N4+ — Q —WN +EQX |.
+ g <;§ k€k + )

Therefore n

7.0)2
X=X-h(N-N)= (1—2’“9 )X—%(ZQM—WN),
k=1

which concludes the proof. O

If M is parametrized by orthogonal curvature lines, we will assume that e; are unit vector
fields tangent to the coordinate curves, that is, e; = X, /a;, where a;, = |X,,|. In this case,
using (1.3), we can verify that the system (1.32)-(1.34) is given by

8Ql o . 1 6aj . .
(1.39) du; Q; o # i,
(1.40) gﬂ = a;Q;
Uq
(141) ZW = —ai)\iQi.
Uj

Proposition 1.8.  The equation (1.32) is the integrability condition of the system (1.33),
(1.84) for Q and W.
Proof. Consider the idea Z generated by the 1-forms

dQ) — Xn: ini;
i=1

B = dW+ iQi)\iwi =dW — iinm+1~

i=1 i=1

Q
I
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Using Codazzi equation (1.1) and (1.32), a straightforward computation shows that Z is closed
under the exterior differenciation.

Theorem 1.9. Let M be an orientable hypersurface in MnH(E). Let e; be orthonormal
vector fields in the principal directions defined on M and N be a unit normal vector field of M,
dN (e;) = Ne;, 1 <i < n. Suppose that a hypersurface M C HHH(E) is locally associated to M
by a Ribaucour transformation with respect to e, ...,e,. Then the principal curvatures of M for
each 1 < i <mn are given by

i WT'+ NS
(1.42) A= S_qri
where Q;,Q and W satisfy (1.32)-(1.34) and
k=1
(1.44) S=> () +EQ* + W2,

1

Proof. Let X and X be parametrizations of M and M, respectively. We have
(1.45) dX = dX +dh(N — N) + h(dN — dN),
where h = Q/W and N is of the form (1.10). The principal curvatures of M are given by

(1.46) 3o = dN (), dX (e;) >
. < df((ei),df((ei) >

Since dN(e;) = MdX (e;), dN(e;) = NidX (e;), we get from (1.45) that
(1.47) (1 + hN)dX (e;) = (14 hAY)e; + dh(e;)(N — N).
It then follows from (1.10), (1.15) and (1.6) that

(14 hXA)? < dX(e;),dX (e;) >= (1 + hX\")?,

that is,
~ ~ 1 7\2
(1.48) < dX(es), dX (e;) >= LEAN)"
(14 hAi)2
On the other hand, we know that
L4 RN

(1.49) < dN(e;),dX (e;) >

= —(Li+ 2Ly
1+ AN

If Q; # 0, that is, dh(e;) # 0, we conclude from (1.31) that

Li g ZiLn L — A+Eh2+1L’?+1
K3 k3 2Z/L (3 )



and therefore,

~ - [ 7.5,2
< dX (), AN (e;) 5= LHPANAERRTHL) poy
21+ hi)Zi

Combining (1.46), (1.48) and the above equality, we get

< (L4+hX)(A+ER?+1)

)\’L — / , L’(Z+1
27°(1 + hAY)

Since S — QT? # 0, we know that
2dh(e;) — h(A+kh? + 1)L £0, (see (1.51) and (1.53) below).
Therefore

- A+ Ekh2+ 1)L
(1.50) No= (A+ k07 + 1)L -y
2dh(e;) — h(A + kh2 +1))LI"

where L7 is given by (1.29).
Observe that A + kh? + 1 = 25, where S is given by (1.44). We conclude that

A+kh* + 1)L =2
(A+Ekh* +1)L; W

-2

dS(ei)
S

Thus it follows from (1.36) that

_ Q _QdS(e;)
;) — 2 n+1 = —Z — ’
(1.51) 2dh(e;) — h(A +Ekh? + 1)L 2 2

and so we can deduce from (1.50) that

(1.52) ¥ o= om0

Observe that, using (1.44), a straightforward computation shows that

(1.53) dS(e;) = T,

12

where T is given by (1.43). We conclude from (1.52) and (1.53) that the principal curvatures

of M are given by

< WTi4\S

(1.54) A= Tar T 1,...,n, if Q; #0.

