Matemadtica Contemporanea, Vol 33, 55-83
(©2007, Sociedade Brasileira de Matematica

SPACELIKE SURFACES IN L* WITH PRESCRIBED
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Abstract

In this work we study the generalized Gauss map of spacelike surfaces
in the Lorentz-Minkowski space ", with emphasis to the case n = 4.
We present necessary and sufficient conditions for a complex map to
be a Gauss map of a spacelike surface in L* and a representation for-
mula of Kenmotsu type, and this gives a method to construct spacelike
surfaces with prescribed nonvanishing scalar mean curvature and Gauss
map. We also present the extension to L* of the complete integrabil-
ity conditions for existence of surface in R® and L* of Kenmotsu and
Akutagawa-Nishikawa.

1 Introduction

Let {e; : 1 < i < n} be the canonical basis of the real vector space R",
n > 2, and define a symmetric bilinear form (,) of index 1 in R™ by (u,v) =
ulol - fun o —y" ) where u = Y u'e; and v = Y v'e; are vectors of
L™. The form (,), is the Lorentz scalar product and the n—dimensional Lorentz—
Minkowskispace L™ is the space R™ endowed with this form. A spacelike surface
in L, n > 3, is the image S = X (M?) of a connected, oriented abstract surface
M? through a locally conformal immersion X : M? — L™ such that the induced

form ds?> = X*(,) is a Riemannian metric in M?2.
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The classical Gauss map for surfaces in R?, was introduced by Gauss in his
fundamental work on the theory of surfaces and he used it to define what today
is known as Gauss curvature. For surfaces of higher codimension in Euclidian
space, we have a natural generalization of the Gauss map, where the image
space is the Grassmannian Gsg, of the oriented 2-planes in R", which may
be identified with the complex quadric @, _o of the complex projective space
CP"!. D. Hoffman and R. Osserman in [6] studied in detail the properties of

the generalized Gauss map of a surface S immersed in R™.

For connected, oriented spacelike surfaces S the n—dimensional
Lorentz-Minkowski space, it is also natural to think in the generalized Gauss
map. This concept was introduced by F. J. M. Estudillo and A. Romero [4] as
follows: let G;ﬁ », be the set of all oriented spacelike 2-planes in L”. It is known
that G; , 1s an open subset of the classical Grassmannian of 2-planes in L".
Also, we may identify G;n with the complex quadric Q72 := {[z] € CP} " :
(2124 4+ (2712 = (2™)? = 0}, where CP} ' := {2 € C"\ {0} : < 2,2 >>>
0}/C* and < z,w >= z'w! 4+ ... — 2"w" is the indefinite hermitian form in
Cn, see [3, 12]. Therefore, if we associate to each point p € M?, the tangent
plane T, M in G;n, we can define a map G : M? — Q{“z which is called the
generalized Gauss map of the spacelike surface S = X(M?) in L".

Motivated by these results, in this work we firstly study what conditions
a generalized Gauss map G : M? — Q;‘_Q of a spacelike surface in L™ must
satisfy by the virtue of being such a map. This is done in section 2, where
the main result is Theorem 2.2. The similar problem in the Euclidian space
R™ was studied by D. Hoffman and R. Osserman in [7, 8]. In section 3 we
study the generalized Gauss map of spacelike surfaces S = X (M?) in L* and

prove that if it is given locally by a function @, that is, X, = u®, with & =
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(1 +ab,i(1 —ab),a— b,a—|—b) [2, 5], then 'y Fy = FyFy and IJm{Ty + Tz} =0
see Theorem 3.3. This result is very important in the study of a special class

of the spacelike surfaces in L%, the surfaces with degenerate Gauss map [15].

In section 4 we relate our work with the work of K. Kenmotsu, and K.
Akutagawa and S. Nishikawa. In [9], Kenmotsu proved that the Gauss map
and the mean curvature of an arbitrary surface in R?® satisfy a second order
differential equation, and later he extended this result for surfaces in R%, see
[10]. In [1] Akutagawa and Nishikawa, showed that a same type of equation
is satisfied for arbitrary spacelike surfaces in 3. In Theorem 4.1, we show
that the generalized Gauss map and the mean curvature vector of a spacelike
surface in IL* satisfy a second order differential equation which generalizes the
above mentioned equations. In Proposition 4.3, we introduce a complex repre-
sentation formula of Kenmotsu’s type for simply connected spacelike surfaces
conformally immersed in L% with nonzero mean curvature h = \/m ; we
emphasize that this is equivalent to say that the mean curvature vector H is

nonzero nor lightlike.

