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Conjugacy separability of certain torsion groups

By

J. S. WiLsON and P. A. ZALESSKII

Abstract. It is shown that certain torsion groups studied by Grigorchuk and by Gupta
and Sidki are conjugacy separable.

1. Introduction. In [1, 2, 3], R. I. Grigorchuk introduced and studied some remarkable new
examples of finitely generated torsion groups. These groups are residually finite and
amenable, and they fall into 2% isomorphism classes of p-groups for each prime p.
Grigorchuk solved a problem of Milnor by showing that their growth is faster than
polynomial growth and slower than exponential growth, and he gave in [2] an
explicit criterion describing which of these groups have soluble word problem.
However, the conjugacy problem for these groups seems to remain open. We are
grateful to Professor Grigorchuk for pointing this out to us and for a number of helpful
suggestions.

We recall that a group G is conjugacy separable if for every pair g,h of elements of G
which are not conjugate there is a finite quotient group of G in which the images of g, 4 fail
to be conjugate; equivalently, G is conjugacy separable if (i) G is residually finite, so that it
embeds naturally in its profinite completion G, and (ii) elements of G which are conjugate in
G are also conjugate in G. A well-known argument of McKinsey [5] shows that if G is a
finitely generated recursively presented group and if G is conjugacy separable then the
conjugacy problem for G is soluble.

We shall prove that for p odd the p-groups of Grigorchuk described above are conjugacy
separable. It follows from this that if G is one of these p-groups then G has soluble conjugacy
problem if and only if it has soluble word problem. Further remarkable examples of finitely
generated residually finite p-torsion groups have been discovered and studied by N. Gupta
and S. Sidki [4, 6], and we shall show that for p odd they too are conjugacy separable. Since
these latter groups are recursively presented, it follows that they have soluble conjugacy
problem.

The groups mentioned above have a number of common features. Each of them can be
embedded as a subgroup of finite index in the wreath product of a similar group and a finite
cyclic group, and there is a length function which behaves well with respect to the
embedding. We shall not give here the details of the constructions of these groups; instead
we shall prove a result sufficiently general to handle all of them simultaneously. As a by-
product, we shall prove that the standard wreath product of a conjugacy separable group and
a finite group is conjugacy separable.
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Unfortunately the 2-groups of Grigorchuk and of Gupta and Sidki are not covered by our
result. Although they can probably be handled using similar techniques (especially the very
explicitly described group in [1]), we believe that the arguments required would be
considerably more complicated.

This paper was written while the second author was visiting the University of Birmingham.
He would like to thank the School of Mathematics and Statistics for its support and warm
hospitality.

2. Wreath products and the main theorem. First we establish our notation for wreath
products. Let H, K be groups, and write B for the group of all functions of finite support
from K to H with pointwise multiplication. Let K act on the right on B as follows:

b*(x) =b(xk™') for k,xeK.,becB.

The standard (restricted) wreath product W = H wr K is the split extension of B by K, and B
is the base group of W. If K is a finite cyclic group of order m generated by ¢ we shall find it
convenient to denote the element b € B by the vector (b(1),b(t),...,b(#"1)); thus in this
notation we have

Y, )t = (B by 1)
for all (hy,...,hy) € B.

Lemma 1. Let g, = b1k, g, = byk for some k € K,by,b, € B and suppose that k has finite
order m. If g, g are conjugate in B then g% = g, for some b € B.

Proof. Suppose that (g{”)d = g4, where d € B. We have
g% =bik---bik =bbl B
since k™ = 1. Thus for each x € K we have

g (x) = by (x)by(xk)---by(x k).