If Q; = 0, that is, dh(e;) =0, then Z% = 0 which implies from (1.28) that

. 1
L= —— 27%wii(e:) + 2kh + (A + kh? — 1A
: A+kh2+1<z wri(er) ( )>
EQ S —2w?
= <22 sz e; +2W+T)\>
WTi 4+ \'S

S 3
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that is,
. WTi 4 \'S
(1.55) L= T AL
S
From (1.46), (1.48), (1.49) and Z* = 0, it follows that

i

1+ AN .
= Lt
1+ hX T

Therefore, if Q; = 0, we have

i L ~ WT 4+ XS
(1.56) A= 1+hX —hL: S —QTi

O

For hypersurfaces M of the Euclidean space IR™*!, which admits orthonormal principal

vector fields, e;,i = 1,...,n, it has been shown (see [CT]) that an open subset of IR™ or S™

is locally associated to M by a Ribaucour transformation with respect to e;. The following
theorem extends this result to hypersurfaces in S™+! or H"t1.

Theorem 1.10. Let M™ be a hypersurface of MHH(E) that admits n orthogonal principal
direction vector fields e;,i = 1,...,n. For any real constants by # 0 and by. The system of
equations

(157) dQ; = Z Qrwir + (bo — EQ)WZ‘ =+ (bl — W)wm+1
k

(1.58) dQ) = Z Qiw;,

(159) dW = Z inin—&-l

is integrable. The function S — 2(boQ + b — 1W) = ¢ is a constant determined by the initial
conditions. Considering ¢ = 0, the associated hypersurface is an open subset of a totally umbilic
(resp. totally geodesic) hypersurface if by # 0(resp bg =0).

Proof. One can easily prove that the system of equations is integrable and as a consequence
of (1.44) that dS — 2(bodQ + b1dW) = 0. Therefore, we can choose the initial conditions so
that S — 2(bo€2 + b1WW) = 0. Finally, it follows from (1.42) that any principal curvature of the
associated hypersurface is given by bg/b;. a

Observe that the system of equations of Theorem 1.10 contains (1.32)-(1.34). Moreover,
this theorem shows that this system of equations does not preserve multiplicity of principal
directions. This fact had already been observed in [CFT1].

2 Ribaucour Transformations for Linear Weingarten Sur-
faces in space forms

In this section, we use the theory of section 1, to study Ribaucour transformations for linear
Weingarten surfaces in space forms.

Recall from the last section that a surface M in M- (k) is locally associated by a Ribaucour
transformation to M with respect to a set of ortonormal principal vector fields {e;}2_; of M, if
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there exist functions Q¢i = 1,2,Q and W locally defined, satisfying the system (1.35)-(1.37),
which for n = 2 reduces to

(2.1) dQ;(ej) = Qwij(e;), if i # 7,
(2.2) dQ = XQ:ini,

=1 , | Q
(2.3) AW = — Zl QuX'wi, h= .

Recall also that (Cf. [T]) a linear Weingarten surface in VA (k) is a surface whose Gaussian
and mean curvatures K and H satisfy the relation

(2.4) a+ BH +~(K — k) =0,
where o, 8, Y€ R, % —4ay#0, H=—(A'+\?)/2 and K = \'\? + k.

The following result provides a sufficient condition for a Ribaucour transformation to trans-
form a linear Weingarten surface to another surface of the same type. The arguments of the
proof are similar to the Euclidean case (see [CFT3]) and will be omited.

