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The Prototype Verification System - PVS

PVS is a verification system, developed by the SRI International
Computer Science Laboratory, which consists of

@ a specification language:

e based on higher-order logic;
e a type system based on Church’s simple theory of types
augmented with subtypes and dependent types.

@ an interactive theorem prover.

e based on sequent calculus; that is, goals in PVS are sequents
of the form I' = A, where I and A are finite sequences of
formulae, with the usual Gentzen semantics.
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The Prototype Verification System - PVS — Libraries

@ NASA LaRC PVS library includes

e Structures, analysis, algebra, Graphs, Digraphs,

o real arithmetic, floating point arithmetic, groups, interval
arithmetic,

o linear algebra, measure integration, metric spaces,

e orders, probability, series, sets, topology,

e term rewriting systems, unification, etc. etc.

L]
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The Prototype Verification System - PVS — Sequent
calculus

@ Sequents of the form: I - A.

o Interpretation: from [ one obtains A.
o A1, A, ... Ant By, By, ..., By, interpreted as
AANAAN .. NAEFEBLV B V..V B,.

@ Inference rules
o Premises and conclusions are simultaneously constructed:

rFa
N
o Goal: F A.

L]
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Sequent calculus in PVS

@ Representation of A1, As,...,Ap - By, Ba, ..., Bm:

[-11 A

[n]: Bn
@ Proof tree: each node is labelled by a sequent.
@ A PVS proof command corresponds to the application of an
inference rule.

o In general:
rEA

MEALT,EA,

(Rule Name)

L]
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Some inference rules in PVS

o Structural:

Mo F Ay

i -
F1 - Al (W), if F1 - I’2 and Al - Az

@ Propositional:

MAFAA

I, FALSE - A

(Ax) (FALSE )

= TRUE, A

(- TRUE)
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Some inference rules in PVS

o Cut:
o Corresponds to the case and lemma proof commands.
FAF AT aa (Cu)
o Conditional: TF-THEN-ELSE.
MIF(A,B,C)F A (IFF)

ABFA T,CFAA

[ -IF(A, B, C)A
AFB,A TFACA

(FIF)
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Gentzen Calculus

sequents:

I = A

antecedent succedent
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Gentzen Calculus

Table: RULES OF DEDUCTION a la GENTZEN FOR PREDICATE LOGIC

left rules right rules
Axioms:
o= ¢ A (Ax) L,F=A (L)
Structural rules:
r=A . r=A .
——=— (LWeak ———=— (RWeak
oT=A (LW eakening) r=ao (RW eakening)
M= A M= A, .
% (LContraction) ?AS:O@ (RContraction)

L]
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CONCLUSION AND FUTURE WORK

Table: RULES OF DEDUCTION a /la GENTZEN FOR PREDICATE LOGIC

right rules

Pic{1,2}, T = A
P12, T = A

r=24a ¢,r=A
@, P, (L)

Fr=A,¢ ¢, = A
———— ()
e =P, I = A

LCogical rules:

M= A, ¢ic(1,2}
F=A,p1Ve

Fr=0A¢ =049
(LA)
Fr=A,¢oAY

e, = A0,
r=00—9

(RA)

(Rv)

(R—)

elx/yl,T = A
I, I = A

eb/t,r = A
Ve, T = A

(L3),

y & tv([, A)

r A, p[x
= LRI )y g e a)

= A, Vxp

=4, lx/t

= A, 3xp 3)

L]
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Gentzen Calculus

Derivation of the Peirce’s law:

W)sozw (Ax)
=09
= 0,0 =1 v = (Ax)
(p=v)=p=09p
= (p—=9Y) =) 2o

(R
(R,

(R-)
(L)
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Gentzen Calculus

Cut rule:

Fr= A0 o= A
M = AA'

(Cut)
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Gentzen Calculus - dealing with negation: c-equivalence

o, = A one-step c-equivalent [ = A, —¢

= A, p one-step c-equivalent -, [ = A
The c-equivalence is the equivalence closure of this relation.
Lemma (One-step c-equivalence)

(i) '_G ¢,F:>A, iffl—G [ = A,—Kp,'
(’L'Z') Fe —|<p,r:>A, iff¢ r:>A,g0.