Similarly
97 (x) = ba(x)ba(x k) - by (x K1),

and so

(+) A7 ()1 (X)by (x k) - by (x K™ )d(x) = by (x)ba(x k) - - by (x k™),

for each x € K. Let Y be a transversal to the cosets x(k) of (k) in K. For each y € Y we set
b(y) = d(y) and then we define b(yk’) fori=1,...,m — 1 by

byk') = b (v K" )by K ba(y k).
Thus b € B, and from () we have
b(y) = by (yk" 1)b(y k" 1)ba(y k")

for each y € Y. Therefore b(xk)=b;!(x)b(x)by(x) for all x € K. We conclude that
bk = bflb b, and hence that (blk)b = byk, as required.
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Proposition. If H is conjugacy separable and K is finite then W is conjugacy separable.

Proof. We denote by U the profinite completion of a group U. Since K is finite the
inclusion map from H wr K to HwrK extends to an isomorphism from Wto HwrK. Let C
be the base group of Hwr K. Thus we have Hwr K = CK.

Let g;, g, be elements of W conjugate in H wr K. We must show that g1, g, are conjugate in
W. We have gfk' = g, for some ¢ € C, k' € K, and replacing g, by g’2"71 we may suppose that
g§ = g, with ¢ € C. Thus the images of g;, g, under the natural map from HwrK to K are
equal, and we can write g; = b1k, g, = bok with b1,b, € B and k € K. Let k have order m. By
Lemma 1, g;, g, are certainly conjugate in W if g7, g are conjugate in B. Since (¢7")" = g%',
for each x € K the elements g{*(x), g4 (x) are conjugate in H, and hence are conjugate in H.
Therefore g!", g4 are conjugate in B and the result follows.

If x is an element of a group G and Y is a subset of G, we write x¥ to denote the set
{¥|yeY} _Thus if G is residually finite and we regard G as embedded in its profinite
completion G, then G is conjugacy separable if and only if gC NG = g° for each g € G.

Theorem. Let X' be a class of residually finite groups. Suppose that for every group G in &
the abelianization G/G' is finite and there exist an integer m, an element t of G of order m, a
group Gy in & and an embedding ¢ of G in the standard wreath product W = G wr (t), such
that (t) = t and such that the commutator subgroup B’ of the base group B of W is contained
in 9(G'). Suppose also that there is a positive integer N and a function ¢ : G — N assigning a
‘length’ £(g) to each element g of G such that the following conditions hold:

(i) if g € G and £(g) = N then ¢° NG = ¢°, where G’ denotes the closure of G' in G:
(ii) ifg € G, £(g) > N and @(g) is in B, say ¢(g9) = (91 - - - »9,n), then £(g;) < £(g) for each i;
(iii) if g€ G, l(g) > N and @(g9)¢ B, say @(g) = (91,---,9,,)t" with " £1, then for

i=1,...,m—1 we have £(g; g, - - - Giy—1),) < £(g), where k is the order of t' and
indices are computed modulo m.

Then all groups in X are conjugacy separable.

Proof We begin with an elementary observation. Let G be in Z and g € G, and suppose
that g N G = ¢ Since G/G’ = G /G, the group G is the union of finitely many cosets G'u
with u € G, and for each of them we have

" NG =" NG g g,

and thus ¢g° N G = ¢°.

To prove the theorem, it is therefore enough to prove that if G is in " and g € G has
length 7 then g9 NG = ¢“. We shall do this simultaneously for all groups G in %, by
induction on #n. By (i), the result holds for n = N and so we may assume n > N.

Fix a group G in Z, and an element g € G with length n. Let m, t, Gy and ¢ be as given by
the hypotheses of the theorem. Write B for the base group of the wreath product
W = Gowr (t). Since |(f)| and |W : ¢(G)| are finite (the latter being so since B’ = ¢(G) and
since Go/Gj, is finite), the profinite completions of W, ¢(G) can be identified with Gowr (t)
and the closure of ¢(G) in Go wr (t). Moreover, since W/B is abelian we have ¢(G') = B,
and so ¢(G’) has finite index in the base group B of Gowr (1).
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Let h € g9 NG and choose 6 € @(G') with ¢(g)° = @(h). Write g(g) = vt’,@(h) = wt*
with v, w in B. Since the images of ¢(g), ¢ (/) under the natural map from the wreath product
to (¢) are conjugate, we have s =r.