Theorem 2.1 Let M be a surface in m’ (k),k = +1,0, which admits orthonormal principal
vector fields e1,ea. Let M be a regular surface associated to M by a Ribaucour transformation
with respect to e;. Suppose that the functions Q; £ 0, Q and W satisfy the algebraic relation

(2.5) S = 2c(a? + BOW +yW?),
where
(2.6) S =07 + Q5+ W? + k2,

c¢#0 and o, 8, v are real constant such that % — 4oy # 0. Then M is a linear Weingarten
surface satisfying o + BH + v(K — k) = 0 if and only if o + BH + v(K — k) = 0 holds for
the surface M, where K,K and H,H are the Gaussian and mean curvatures of M and M,
respectively. Moreover, M has no umbilic points if and only if M has no umbilic points.

The system (2.1)-(2.3) with the aditional condition (2.5) is always integrable when we start
from a linear Weingarten surface. That is, we have the following result:

Theorem 2.2. Let M be a linear Weingarten surface in Mg(k)7 which admits orthonormal
principal vector fields. Suppose that the Gaussian and mean curvatures of M satisfy o+ BH +
Y(K — k) =0. Then for any constant ¢ # 0, the system of the equations

2
(27) dQ) = Z ini,
i=1
2
(28) dW = Z inig,
i=1
(2.9) dQ; = Qjwij + {(2ca — k)Q — BeW hw; + {cBQ + (2cy — 1)W hwis, i # j.

is integrable. Any solution satisfies (2.5) on a simply connected domain U whenever the initial
condition satisfies (2.5). Moreover, when k =1, or k = 0 with a # 0, any solution of the system
defined on U is identically zero (hence S =0) or S does not vanish.
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Proof. We consider the ideal Z generated by the 1-forms

2
0 =do— Quw,

=1

2
¢ =dW =Y Quwis,

i=1
91‘ = dQZ — ijij — {(20a — E)Q — ﬂcW}wi — {Cﬁﬂ + (20’7 — 1)W}wi3, ) 75 j

We have ) )
i == 0 Nwi, dp == 0 Awss,
i=1 i=1

and since M is a linear Weingarten surface

do; = —0; Awij + (cBw; + (2¢7 — Dwiz) A A + ((2ca — k)w; + cBwiz) A O

—2cQi(a+ H +v(K — k))w; Aw;
= —0; Awij + (cBwi + (2¢7 — Dwiz) A A + ((2ca — k)w; + cfwiz) A0,

where j # i. It follows that Z is closed under the exterior differenciation which implies that the
system (2.7)-(2.9) is integrable.
We observe that for any solution of this system d(S — 2¢P) = 0, where

(2.10) P = a0? + AW + W2,

Therefore, when we consider the initial condition at a point pg such that (S — 2¢P)(pg) = 0, we
know that S = 2¢P holds identically on a connected domain.

When k = 1 or k = 0, assume that S(pg) = 0 for some py € U. It then follows from (1.44)
that Q1, Qo, W and €2 vanish at pg. Since U is simply connected, the uniqueness of solutions
for the system implies that Q = Qy = Qs = W = 0 on U and therefore S = 0 on U. This
concludes the proof of Theorem 2.2. a

Theorem 2.3. Let M be a linear Weingarten surface in i (k),k = £1,0, satisfying o +
BH +~v(K — k) = 0, which admits orthonormal principal vector fields ey, es. Suppose that M is
locally parametrized by X : U C R2 - M C M (k). Then any parametrized linear Weingarten
surface in M (k) locally associated to X by a Ribaucour transformation with respect to eq,eq, as
in Theorem 2.1, is given by

- 2
(2.11) X = <1— 2k92)X—@(ZQiei—WN),

where Q,Q;, i =1,2, and W are solutions of (2.7)-(2.9) and X is defined on
(2.12) U={(u,uz) €U : T? +2TQH + Q*(K — k) # 0},
where T = aQ? — yW? and Q = 2vQW + 3Q2.

Proof. The proof follows the same arguments of Theorem 1.5 in [CFT3]. By Theorem 1.7,
it suffices to show that X, defined on U by (2.11), is a parametrized surface of M (k).
Since

(2.13) S = 2cP,
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where P is given by (2.10), we have, using (2.2) and (2.3), that

2
Q 1
d (E) = 20cP? ;Qinia
where 7;, i = 1,2 are 1-forms, defined by
ni = (YW? — aQ?)w; — (29yWQ + BQ?)ws,

QQ Q 2 2 2
d (§> = oop3 ; [(29W? + BAW )w; — (2yWQ + Q% )wis ] Q.