L]

Universidade de Brasilia



DEDUCTION, PROOFS & PVS FORMALIZATIONS ELABORATED TRS THEOREMS CONCLUSION AND FUTURE WORK

000000 000000000000 000000000
0O00000@0000000 0000000 00000000000

Gentzen Calculus - dealing with negation

Proof.
(i) Necessity:

,=A
=8 (RW)
p, = A, 1L
——~— (Rs)
M= A,—WD
Sufficiency:
M= A -p (Ax) o, T = A, Lo, T = A (L)
W) =5 T A (E-)
b b b) b (CUT)
e, = A

L]
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Gentzen Calculus - dealing with negation

(i) Necessity:

(Ax) o, T = A, 0,0, L -, I = A
Rs) ————— — (RW)
Fr=2A,0,¢, ¢ L, I=A00,0(L1) o, T = A, p, L
(L) (R—)
R ——o, T = A 0,0 Fr=A,p,-¢ @, I = A, ¢ (Ax) ()
- T=0,0,-mp = ¢ —mp = o, T = A ~
(Cur)
Fr=A¢
Sufficiency:
M= A 1, r=A
(L)
-, M= A
O
P}
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Summary - Gentzen Deductive Rules vs Proof Commads

Table: STRUCTURAL LEFT RULES vS PROOF COMMANDS

Structural left rules PVS commands

TIT=4a

r=A
PToA (LW eakening) % (hide)
o, = A . ,TEA
% (LContraction) d

oo ra (Cory)

L]
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Summary - Gentzen Deductive Rules vs Proof Commads

Table: STRUCTURAL RIGHT RULES vs PROOF COMMANDS

Structural right rules PVS commands

r=24 , TEAy
N (RW eakening) e A (Hide)

F=A¢9 . Mr=A e
N (RContraction) N (Copy)

L]
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Summary - Gentzen Deductive Rules vs Proof Commads
Table: LOGICAL LEFT RULES vS PROOF COMMANDS

left rules

PVS commands

p1, 92,1 = A
—————~ (LA)
p1 A2, T = A
o, T =24 ¢, T=A
——— (Lv)
eV, I=A
r=»A,¢ ¢, = A
—— (L)
o =P, M= A
lx/tl, T = A
~——F—~ (v)
Ve, = A
elx/y], T = A
o, T = A

(Lz), y & (T, D)

A , A
%(Hatmn)
Pic{1,2},THA

eV, T A
— (Split
o Tra grra (P
o= P, TFA

_— (Split
Frae o rra P

Ve, [ F A
——————— (Instantiate)
elx/t], T+ A

30, T A

Plx/yL,THE A

(Skolem), y & £v(I', A)

L]
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Summary - Gentzen Deductive Rules vs Proof Commads

Table: LoGgICAL RIGHT RULES vS PROOF COMMANDS

right rules

PVS commands

Fr=2¢ =AY
——————— (RA)
Fr=ApA¢

M= A4, 9ic1,2} (Rv)
_ TEUT Ry,
= A,01Ve

e =479
—— (R)
Fr= A4, =79

r= A, olx/y]
Toavie (Ry), vy &1v(l,A)

r= A, ¢[x/t]
Toaao (Ra)
= A, 3xp

[ NN
_TEReNY o
Fr=A, o THEA Y

FEA 01V

(Flatten)
FEA, o1, 02

TEA @ —

(Flatten)
e, T E A

M= A, Ve

m (Skolem), 'y & £v(I', A)

A, e

———————— (Instantiate)
I A, elx/t]

L]

Universidade de Brasilia



DEebpuUCTION, PROOFS & PVS

0000000000000

Summary - Completing the GC vs PVS rules

(hide)

(copy)

(flatten)

(split)

(Skolem)

(Tnst)

(Temma)
(case)

(Lw)
(LC)
(Ln)
(Lv)
(L)
(Lv)
(L3)

X

(RW)
(RC)
(RA)
(Rv)
(R-)
(Rv)
(R3)

[ (Cut) ]
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Formalizing Rewriting Properties

Dealing with HO variables, quantifying binary relations, and
induction:

Theorem (CR vs C)