Finally in section 5 we prove our main result Theorem 5.3, which gives
sufficient conditions for a complex map G : M? — @Q? to be the generalized
Gauss map of a conformal spacelike immersion X of M? onto S in L* with

nonzero mean curvature h.

We observe that besides the Weierstrass type representation for spacelike
surfaces in IL* given in [2, 5], there exists another Weierstrass type representa-

tion that is discussed in [11].
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2 The generalized Gauss map of spacelike sur-
faces in "

The generalized Gauss map G of a spacelike surface S in L™, given by a con-

formal immersion X : M? — L, is locally defined by
G(z) = [Xz], (1)

where z = u + iv is a conformal parameter for M?2. The local conformality of

S is expressed by A\? = (X, X,,) = (X,, X,), (X4, X,) =0. Thus
ds*> = Ndz)?, N =2< X, X.>. 2)

Moreover,
)\2

AyX =2H, X,;z= ?H7 (3)

where Ay X is the Laplacia-Beltrami operator on M? and H is the mean
curvature vector field.
Now given a map of M? in the quadric Q?72 of (CIP’;’*l7 we can represent it

locally in the form [®(2)], where ®(z) = (¢'(2),...,¢"(2)) satisfies
(@) +(@°)* + -+ (@")° = (9")" =0. 4)

This map describes the Gauss map of a spacelike surface S in L™, given by
X :M? =L, if

X. = pd, (5)

for some map p : M? — C. Note that S is regular where p is nonvanishing.
Therefore, from (2), (3) and (5) it follows that
2

A
NM=2<X,, X, >=2u < 0, &>, FH = (n®)z = =0 + p=.
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Thus,

< ®,® > H=>o(logu)z+ Pz, (6)

whenever p # 0.

Lemma 2.1. Let W be a vector of CY in the form W = A+ iB where A and
B are spacelike vectors of L™ satisfying (A, A) = (B,B) and (A,B)=0. Let
II? be the spacelike 2—plane spanned by A and B. For any pair of vectors C
and D of L™, let Z = C +iD € C} and define Z' := CT +iD", where CT

and DT are the projections of C and D on TI2. Then,

T LK ZW > L ZW > __
= + w, (7)
<KW, W > <KW, W >
where C} = (C"<,>), with < zw = Y3 Fwk — z"we,
z,w € C".

Proof: Since

T <C7 A> <CaB> T <DvA> <DaB>
“TaattEn”? Taatt By
are the projections of C, D on II? and
W+ W W —-W Z+7Z Z-7
A= 2 » B= 2i , O= 2’D_ 2%

the result follows.

O

We can apply Lemma 2.1 for W = ®, in such a way that II? is the tangent
plane of a surface S, given by X such that X, = u® and Z = ®z. Since
[®] € Q72, then < &z, ® >= 0. Hence,

L P, P>
T, >

(®)
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Denoting by V the component of ®z orthogonal to the plane II? = T},9,

that is, V:= & — (®3) T, we have
V =&z —nd. (9)

The mean curvature vector H is orthogonal to the tangent plane of S, thus

from g < ®, P > H = (Pz — n®P) + ((log )z + )P, it follows that

(log )z +n =0, (10)
and by (9) we have
V=< ® &> H. (11)

The proofs of Theorem 2.2 and of Lemma 2.3 below are similar to the proofs
given by Hoffman and Osserman to Theorem 2.3 and to Lemma 2.4 in the case

R™ [7]. For this reason these proofs will be omitted here.

Theorem 2.2. Let S be a spacelike surface in IL™ locally given by a conformal
map X : Q — L"™. Let ® be the Gauss map of S, that is, X, = u®. Then, for

every z € Q, V is of the form
V(2) = "I R(z), (12)

where R(z) is a vector of L™. Furthermore, on the set {z € Q:V(z) # 0}, the
function o : Q@ — R is uniquely defined modulo 27, and satisfies
azz = Im(1.). (13)

Note that V and 5 given in (12) and (13), are expressed explicitly by (8)
and (9) in terms of the local representation ® of the Gauss map G. By Lemma

2.3 below, V and 7 are independent of the particular representation of G.
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Lemma 2.3. Given a map @ : Q — C™\ {0}, set ® = f® where f is a smooth
nonvanishing complex function. Let n,V be defined in terms of ® as in (8) and

(9) and the correspondents ﬁ,@ in terms of ®. Then

<)

= fV

and in the set where V and V are nonzero, the functions a, & defined by (12)
satisfy

az, —Im(7,) = az, — Im(n,).