We shall prove the following two assertions:

(a) @(g), @(h) are conjugate under an element of B, and
(b) C5(¢(9))B’ = C(¢(9))B".

Case (i). Suppose that " =1, so that v= ¢(g),w = @(h). Write v= (g,...,9,,)- By
hypothesis (i), we have /(g;) < n for each i. Since ¢(g)° = @(h) and 6 € ¢(G') = B, the
respective components of the vectors ¢(g), ¢(h) are conjugate in Gy and so, by induction and
the observation in the first paragraph, are conjugate in Gy. It follows that ¢(g), p(h) are
conjugate in B.

Now let 8 € Cz(¢(g)). Since |B: B'| is finite we have B = BB/, and so we can write
B = biby! with by € B,b, € B'. Then ()™ = ¢(g)”. Thus the components of ¢(g)”* are in
Gy and the components of b, are in Gj, and so our induction hypothesis yields an element
b € B' with ¢(9)” = ¢(9)”™ = @(9)"". Therefore b1h~' € Cy(¢(g)) and bb;' € B, so that

B = (b1b71)(bb3') € Cp(p(g))B’, and assertion (b) follows.

Case (ii). Suppose that " & 1 and let " have order k. Write x = g,y = h¥, v = (g4, ..., )
@(x) = (x1,...,X%n). We have
)= @) =vr
so that x; = g, g\, - ** giy (k—1), for each i. By Hypothesis (iii), we have {(x;) < n for each i.
Since (p(gk)‘S = @(h*), we conclude just as in Case (i) that ¢(g¥), ¢(h*) are conjugate in B. It
follows from Lemma 1 that ¢(g), ¢(h) are conjugate under an element of B.

Let = (By.....B,) € B. We have 8 € Cy(¢(g)) if and only if v8" " = v, and this holds if
and only if

Bisr = g;'Big; forall i
This in turn holds if and only if both of the following conditions hold:

1) Bivir = 051y Pis-1yr ivoryy for 0<i=rand 1 =j<m/r
and
(2) 9i Gier Givk—1yr Bi = Bi 9 Givr i)y for 0 <i=r

However x; = g, g;., - - - §i4 (k1) SO that Condition (2) above is simply the requirement that
Bi € Cg, (xi) for 0 <i = r, and we have {(x;) < n for each i. By induction and the argument
of Case (i) for the components labelled 1,...,r, we find elements ¢y, ..., ¢, with ¢; € Cg(x;)
and with f;,¢; in the same coset of 5{) in E}\O for 1 =i < r. Now define

Citjr = gi:rl(ifl)’ Cit(j-)r Ji+(j—1)r for lsisrandl=j< m/r.

It follows from Conditions (1) and (2) that ¢ = (cy,. . .,cn) € Cp(@(g)). Since G}, is normal in
G it follows also that for each i = m the elements 8;,c; are in the same coset of Gj.
Therefore B € ¢ B’ = Cp(p(g))B’, and assertion (b) follows.
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Thus in each case the assertions (a), (b) hold. Let (p(g)b = ¢@(h) with b € B. Since also
qu(g)‘) = @(h) with 6 € ¢(G’), we have b € Cz(¢(9))¢(G’). Now B’ is open in ¢(G’') and
@(G') is dense in ¢(G'), and so we have ¢(G’) = B'¢(G'). Thus by assertion (b) we have

b € Cz(9(9))B'9(G') = Cp(e(9))B'e(G').

Since the first and third factors here are contained in B and since clearly B'N B = B’ it
follows that

b € C(¢(9))(B' N B)p(G') = Cp(9(9))B'e(G).