Confluence and CR are equivalent properties

L]
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Abstract Reduction Systems - Binary relations

relations_closure[T : TYPE] : THEORY
BEGIN
IMPORTING  orders@closure_ops[T],  sets_lemmas[T]

S, R: VAR pred[[T, T]]
n: VAR nat
p: VAR posnat

RC(R): reflexive = union(R, =)

SC(R): symmetric = union(R, converse(R))

TC(R): transitive = IUnion(LAMBDA p: iterate(R, p))

RTC(R): reflexive_transitive = [Union(LAMBDA n: iterate(R, n))
EC(R): equivalence = RTC(SC(R))

END relations_closure ol

Universidade de Brasilia
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Abstract Reduction Systems

change_to_TC : LEMMA transitive_closure(R) = TC(R)
R_subset_TC :LEMMA subset?(R, TC(R))

TC_converse: LEMMA TC(converse(R)) = converse(TC(R))
TC.idempotent : LEMMA TC(TC(R)) = TC(R)
TC_characterization : LEMMA transitive?(S) < (S = TC(S))

L]
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Abstract Reduction Systems - PVS Theory
ars[T] |I
results modulo results newman
commutation equivalence normal_form yokouchi
—>@1erian I results_confluence |

—>| ars_terminology I

| relations_closure |

Figure: Hierarchy of the ars theory (Av. at NASA LaRC PVS library )
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Case of study - Newman’s Lemma

noetherian?(R): bool = well_founded?(converse(R))
joinable?(R)(x,y): bool = EXISTS z: RTC(R)(x,z) & RTC(R)(y, z)

locally_confluent?(R): bool =
FORALL x, y, z: R(x,y) & R(x,z) = joinable?(R)(y,z)

confluent?(R): bool =
FORALL x, y, zz RTC(R)(x,y) & RTC(R)(x,z) = joinable?(R)(y,z)

Newman_lemma: THEOREM
noetherian?(R) = (confluent?(R) < locally_confluent?(R))

L]
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Case of study - Newman’s Lemma

- Hands in the dough -
PVS files with Newman's Lemma formalization downloadable as
NewmanLemma.tgz

{\ : e
Figure: Proof's Sketch of Newman's Lemma
==
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Case of study - Newman’s Lemma

}/I/X\Z1

e N

&7‘4—

Figure: Proof's Sketch of Newman’s Lemma
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Case of study - Newman’s Lemma

Figure: Proof's Sketch of Newman's Lemma
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Case of study - Newman’s Lemma

Y1

N
/

AVAAN

dv

N ? &

Figure: Proof's Sketch of Newman's Lemma

E
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Case of study - Newman’s Lemma

N
/

dw

y/
N

AVAN

Figure: Proof's Sketch of Newman's Lemma

E
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Case of study - Newman’s Lemma

X
L.C

O
v >

4
N.I/

w

Figure: Proof's Sketch of Newman's Lemma

E
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DEDUCTION, PROOFS &

Case of study - Newman’s Lemma

A few used lemmas:

R_subset_RC : LEMMA subset?(R, RC(R))

iterate_.RTC: LEMMA FORALL n : subset?(iterate(R, n), RTC(R))
R_is_Noet_iff_ TC_is: LEMMA noetherian?(R) < noetherian?(TC(R))
R_subset_TC :LEMMA subset?(R, TC(R))

noetherian_induction: LEMMA
(FORALL (R: noetherian, P):
(FORALL x:
(FORALL y: TC(R)(x, y) = P(y))
= P(x))
=
(FORALL x: P(x)))

L]
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trs Theory - Hierarchy

reduction

rewrite_rules |—)| substitution orthogonality

| replacement |(—| compatibility

@—)| positions l—)| finite_sequences_extras |

@—)| finite_sequences |

Figure: Hierarchy of the trs theory
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TRS specification - Terms

The set of terms

term[variable: TYPE+, symbol: TYPE+] : DATATYPE
BEGIN

IMPORTING arity[symbol]
vars(v: variable): vars?

app (f:symbol,
args:{args:finite_sequence[term] | length(args)=arity(f)}): app?