Using (2.7)-(2.9), we conclude that

o1&
dX = ;;méi,

where

(2.14) € = %((—EQQX + (cP — Qe — Qe + QWN),
and

(2.15) o = CLP(—EQQQX + (cP — Q%)es — Q1 Qeq + QW WN).

By a simple calculation, we can verify that é; and €3 are orthonormal. Therefore X is an
immersion when 71 A 72 # 0, that is, on the subset U given by (2.12). O

Remark 2.4. From the proof of Theorem 2.3 we know that the principal directions €1, €3
of X are given by (2.14) and (2.15). Furthermore, their dual forms are given by

1 .
(2.16) Q; = F(7W2 —a? + (B4 29wy, i = 1,2.

Considering H constant, « = —H, § =1 and v = 0 in Theorems 2.1-2.3, we have the cmc
H cases (if H = 0, is the case of minimal surface). Observe that A! # \? is equivalent to

Ao —H and \? # —H.
By (2.9), we have ‘ ‘
SO — QdS(e;) = 2L (H + \Y).

Therefore, the fact that M has no umbilic points with €2; # 0 implies that SQ; — QdS(e;) # 0.
We can state the following Corollaries, by considering & = —H, 3 = 1 and v = 0 on Theorems
2.2 and 2.3.

Corollary 2.5. Let M be a surface in M (k) which admits orthonormal principal vector
fields ey, eo. If M is a eme H surface, then for any constant ¢ # 0 the system of equations

2
(2.17) Q=" Quw;,
=1
2
(2.18) AW = Quwis,

i=1

(219) dQ); = ijij — [(2CH —|—E)Q — cW}wi + (CQ — W)wig, 7 75 7,
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is integrable. If

(2.20) —k+c2—2He >0,
then any solution on a simply connected domain U satisfies
(2.21) S =2cQ-HQ+ W),

whenever the initial condition satisfies (2.21). Moreover, when k=1 or k = 0 with H # 0, for
any nontrivial solution the function S does not vanish on U.

We need to require that ¢ # 0 also satisfies (2.20), if we want (2.21) to be satisfied by a
non-trivial solution. In fact, since S is given by (2.6), the algebraic condition (2.21) reduces to

2
D Q7+ (W =) + (k — ¢+ 2cH)Q* = 0.
=1

Therefore —k + ¢2 — 2Hc¢ > 0.

Corollary 2.6. Let M be a ecmc H surface in MS(E) parametrized by X : U C R? —
e (k), which admits orthonormal principal vector fields ey, ea. Then any cme H parametrized

surface in m (k), locally associated to X by a Ribaucour transformation as in Theorem 2.1 is
given by

i £Q 1 2
(2.22) X = (1—C(W_HQ)>X—C(W_HQ)(;Qiei—WNL

where Q,€;, i = 1,2, W are solutions of (2.17)-(2.19) with the constant ¢ # 0 and —k + ¢ —
2Hc > 0.

3 A family of ¢mc surfaces associated to the flat torus in

S3

In this section, we construct a family of cmc surfaces which are locally associated to the flat
torus in S3 by using the Ribaucour transformations as in Theorem 2.3. As a special case, we
obtain a new family of minimal surfaces in S3.