3 The generalized Gauss map for spacelike sur-
faces in L*

In this section we shall obtain explicit conditions that the generalized Gauss
map of a spacelike surface S in L* must satisfy. Let S be a spacelike surface,
immersed in L* by X : M? — L* with generalized Gauss map G : M? — @2,
given locally by G = [X,] where (U, z = u+1v) are local isothermal coordinates
of M2. Tt follows from (4) that we may express G by a pair of complex functions
a(z) := m, b(z) := m~ Since A2 = 4|u|?|1 — abl?, then ab # 1.

Hence, we can write G(z) = [®(z)] where

D(2) = (1 + a(2)b(z),i(1 —a(2)b(z)),a(z) — b(z),a(z) + b(z)) (14)

We now introduce certain auxiliary functions derived from the functions

a(z) and b(z) describing the Gauss map, as follows:

Fy=Fi(ab) = - j‘?ag, Fy = Fy(a,b) i= ]_O?ab,
(15)

Fi=Fiab) = —_ F=Blab) =

1—ab 1 —ab
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azz a;

b.z b

b) := 2b - — b) := 2q ———— 1
Sl(aa ) a- + 1_ab ) SQ(aa ) b? +2Za 1—ab’ ( 6)
azz = bz? —
Tl(a, b) = (a + 2bF1> s Tg(a, b) = < b +2&F2> s (17)
z z z =
where T and T are defined on the set {z : az # 0, bz # 0}.
Lemma 3.1. Let R(w) = aw Jré . |a)> = 18)? = 1, be a Mébius transforma-
Sw+a

tion and Y any of the auziliary functions F1Fy, F1Fs, Eﬁg, 131?2, S, and
Te,k = 1,2. Then Y is invariant by (R(a), R(b)), that is , Y(R(a), R(b)) =
Y(a,b).

Proof: We will indicate the proof only for the function S; and the proof for

the other functions is analogous. By a straightforward calculation, we obtain

that

R(a)zz _ azE(Baj' a) - ?azaEB.

RE: = o B = Gty

(Ba+@)?’ (Ba+@)?’

Since the same is true for R(b), we obtain that

—_— 1—ab
1= R@Rb) = = o)

Thus

)

R(a>zf+ 2 (b)R(a)z
R(a)z 11— R(a)R(b)

S (R(a)7 R(b)) =

)

a,z 2ba
Z 4 = = Si(a,b).
az 1—ab 1 )
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Clearly the functions Fj and T} above are smooth whenever wy(w; = a(z),
we = b(z)) are finite. Now if a(z) = oo or b(z) = oo, we may apply a
Mébius transformation as above in a way that the functions a(z) and b(z)
stay both finite in a neighborhood of a point . This corresponds to a Lorentz
transformation in the surface S of L. In fact, consider the group SU(1,1) =

U(1,1) N SL(2,C), that is,

svan={|§ 2] :lar-19P =1},

Therefore, for A = [ % g ] in SU(1,1), we have that the matrix
R

e(a®+3%) =TIm(a®—-03%) 0 —2Re(af)

A= Im(a?+ 6% Re(a®?-p5%) 0 —2Im(ap)
4T 0 0 1 0

“oe(B)  —2m(aB) 0 o + |5

is in O7*(3,1), the group of Lorentz transformations of L* which preserve
space and time orientation.

We conclude that to each change of conformal coordinates in the spacelike
surface S of L%, through a Mébius transformation R(w) in such a way a(z)
and b(z) are finite, corresponds a Lorentz transformation Ay € OT1(3,1) of

L* (for more details see [14]).
Lemma 3.2. Let F}, and ﬁk, k=1,2, defined in (15). Then
an{ (bF), + (@F). | = Im{ (bFY), + (aF2). .

Proof: By a direct calculation, we obtain that

_azbs—a. b,
Z (1-—ab)?

)

(bF1), - (bF)
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since (b)_ = bz and (b)_ = b.. Analogously,

(k) — (ah). = azb:—a. b,

(1 —ab)?
Therefore,
@r), - (bF), = (af). — (bF).. (18)
On the other hand,
20m{(bF) + (aF2).} = ((@R),-(bR).) - (@FR), - (bR).)
E (@), - (bR).) - (@EF). - (bF).
= ((BR).+ @FR).) - ((BR). + (&F).)
= 20om{(bR)_+ (aF)_}
This proves the lemma.
O

Now we present the necessary conditions for a map in Q% to be a generalized

Gauss map of a spacelike surface in L*.

Theorem 3.3. Let S be an oriented spacelike surface given by the immersion
X : M? — L%, with generalized Gauss map G locally given by (14) via the pair
of functions a(z) and b(z), where z is a local conformal parameter on M?.