But B’ = ¢(G’) from the hypotheses of the Theorem, and therefore we can write b = ¢1¢(d)
with ¢; € Cp(@(g)) and d € G'. Since ¢(h) = ¢(9)*“ = ¢(g?) we have h = g, and the result
is proved.

3. Application to torsion groups. We now explain how the above Theorem can be applied
to some p-torsion groups with p 42 described by Grigorchuk and by Gupta and Sidki. The
groups we consider here are

(i) the groups arising in Theorem 1 of Grigorchuk [3], i.e. the group G, for each map
o : N — {0,1,...,p} taking each of the values 0,1, ..., p infinitely often, where p > 2,
and

(ii) the groups treated in the Theorem of Gupta and Sidki [4].

We take for Z the class containing all groups in (i), (ii) above. Each of these groups G is
residually finite and is a p-group satisfying G = (I',t), where I is a finite elementary abelian
p-group disjoint from G’ and ¢ has order p, for some odd prime p. We fix one of these groups
G = (I',t). There is a group Gy = (I'g, 1)) € Z such that ¢, have the same order, p, say, and
such that there is an isomorphism f:I — Iy. There are homomorphisms
ai,...,ap-1 : I — (t), with ax(y) =... =ap_1(y) =1 for all y € I' for the examples of
Grigorchuk, and with ai(y)ax(y) =1 and a3(y) =... = a,-1(y) =1 for all y € I" for the
examples of Gupta and Sidki; moreover a;(y,) =ty for some y; € I'. There is a
monomorphism ¢ from the group G to the wreath product W = Gy wr (f) satisfying
() =tand @(y) = (a1(y), ..., ap_1(y),B(y)) for each y € I'. All this can be read off without
difficulty from the descriptions of these groups G in [3, 4]. Write T = (t) and write B for the
base group of W.

Since G is a finitely generated torsion group, its abelianization is finite. This is one of the
requirements in the Theorem; we check another in the following lemma.

Lemma 2. ¢(G’) contains B'.

Proof. For the example of Gupta and Sidki [4] with p = 3 this follows from result 2.2.1 of
Sidki [6]. In the other cases we have a,_1(y) =1forall y € I'. Let y € I', let y; € I satisty
ai(y;) =t and let 1 =i = p — 1. Since Iy is abelian we have

@([Vlh tilyt]) = [(al(yli% BN} ap*l(yli%ﬂ(yli) )7 (ﬁ(‘V% al(y)> v 7ap71(3/) )]
= ([t67ﬂ(y)]’ 1’ sy 1)

Since {[th,0] | 1 =i = p — 1,06 € I'y} generates the derived group G}, of G, and since ¢(G) is
invariant under conjugation by ¢ we conclude that B’ = ¢(G’), as required.
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It remains now to define a length function on G (and on all other groups in Z’), such that
hypotheses (i), (ii), (iii) of the theorem hold.

Denote the union of the conjugates of I' under the elements of T by I'7. We have
@ '(B) <G and so (I'") = ¢~'(B). If g € G then we may write g = ut" with u € ¢~'(B) and
0 = r < p. It follows that (I'") = ¢~'(B), and that G = (I'")x T.

Now let g € G. Then there are products of elements of I"U T equal to g; let /;(g) be the
smallest number of elements of I" appearing in such a product and let o(g) be the order of g.
We define

I(g) = h(g) +o(9).

Note that if g € (I'T) then g is a product of /;(g) elements of I'". We define length functions
/1,4 in exactly the same way for all other groups in Z.

Lemma 3. If g € (I'T), say ¢(g) = (g;, . .. »gp), then either g € I'T or I(g;) < I(g) for each i.

Proof. Clearly o(g;) = o(g) for each i. Let n =[,(g), and write g = u; ...u, with each
uj € I'". From the definition of @, each g; is a product of n elements from 'y U (ty), and we
can only have /;(g;) = n if each of the factors belongs to I". However then we clearly have
l1(g;) = 1, and the result follows.