Theorem 3.1. Consider the torus T? parametrized by
_ : . 2
X (u1,uz) = (c1 cosuq, ¢y sinug, ¢y cosug, casinusg), (ur,uz) € R

as a cme H surface, where c1, co are positive constants satisfying

1 Co C1
(31) C%+Cg:17 and H:§ (a—g) .

A parametrized surface X, is a eme H surface locally associated to X by a Ribaucour transfor-
mation as in Corollary 2.6, if and only if ¢ € (—o0, —c1/c2] U [ca/c1,0), and X, is a torus if
ce€{—ci/ea,ca/er} or

2cica(cf — cgg)) ¥ _ 2c3c3 < 1

(A f+c39) c(Af+ c3g) E(f Xy =9 Xun) = (F 4+ g)N>

(3.2) X, = (1 -
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where

(3.3) N = (—cg cosuy, —casinug, ¢1 COS ug, €1 Sinuz),

and f(u1) and g(uz2) are solutions of the equations

(3.4) 7+ <1—cc—1> F=0, o'+ <1—|—cc—2>g=0,
(&) C1

satisfying the initial condition

(3.5) Ly (i) sl (1o P (14e2) g ) uuf) =0
. . 019 C% o C% 1 g 1, %2) — Y.

Moreover, X, is a regular surface defined on

(3.6) U = {(ur,us) € R?%f(ul) - j—jgmg) £ 0}

Proof. The unit normal vector field of the torus T2 is given by (3.3). The first and the
second fundamental forms of T2 are given by

(3.7) ds® = cidui + cadus, 1T = cica(dui — duj),

respectively. From (3.6), it follows that the coordinate curves of T2 are curvature lines and that
A = —cy/e1, A2 = c1/ca. Therefore, T? has zero Gaussian curvature and the mean curvature
of T? is given by (3.1). Let e; = X,,,/c;, i=1,2. Since S = 2¢Q(—HQ + W), we have

2
D07+ (W =)’ + (1 -+ 2cH)Q* = 0,
=1

which implies that 1 — ¢ 4+ 2¢H < 0, that is, ¢ > i—f or ¢c< —i—;. Thus, if ¢ € (—c1/co,ca/c1),
X.. does not exist.
Now, suppose that ¢ € (—o0,—c1/c2) U (¢2/c1,4+00). In order to obtain the Ribaucour

transformation, we need to solve the following system of differential equations derived from
(2.1)-(2.3):

0, S,
3.8 — =0
(3.8) g, # Js
o0
(39) an = CiQi; 1= 17 27
ow
3.10 = 0
( ) 8’Ll/]_ Co3ly,
ow
3.11 — = 1O,
(3.11) ay — il
with the aditional algebraic condition
(3.12) D2+ Q2+ W2+ Q% =2cQ(W — HQ).

From (3.8) and (3.10) we know that 82??22 = 0 which implies that

(3.13) W= f(u1) + g(u2),
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where f and g are functions of u; and us, respectively.
Taking the derivatives of (3.11) with respect to u; and ue, respectively and using (3.7)-(3.10),
we get

o0
(3.14) Wl + oW 4+ (14 2cH)e1Q — caaW — cea2 = 0,
1
0y
(3.15) s — W+ (14 2cH)coQ — ccaW + ec1Q2 = 0.
2
The equations (3.10), (3.11) and (3.13) imply
1 0W 1 1 0W 1
3.].6 Q:——:—/’ Q:___:__I7
( ) ! C 8u1 CQf 2 C1 8u2 Clg
and
an 1 7 592 1 "
3.17 I Ln B Lo
( ) 8U1 CQf 8UQ Clg
On the other hand, we deduce from (3.14) and (3.15) that
o 0y
3.18 —_— —_— 14+2cH)Q)—cW =0
( ) Clau1+623u2+(+c ) c ,
o 0y
3.19 — —c = —cQ+W =0.
( ) 2 5U1 “ 3u2 bt
Eliminating Q from (3.18) and (3.19), we get
8(21 892 2 an 892
—_— — 1+2cH — )W 1+ 2cH — —c— | =0.
cclau1+6628u2—|—(+c )W + (1 + 2¢H) 026u1 Cl@ug

Substituting W = f + g and (3.17) in the above equality, we have
(3.20) ((1 +2cH) + c2—1> "+ ((1+2cH) =) f
2
= (cZ—2 -1+ QCH)) g"+ (¢ — (1+2cH)) g = d = const.
1