Then,

FiF, =FF,, (19)

Im{Ty + To} =0 whenever az #0, bz #0. (20)

Proof: We apply Theorem 2.2 to show that (12) and (13) imply respectively
(19) and (20). The first step is to express the functions n(z) and V(z), defined
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in (8) and (9), in terms of the functions a(z),b(z) and Fi(z). From (14) we
have

®=(z) = az(b, —ib,1,1) + bz(a, —ia, —1,1), (21)

< 3,0 >=2|1 —ab|*> >0, (22)

because ab # 1. It follows that

Hence,

Eag abg = —
n(z)——l_ag— T n(z) = —(bF; +akFy). (23)

Now, substituting (14), (21) and (23) in V(z) = ®z — n®, yields

V@) = - afg (2Re(b), 29m(b), 1 — [b|>, 1+ [b[?) +
—a
bz 2 2
+ T—=b (Q%e(a), 2Jm(a),|al” — 1, |al” + 1)
— FB+ RA, (24)
where
A: = (2%e(a),2dm(a), |a]* — 1,]a]* + 1), (25)
= (2Me(b),20m(b),1 — |b|*, 1+ |b]?). (26)

Note that A4 and B are nonzero, lightlike and future directed vectors of L%, such
that < A, B >= —2|1 —ab|? < 0. So, they are linearly independent vectors
of the light cone of L*. From (24), we conclude that V(z) = 0 if and only if
Fi(z) = F»(z) = 0, which is equivalent to az(z) = bz(z) = 0. In particular,
wherever V(z) = 0, the condition (19) is trivially satisfied.

Letting V = (V1, V2, V3 V4), A= (A", A%, A3, AY) and B = (B!, 8% B, B),
the condition (12) of Theorem 2.2, implies that V!V = R! R wherever V(z) # 0.
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Therefore, the entries VIV, 1 < j. k < 4 of the matrix V!V must be real. On

the other hand, from (24) we have

ViVE = (FB + BAY) (FiBF + FAF) =

(IF1PBBY + | R P AT AY) + (R AVBY + PR ARBY)

Thus, V/V* € Rif and only if (Fy Fo A/ BF + Fy FA*B7) € R because (|Fy |28/ B+
|F3|2A7 A*) is a real number. Hence,

ViVEeR & (FF—FiF) (WB"—AB) =0,
This implies that

FiF-FFR=00or /B~ A"B =0, 1<j<k<4 (27)

We will show that (A7 B*—A*B7) is nonzero for all 2y € U, where (U, z = u+iv)
are local isothermal coordinates of S. In fact, since S is a spacelike surface, the
metric ds? = 4|u/?|1 — ab|?|dz|? induced by X : M? — L* is Riemannian,

hence ab # 1 on U. Let 2 be any point in U such that V(zy) # 0 and
A (20)B* (20) — A¥(20)B7(20) =0, 1<j <k <4
These six equations imply that

1. ab = ab, 2. Re(a+b)(1 — ab) =0,
3. Re(a—b)(1—ab)=0, 4.Im(a+Db)(1—ab)=0,

5. Jm(a—Db)(1 —ab) =0, 6. |a]*/b*=1.
By the equations 1 and 6 above we have that

la|?|b]?> =1 < (ab)(ab) = 1 = (ab)? = 1 = a(z0)b(z) = %1. (28)
Now using equations 2, 3,4 and 5 we may easily conclude that a(zg) = b(z9) =
0, which contradicts (28). Hence, V'V is a real hermitian matrix if and only if

F Fy, = F1 Fy, which proves (19).
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To prove (20), we need first to establish a relation between the argument of
the coordinates of V and the argument of the functions Fy and F». From (19)

and (24) we have that

F1V(2) = Fl (FlB + FQA) = Flle + FlFQA
= F1F16+F1F2A: Fl(FlB+F2A) :F1V(Z)
In a similar way, we prove that FoV(z) = F,V(z). Since we are assuming that
az # 0 and bz # 0, we have F} # 0 and F5 # 0. So V(z) # 0 and there exists
some nonzero component V7 of V which satisfies

F1V/ = R Vi, FoVi = FBVi, (29)

Then (29) implies that arg(F;V’/) =0 (mod 7) and arg(F2V?) =0 (mod =),
which are equivalent to — arg(Fj) + arg(V?) =0 (mod =),k = 1,2. Now from
(12) we have V(z) = e’**) R(z), then arg(V?/) = a(z) (mod 27). Therefore,

a(z) = arg(F;) (mod 7), k=1,2.