Lemma 4. If g€ G\ (I'T), say ¢(g) = (915, 9,)t" with 1 = r < p, then for each k = p we
have 1(gx v+ * Gies (p—1)r) < 1(9)-

Proof. The element ¢(g)” belongs to B and, by the calculation in the proof of Lemma 1,
the element dk = gy gprr - - - Grs(p—1)- @ppears as one of its components. Therefore
o(dr) < o(g) and so it will suffice to show that /;(dx) = 1(g).

Let g=ht, so that @(h)=(g;,....g,) and hL(g) =l(h). Set n=1I(g) and write
h =uy...u, with each u; err.

Let 7t; be the projection b+ b(#~') from B onto its ith direct factor. The element dy is a
product in some order of all of the elements 7;(u;) with j = p,i = n. From the definition of ¢,
each 7;(u;) belongs to I'y U (y), and moreover for each i there is a unique j with 7;(u;) € (o).
It follows that /; (dy) = n, as required.

The above two lemmas show that the Hypotheses (ii), (iii) of the Theorem are satisfied,
with N =p + 1. We must now consider conjugates in G of non-trivial elements g with
{(g) = p + 1. Because G is a p-group, these elements g have order p, and they are expressible
in the form #; yt, with y € ' and 1, € T.

Lemma 5. (a) Each element g of order p and length at most p + 1 is conjugate under an
element of T to an element of ' U T.
(b) Distinct elements of I' U T cannot be conjugate in G.

Proof. (a) Since each element ¢; y , is conjugate under an element of T to an element
yt", it will suffice to show thatif y € I"and 1 = r < p then y¢" has order p only if y = 1. We
have
rp—1)

yy ey =1

Applying ¢ and taking last components, we have S(y)w, - - -w, = 1, where w, ..., w, are the
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elements a;(y),...,ap-1(y) in some order. Since the elements ¢;(y) lie in (f) and since
I'yN (ty) =1, it follows that f(y) = 1 and hence that y = 1.

(b) Let 3 be the product of ¢ and the natural homomorphism from W to the finite group
F = Go/Gjwr (t). It will suffice to show that the images in F of the elements of I'U T are
non-conjugate. Clearly neither the images of two distinct elements of T nor the images of a
non-trivial element of 7 and an element of I" can be conjugate in F, since such pairs of
elements of F map to pairs of distinct elements under the homomorphism from the wreath
product F to the abelian group 7.

Now let y,,y, be non-trivial elements of I". The last components of ¢(y;),¢(y,) are
B(y1),B(y,), and these elements are not in Gy, since from our hypotheses on groups in 2 the
map f is injective and G NIy = 1. Moreover, since Gy is the semidirect product of the
normal subgroup generated by I'y and the subgroup (f), non-trivial elements of (#,) cannot
be congruent or conjugate modulo Gj in Gy to elements of I'y, and so 5(y,),3(y,) are not in
G (to). Thus the final components of y(y;),y(y,) fail to lie in Gy (ty)/Gj},. Referring to the
definition of the map ¢, we see that all other components of y(y,),y(y,) do lie in the
subgroup G (ty)/Gj. It follows from our remark above about conjugacy modulo G that if
¥(y1), ¥ (y,) are conjugate in F under an element f then f must belong to the base group of
F, and hence that v (y,) = ¥(y,). Thus B(y,y;') € GynTy =1, and y; = y,. Our result
follows.

Lemma 6. (a) If v is a non-trivial element of I then Ca(y)@ = Cg(y)G.
(b) If g T' U T, then Cz(¢(9))B’ = Cr(¢(g))B.

Proof. (a) Clearly I'G' = Cs(y)G' = C~(y)G’, and since G/FG’ has order p it will
suffice to prove that ¢ ¢ CA( YG', or, equlvaﬁently, that CE( YNNG =0.