END term

Universidade de Brasilia
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TRS specification - Other key basic concepts

Positions and Subterms

e The set of positions of the term t, denoted by Pos(t), is
inductively defined as follows:

(a) If t =x € V, then Pos(t) := ¢, where € denotes the empty
string.
(b) If t =F(ts, -+ ,t,), then

Pos(t) := {e} U | J{ip | p € Pos(t;)}

i=1
@ The subterm of a term s at position p € Pos(s), denoted by

s|p, is inductively defined on the length of p as follows:

S|e
f(st,...,5n)liq

s
Silg

L]
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TRS specification - Replacement
Replacing the subterm of s at position p € Pos(s) by
t: s[p « t]

replaceTerm(t: term, s: term, (p: positions?(s))): RECURSIVE term =
(IF length(p) = 0

THEN t

ELSE LET st = args(s),
i = first(p),
q = rest(p),

rst = replace(replaceTerm(t, st(i-1), q), st,i-1) IN
app(£f(s), rst)
ENDIF)
MEASURE length(p)

Usefull properties
Let s, t, r be terms. If p and g are parallel positions in s, then
(a) s[p < t]lq=slq persistence
(b) s[p < t]l[g < r] =s[q <« r][p + t] commutativity
L]
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TRS specification - Substitution and Renaming

Substitution
(a) The substitutions are built as functions from variables to terms
sig: [V -> term]
whose domain is finite:
Sub?(sig): bool = is_finite(Dom(sig))

(b) The homomorphic extension ext (sig) of a substitution sig is
specified inductively over the structure of terms.

Renaming

Ren?(sig): bool = subset?(Ran(sig),V) &
(bijective?[(Dom(sig)), (Ran(sig))]) (sig)
P}
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TRS specification - Rewrite Rules and Reduction

Relation
Rewrite Rules

rewrite_rule?(1l,r): bool = (NOT vars?(1l)) & subset?(Vars(r), Vars(1l))

rewrite_rule: TYPE = (rewrite_rule?)

Reduction Relation

reduction?(E) (s,t): bool =
EXISTS ( (e | member(e, E)), sig, (p: positions?(s)) ):
subtermOF (s, p) = ext(sig)(lhs(e)) &
t = replaceTerm(ext(sig) (rhs(e)), s, p)

Lemma

Let E be a set of rewrite rules. The reduction relation

reduction?(E) is closed under substitutions and compatible with -
operations (structure of terms). Oriversidade de Brasitia
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TRS specification - Critical Pairs
Critical Pairs - Analytic Definition

Let l; — r;, i = 1,2, be two rules whose “variables have been renamed” such that
Var(h) N Var(h) = 0. Let p € Pos() be such that /|, is not a variable and let
o = mgu(l|p, k). This determines a critical pair (t1, t2):

s ol ot

Critical Pairs - Specification

CP?(E) (t1, t2): bool =
EXISTS (sigma, rho, (el | member(el, E)), (e2p | member(e2p, E)),
(p: positions?(lhs(el)))):
LET e2 = (# lhs := ext(rho) (1hs(e2p)),
rhs := ext(rho) (rhs(e2p)) #) IN
disjoint?(Vars(lhs(el)),Vars(lhs(e2)))
NOT vars?(subtermOF (1hs(el), p))
mgu(sigma) (subtermOF (1hs(el), p), lhs(e2))
tl = ext(sigma) (rhs(el))
t2 = replaceTerm(ext(sigma) (rhs(e2)), ext(sigma) (lhs(el)), p)

PR

L]
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Knuth-Bendix Critical Pair Theorem

Specification

CP_Theorem: THEOREM
FORALL E:
local_confluent?(reduction?(E))
<=>
(FORALL t1, t2: CP?(E)(t1, t2) => joinable?(reduction?(E)) (t1,t2))

Universidade de Brasilia
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Knuth-Bendix Critical Pair Theorem

A sketch of the formalisation
Let s be a term of divergence such that

l1—>r1 I2—>r2

that is, there are positions p;, p2 € positions?(s), rules
lh — ri, b = r» € E, and substitutions o1, 05, such that

Slp=o1(h) & s1 = s[p1 < o1(n)]
S|p,= 02(h) & s = s[p2 < 02(r)]

L]
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Knuth-Bendix Critical Pair Theorem

A sketch of the formalisation: Disjoint positions
p1 and po are in separate subtrees, i.e., p1 and p, are parallel

positions in s.