From Corollary 2.5 we know that 1+ 2cH — ¢? < 0.
It follows from (3.20) that

= d
21 % G—g+—
(3.21) r=1f 14 2cH — ¢?’ g 9+1+20H_027

where f and g are solutions of (3.4), respectively. Therefore

~ 1 1
(3.22) W=f+g=f+g, Q=—f, Q=-—7.
C2 C1
From (3.13), (3.17) and (3.19) it follows that
1 1 5 =
(3.23) Q=-(f"+9"+f+9)=-(f"+3"+ [ +9)

Thus, from the expression of X, we can assume without loss of generality that d = 0. Introducing
(3.3) into (3.24), we find

(3.24) Q=—f-——=g.
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Observe that

1
3.25 Qie; = — (' Xu, — ¢ Xu,).
(325) > e = —— ("X — g'Xo)

Hence, we conclude from (3.22) that X. is given by (3.2).

Substituting (3.13), (3.15), and (3.24) into (3.12), we know that (2.16) reduces to (3.5). From
Theorem 2.3 we know that X_. is defined on U = {(u1,u2) € R?|T? +2TQH + Q*(K — 1) # 0}.
Sincea=—-H, =1, y=K =0, we have T = —HQ?, Q = 2, which shows that U reduces
to (3.6).

If 14+ 2cH — ¢ = 0, that is, ¢ = —¢; /¢, 0r ¢ = ¢a/cq, then, X, is a torus. In fact, let us
consider first the case that ¢ = —Zt. It then follows from (3.20) that g" = 0 and so,

(3.26) g(uz) = aug + b,

where a and b are constants. Since

o _ e = —2g = 24,
Ous C1 C1
we know that
(3.27) Q= 1(u) — Z—2QUQ +b, beR.
1
Using ¢ f' = 88—521 = I"(u1), we have l(u1) = £ f(u1) + d, which gives
C1 Co ~ =
(3.28) Q=—f(u1) — —aug + (d+0).
C2 C1

Hence, from (3.17) and (3.19),

(3.29) f”+f+g+c—1 (C—lf(ul)— C—Qau2+(d+6)) =0,
C2 C2 C1

which implies that

1 L.
(3.30) Fl+Sf=-2(d+b)—b=d.
(&) C2
Therefore,
(3.31) f = by cos (ﬂ> + by sin <ﬂ) + cgdl,
C2 C2
(3.32) Q=252 +d).
(6] C1

It is easy to see that Q satisfies equation (3.8). On the other hand, we deduce from the algebraic

condition (2.21) that a = by = by = 0, which gives f = c3d1, g = b. Thus (3.13) and (3.32)
3

imply Q = —2d; — Z2band W = c3d; + b. Therefore, we obtain from (3.13) that

Cc1

(3.33) X. = (r1cosuq,ry sin uq, ro cosug, ro sin uz),

where

Q ; WCQ .
i 1l —i—r= -1 177 :1727
r ( (W — HQ)) at D gy !
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are constants. Consequently, X, is a torus. In the same way, we can show that when ¢ = <2

cy’

X, is also a torus.

Theorem 3.2. The surfaces X. obtained in Theorem 3.1 are complete cme H surfaces
contained in the unit sphere S3. Excluding the torus and up to an isometry of S3, X, is given
by (3.1) where ¢ > ca/cq,

(3.34) f= 52—2, /%7 cosh(v=nu1), g = sin(vous),
V=

(3.35) nic)=1- cZ—l, vic)=1+ CZ_Q’ §=+1, (u1,uz) € R%
2 1

Proof. The functions f and g of the surfaces described by (3.2) are given by

(3.36) f =aicos(y/nui) + bysin(y/nui), g = ascosh(vrus) + by sinh(vvug), if ¢ < —Z—l,
2

and
(3.37)  f = aj cosh(y/—nuy) + by sinh(v/=nu1), g = azcos(v/vuz) + bgsin(v/vus), if ¢ > Z—Q,
1
where v and 7 are functions of ¢ defined by (3.35).
From (3.4) it follows that the constants a;, b;, i = 1,2 satisfy the following conditions:

1 1
(3.38) (a2 +b2) + Su(a2—b2) =0, if c< —2,
s cq Co
1 1
(3.39) (b2 — a?) + Sv(ad+02) =0, if c> 2.
s ci c1

Consider the case ¢ < —g—;. If a3 = b; =0, then f and g are given by
(3.40) f =0, g=as(cosh(v—vuz) + sinh(v—rus)) .
From (3.2) and (3.40), we get

X, = (c1 cosuq, e sin ug, co cos(ug = A), co sin(ug £ A)),

which implies that X, is a torus. Therefore, excluding the torus, we can assume a? + b? # 0. In
this case, using (3.36), (3.38) and (3.2), one can easily see that

2

(3.41) f=sin(ynui + A1), ¢g= 62—11 / _iy cosh (vV—rvuz + B1),

where b
. ai 1
sinAd; = ——, cosd; = ——,
ai + b7 vai + b7
) ob
cosh By = e sinh By = 2

2 2’ 2 2’
aj — b3 Vas; — b;

and 6 = £1, so that dasy > 0.
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Now suppose that ¢ > Z—f By similar arguments, we know that when ay = by = 0, X, is a

torus and when a3 + b3 # 0, we have

(3.42) f= 52—? /_L77 cosh (\/—nul + Ag) , g =sin (\/;ug + Bg) ,

where § = £1, so that da; > 0.
Since

from the expressions of f and g we conclude that, for any ¢ € (—o0,—c1/ca) U (c2/c1,00),
U = IR?, where U is given by (3.6), that is, X, is defined on the whole plane.

Observe that when ¢ < —2—;, we have

XC,Al,Bl (u17 U’Q) - R(

&

By XC,O,OOh(ulaq/LQ)a
)

where

A B
h(ui,u) = (Ul + \/—%,Uz + \/T1—V> )

and R, ) : IR* — IR* is given by

Rg,¢) : (x1, 22,73, 24) —

(x1 cosl — xosin b, x1 sin 0 + xo cos b, x5 cos ¢ — x4 8in ¢, T3 Sin ¢ + x4 €os P).

Therefore, all the cmc H surfaces XC,(ALBI), ¢ € (=00, —c1/c2) with different values of A, B

are congruent. Similarly, the eme H surfaces X¢ 4,,8,,¢ € (c2/c1,00) with different values of
Ay, By are also congruent.
Therefore, without loss of generality we may consider in (3.41) and (3.42)

(343) Al =B = A2 = By =0.

We ~Will now prove that the surfaces Xc and Xz H—c are congruent. From Remark 2.3, the metric
of X, is given by

1
ds? =07+ @5 =Y =5 (YW? — aQ® + (BQ + 29W) Q) (| X, |dus)?,
i=1
where
1
o= — :__<C_2_C_l>aﬂ:177:0a
2 C1 Co
P=a0?+ QW = —HQ? + QW.
Therefore, we deduce from A\; = —ca/¢1, A2 = ¢1/¢o that
20 _ 2.2
(3.44) ds? = M(C%du% + c2dul) = P (Edu? + cAdul),

© (Ffe+c3g0)?
where f. and g. are given by (3.41) and (3.42) with (3.43). Moreover, it follows from (1.54) that

- 1 ~ 1
3.45 M=-H- —— A= — .
( ) ¢ 26162¢g ¢ 20162’1,/)3




23

Observe that ¢ > Z—f, if and only if, 2H — ¢ < —< and

o
i &
n2H - )= Du(),  v(2H - o) = Zi(e).
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Therefore, if ¢ > i—f, we have
~ Ao J1 32/~ o~
Jor—c(u1) = ge(ti2), gar—c(u2) = gfc(ul), Nopr—e = —AZ(U1, U2),
2

where @ = z—qu and 1y = z—;ul. We conclude that the Xc(ul, ug) and Xof—e (z—qu, Z—;ul) have

the same first and second fundamental forms. Therefore they are congruent by an isometry of
S3.