We identify the proﬁmte completion W of W with Gowr (r) and write @ for the
isomorphism from G to ¢(G) extending ¢. Suppose that o is the image under ¢ of an
element of Ca( y)tN'G'. Then

0€@(G)=¢(G)=W =B,

and so the first component of ¢(y)° is conjugate in Gotoa (possibly trivial) element of (r).
On the other hand, since 0 € @(Ca (y)r) = CVAV(qu(y))t, we have ¢(y)° = ¢(y)", and the first
component of this element is 3(y). This leads to a contradiction to Lemma 5 applied to the
group Gy, and our assertion follows.
(b) If g € T then
Cz(g)={beB|b({I ") =b(l) for 1=i<p}
and

Cplg)={beB|b({)=b(1) for 1=i<p},
and since Gy = GGy we have
Cz(9(9))B' = Cp(g(9))B = {b € B| b(f~")b(1)™" € G| for 1 =i < p}.

Let g € I'. Then ¢(g) = (a1(g),---,B(g)), and, since B is isomorphic to the base group of
the wreath product Gy wr () we must show that

C (B(9))Gy = Ca,(B(9))G,,
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and
an(at(g))a) = Cg,(ai(9))Gy for i<p.

The first of these requirements follows from part (a) of the lemma, applied to Gy instead of
G, and since a;(g) € T for each i < p the second requirement follows by arguing as in the
above paragraph, with Gy replacing G.

Lemma 7. If g€ T'UT then ¢° NG = ¢°.

Proof. Let h e gﬁ N G. We shall argue by induction on the length n of A that & is
conjugate to g under an element of G'. If n = p + 1 the result follows from Lemma 5 (a) and
the remarks preceding it. The rest of the argument follows the strategy of the proof of our
Theorem. We identify the profinite completions of W, ¢(G) with Gowr (r) and ¢@(G).
Choose 6 € ¢(G') with ¢(9)° = @(h).

First we show that ¢(g), ¢(h) are conjugate under an element of B.

Case (i). Suppose that g € I', so that ¢(g) € B. Since the images of ¢(g), ¢(h) in W/B are
conjugate, we also have ¢(h) € B. Write v = (g;,...,¢,,) and w = (hy, ..., h,). By Lemma 3
we have £(h;) < n for each i. Since ¢(g)° = @(h) with 6 € B, the respective components of
@(9), ¢(h) are conjugate in Go. However, the components of ¢(g) lie in I’y U (), and so, by
induction and the observation at the start of the proof of the Theorem, the respective
components of ¢(g), p(h) are conjugate in Gy. It follows that ¢(g), ¢(h) are conjugate under
an element of B.

Case (ii). Suppose that g = ¢ for some integer r. Since the images of ¢(g), (k) under the
map from the wreath product W to T are conjugate, ¢(g), ¢(h) lie in the same coset of B in
W. Both ¢(g), ¢(h) have order p, and so these elements are conjugate under an element of B
by Lemma 1.

Thus in each case the elements ¢(g), ¢(h) are conjugate in B; let ¢(g)” = ¢(h) with b € B.
Since also qa(g)é = @(h) with 6 € ¢(G'), we have b € C5(@(9))®(G"). As in the Theorem we
have ¢(G') = B'¢(G'), and so by Lemma 6 we have

b € Cz(9(9))B'9(G') = Cp(9(9))B'9(G").

It follows that
b e Cp(p(9))(B' N B)p(G') = Cp(p(9))B'e(G),

and, since B’ = ¢(G’) by Lemma 2, we can write b = ¢1¢(d) with ¢; € Cp(¢(g)) and d € G'.
Since ¢(h) = (p(g)(p(d) = ¢(g?) we have h = g9, and the result is proved.

It remains now only to recall that every non-trivial element of G of length at most p + 1
is conjugate in G to an element of I'U T; Hypotheses (i) of our Theorem follows from
this and Lemma 7. This completes our verification that each group G € Z satisfies the
hypotheses of the Theorem, and therefore completes the proof that these groups are
conjugacy separable.
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