Case 1: Disjoint positions Case 1: Disjoint

, positions
P1 P2 .
el ol @ Persistence
/17 y\—m o Commutativity
s S
P P2’ (= P2
ain a2k o1h o2
h ﬁx\ h—n
3
P P2
o1 h a2

CONCLUSION AND FUTURE WORK

L]
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Knuth-Bendix Critical Pair Theorem

A sketch of the formalisation: Critical overlap

p € positions?(/), h|p is not a variable and o1(h|p) = o2(k).

Case 2: Fither p1 < po or p» < p1 - P> = p1p

A,
A=A

h—n

Universidade de Brasilia
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Knuth-Bendix Critical Pair Theorem

Case 2: The divergence corresponds to an instance of a critical pair (ti, t»)

CP_lemma_auxl: LEMMA
FORALL E, (el | member(el, E)), (e2 | member(e2, E)), (p: position):

positionsOF (1hs(e1)) (p) &
NOT vars?(subtermOF (1hs(el), p)) &
ext (sgl) (subtermOF (1hs(el), p)) = ext(sg2) (lhs(e2))

=>
EXISTS t1, t2, delta:
CP7(E) (t1, t2) &
ext(delta) (t1) = ext(sgl) (rhs(el)) &

ext(delta) (t2) = replaceTerm(ext(sg2) (rhs(e2)), ext(sgl) (lhs(el)), p)

E

Universidade de Brasilia



DEDUCTION, PrROOFS & PVS FORMALIZATIONS ELABORATED TRS THEOREMS CONCLUSION AND FUTURE WORK

000000 000000000000 0O0000e000
0000000000000 0000000 00000000000

Knuth-Bendix Critical Pair Theorem

In general the critical overlap case is proved in textbooks by
assuming that the rewriting rules 1 — r; and b — r» are renamed
such that Vars(h) NVars(h) = 0.

Case 2: Auziliary properties

CP_lemma_auxla: LEMMA
FORALL E, (el | member(el, E)), (e2 | member(e2, E)), (p: position):

positionsOF (1hs(el1)) (p) &
NOT vars?(subtermOF (1hs(el), p)) &
ext (sgl) (subtermOF (1hs(el), p)) = ext(sg2) (lhs(e2)) )

=>
EXISTS alpha, rho:
disjoint?(Vars(lhs(el)), Vars(ext(rho) (1hs(e2)))) &

ext (sgl) (subtermOF (1hs(el), p)) = ext(comp(alpha, rho)) (lhs(e2))
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Knuth-Bendix Critical Pair Theorem

A sketch of the formalisation: Non-critical overlap
p = q1q2, for g2 possibly empty, such that g; is a position of variable in /; and
o2(h) = o1(hlg)lg,-
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Knuth-Bendix Critical Pair Theorem

Case 3: Auziliary lemma
Let — be a relation compatible with the structure of terms, x be a variable, and o3
and o7 be substitutions such that:

o1(x —  o2(x) and
o1(y = o2(y), forall y # x.
Let t be an arbitrary term, and py, ..., pn € positions?(t) be all the occurrences of x

in t. Define tg = 01(t) and t; = t;_1[p; + 02(x)], for 1 < i < n. Then t; ="~/ o(t),
for 0 < i < n. In particular, o1(t) =" o2(t).

Case 3: Auziliary constructors

replace_pos(t, s, (fssp:SPP(s)) ): RECURSIVE term =
IF length(fssp) = O THEN s
ELSE replace_pos(t,replaceTerm(t, s, fssp(0)), rest(fssp)) ENDIF
MEASURE length(£fssp)

RSigma(R, sgl, sg2, x): bool = FORALL (y: (V)):
IF y /= x THEN sgi(y) = sg2(y) ELSE R(sgl(x), sg2(x)) ENDIF
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Knuth-Bendix Critical Pair Theorem

Case 3: The variable h|q, can occur repeatedly in both sides of the rule h — ry

CP_lemma_aux2: LEMMA

FORALL R, t, x, sgl, sg2:

LET Posv = Pos_var(t, x),

seqv = set2seq(Posv) IN

comp_cont?(R) & RSigma(R, sgl, sg2, x)
=>

FORALL (i: below[length(seqv)]):

RTC(R) (replace_pos (ext (sg2) (x) ,ext (sgl) (t), #(seqv(i))),ext(sg2) (t))

&
RTC(R) (ext(sgl) (t), ext(sg2)(t))
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The PVS theory orthogonality

@ The PVS theory orthogonality substantially enlarges the
theory trs including several notions and formalisations related
with the specification of orthogonal TRSs.