Let us now show each X, is complete. We only need to consider ¢ > i—i In this case, it
follows from (3.42) and (3.44) that

af—cge o dlfl-dll 2639 2¢3 0
2 2 = 2 2(g = 7 2 21 = 7 >0
cf+cag Al f1+ c3lgl il [+ eslgl 24 e, /v

2t oV S

Therefore, there exists an 7 > 0 such that ¥.(u1,u2) > 7, ¥(u1,uz) € R%. We need to show
that any divergent curve in the surfaces X, has infinite length. Such a curve is of the form
a(t) = Xe(uy(t), ua(t)), where lim; oo (u3(t) + u3(t)) = co. We assume that (u})? + (uh)? = 1.
The length of « is

o) = [ wa)y /A7 + A > [ minfenen) - =oe

This shows that X, is complete and so concludes the proof of Theorem 3.2. O

The following result provides some geometric properties of the surfaces.

Proposition 3.3. Any cme surface of the family X, obtained in Theorem 3.2 has flat total

curvature. In particular, for any ¢ > z—f, such that /1 + cz—f = ;- is an drreducible rational

number, the surface corresponds to a cmc immersion of a cylinder in S3.

Proof. We know that the principal curvatures S\fc,z = 1,2, of X, are given by (3.45). Hence
the Gauss curvature of X, is given by K. =1+ A1\2, i.e.

1 1
3.46 Ki=——(1—-—]),
(3.40) Acics ( wz*)

where 9?2 is defined in (3.44) as

¢2 _ (C%f - c%g)Q
©(Af +3g)*

If ¢ is such that \/v(c) = ,/1+ ¢ is not a rational number we consider the regions

U, =Rx[kT,(k+1)T], T= keZ.
Then the total curvature of the surface is given by

/ chgclcgduldug
R2



24

which reduces to

Z A 40102 ( B ’@/12) dulduQ

as a consequence of (3.46). From (3.34) and the expression of ¢, we have that

(k+1)T T
25 _ 20 _ 2,
R /0 <¢ w2>d“2
/U(z ¢2)d“2_0

n

Similarly, if ¢ is such that y/v(c) = .- ia an irreducible number, the total curvature of the

surface is given by
/ chgclcgdulduQ.
Rx[0,2mm]

1 2mm ) T ) 2
duo = dus = d
4C1C2 A wc U2 /0 wc U2 /0 (dj ¢2) Uz,

we conclude that the total curvature is flat.
We observe that whenever /v(c) = =, it follows from (3.34) that

Hence for all k&,

Since

Xc(ul,uz + 2mn) = Xc(ul,uz)

and 2mm is the smallest period. Therefore, the surface corresponds to a c¢mc immersion of a
cylinder in S3. This completes the proof of Proposition 3.3. a

If in Theorems 3.1, 3.2 and 3.3, ¢; = ¢z = 1/4/2, we have a family of minimal surfaces in S3
locally associated to the Clifford torus by a Ribaucour transformation. More precisely, we have
the following

Corollary 3.4. Consider the Clifford torus T? in S parametrized by

X(uy,uz) = COs U1, Sinuq, Cos ug, sinus), (u1,us) € R?.

=
V2
Excluding the Clifford torus and up to an isometry of S3, a parametrized surface X., where
c # 0, is a minimal surface locally associated to X by a Ribaucour transformation, if and only
if, c > 1 and X, is given by

> g 2 'y
Xe = <1 C(f+g))X (g Km0 )

(— cosuq, — sinug, cos ug, sinus),

1
+—
V2e

where

1
[ =10 Zi_ 1 cosh(ve —1 1), g=sin(ve+1 up), § ==*1, (u1,us) € R%

Each surface of the family X. is a complete minimal surface in S®, with flat total curvature.
Moreover, when \/1+c = - is an irreducible rational number, the surface corresponds to a

minimal immersion of a cylinder in S3.
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