= orthogonality includes a formalisation of the theorem of
confluence of orthogonal TRSs according to:

o use of the parallel reduction relation and
e an inductive construction of terms of joinability for parallel
divergences through the Parallel Moves Lemma.

Available: NASA LaRC PVS library or trs.cic.unb.br.
=
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T, T,
lo . , 7% T, .
Lo, Lo, o, ro

=(E) (s,t)

s=t

bool = 4 (I1 : SPP(t1), I : SeqlE]l, X

Seq[Subs])

t = replace_par pos(s, [, sigma rhs(¥,))
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Theorem [Confluence of Orthogonal TRSs/
Orthogonality = confluence

One has to prove:
e the diamond property (CP) for =;
o - C = C —* implies =* = —*;

o = confluent, implies — confluent.

< implies
N 7
Nz N LA

implies
N 7
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Orthogonal?(E) => diamond property?(parallel_reduction?(E))
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Building the joinability term: the Parallel Moves Lemma
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Joinability requires synchronised applications of PML
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Formalisation: Orthogonal _implies_confluent

Lemma (Specification of Orthogonality implies Confluence)
Orthogonal_implies_confluent: LEMMA

FORALL (E : Orthogonal)

confluent?(reduction?(E))
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Formalisation: parallel reduction has DP

Lemma (Specification of Orthogonality of — implies OP of = )
parallel reduction_has DP: LEMMA

Orthogonal?(E) =>

diamond_property?(=(E))
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Formalisation: divergence in Pos Over

divergence_in Pos_Over: LEMMA
=(E) (s,t1,M) A =(E)(s,t2,M2) A 7 € Pos_Over(y, M)
=>
LET Il = complement_pos(m, [ly) IN
3((,r)eE, o)

subtermOF (s, w) = lo A
subtermOF (t1, 7) = ro A

= (E) (subterm0OF (s, 7),subtermOF(t2,7), I1)
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Formalisation: subterm joinability

subterm_joinability: LEMMA A

Orthogonal?(E) A =(E)(s,t1,l1) A =(BE)(s,t2,) A
M = Pos_Over([lly,lMy) o Pos_Over(ll,,l;) o Pos_Equal(lly,ly)

=>
Vi<|nj|:
du; : = (E) (subtermOF (t1, M@)), u) A
= (E) (subterm0F (t2, M), wu;)
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Formalisation: subterms _joinability

subterms_joinability: LEMMA

Orthogonal?(E) A =X(E)(s,t1,ll)) A =(E)(s,t2,M) A
N = Pos_Over([ly,lMy) o Pos_Over(lly,l;) o Pos_Equal(lly,lly)

=>
J:|ul=|0] A
Vi o: = (E) (subtermOF (t1, M(i)), U@E)) A
= (E) (subtermOF (t2, (1)), U))

L
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Conclusion and Future Work

@ trs provides elegant formalisations close to textbook's and
paper's proofs

confluent?(R): bool = V( x, y, 2):
—"R) (x,y) A =" (R) (x,2)
\ / => | (R) (y,2)

= First straightforward formalisation of Knuth-Bendix CP Th.
=- A formalisation of Rosen’s confluence of orthogonal TRS's.

@ Precise discrimination of notions and properties:

o < property implies non termination.
e proof's analogies fail: a development of parallel rewriting was
necessary to formalise confluence of orthogonal TRS's.

o Clarity about adaptation of results in other contexts:
confluence in explicit substitutions and nominal rewriting. -
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Conclusion and Future Work

Applications to certify confluence of orthogonal specifications,
variants of lambda calculus, nominal rewriting.

Adaptation of the proof in Takahashi's style.

Formalisations using other styles of proof. Van Oostrom'’s
developments, for instance.

o Formalisations of termination: Joint work with Cesar Murtioz
(NASA LaRC). PVS libraries CCG and PVSO0.
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