(arg(F1F7)) (mod g) (30)

N

a(z) = i(arg(Fl) +arg(F)) & alz) =

Now (15) yields

Therefore,

1
a(z) = 5jm(logang logbg) + 2nmw,n € Z.

() )) o

Thus,
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From (31) we have that

s = %m{(%mgﬁl);(‘::+2aﬁ2);2((5ﬁ1)2+(a@)z)},
az = %Jm{Tl(a,b)qLTz(a,b)}73m<(gﬁ1)z+(5ﬁ2)g). (32)

On the other hand, we have seen from (13) that a,z = Im(n,). Hence from

(23) we have that

oz = -Im((BF), + (aF),). (33)

Therefore, comparing (32) with (33) and using the Lemma 3.2, we prove (20).

Finally, observe that (19) and (20) are independent of the choice of the confor-
mal coordinates of M?2. This concludes the proof of the theorem.

O

In the following corollary we will be using the notation of Akutagawa and

Nishigawa for spacelike surfaces in L3 [1].

Corollary 3.4. Let S be a spacelike surface in L3 defined by the immersion
X : M? - 13, and let w = f(2) be the local representation of the Gauss map,
that is N = ﬁ(%ﬁe(f), 2Im(f), 1+ |f[?) and |f(2)| # 1, in local isothermal
coordinates (U,z = u + iv) of M?. Then at every point of M?, one of the

following two conditions must hold:

. _ .. fz? ZTfZ =
(i) f==0 or (i) fz#0 and %%(ﬁ+1mgj_0

Remark 3.5. We can give an example of a map [®] : U — Q% which cannot
represent the Gauss map of any spacelike surface in L. In fact, for instance

setting a(z) = z 4+ Z and b(z) = —i(z — Z) in (14), we have az = 1 and bz = 1.
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Hence,

) FF, = —1

Fikz = (1 — 4Re(2)Im(z))?’ (1 — 4Re(2)TIm(z))?

This tells us that the condition (19) does not hold.

4 The Kenmotsu’s type formula for spacelike
surfaces in L*

In this section we prove that the mean curvature vector field H and the com-
ponents a(z), b(z) of the Gauss map of a spacelike surface in L* must satisfy a
second order partial differential equation. We also write the integration factor
i, defined in (5), explicitly in terms of a(z), b(z) and H. This allows us to
give a representation formula for spacelike surfaces in L% in terms of the Gauss
map and of mean curvature vector H.

In [1] it was proved that the Gauss map f and the mean curvature h of a

spacelike surface in L3 need to satisfy the equation

2?fzf2
1—[f[?

wherever fz # 0. Since h is real, we have that (log h).z is a real number. Hence,

h (fzz + ) —hfe o S(Ff) = (logh). (34)

Our goal now is to generalize the equation (34) for spacelike surfaces in L?,
in such a way that the necessary condition IJm{T; + T>} = 0, given in (20),
becomes a consequence of this generalized equation. More precisely, we have

the following.

Theorem 4.1. Let S be a spacelike surface immersed in L* by X : M? — L4,

with generalized Gauss map G given locally by (14) via the pair of functions
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a(z) and b(z), where z is a local conformal parameter on M?. Then the mean
curvature vector H and the functions a(z) and b(z) satisfy the second order

PDE

ZBagaz 25b§bz
(H,H) (bz (azz+ T ab) + az (bzz + 1—ab )) =azb(H, H).. (35)

Proof: The Gauss map of S is locally defined by G(z) = [X.] and given by
(14), that is, X, = u®(z) for some function y : M? — C. From (8) and (9) we

obtain
L Pz, P>

T<P,d>H=0:—nd, ni= 2=
K g K LD, D>

We can easily verify that

KALP, P> H, (< P,P> H) >=
=L P, P> - <L P, D> 42 < D, D > .

Since [®] € Q?, that is < ®, ® >>= 0, we have that < &5, ® >= 0. Thus, the

above equation is reduced to
< 0,032 (H HE? =< 0.9 > . (36)

Let us now explicitly calculate < ®z, ®5 > in function of a(z) and b(z). From
(21) we have that
< ¢37@ >= —4a§b§. (37)

Therefore,

< ®,®>? (H, H)i* = —4azbs. (38)

Now differentiating @ < ®, ® > H = &z — n® with respect to z, we obtain

L0, o>, (pH)+ < P,2> (pH), = Pz, — 1.2 — nd..
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On the other hand,
<L O,0>, (AH)+ < @, > (uH), =

= (€D, P>+ <D, > aH+ < D, 0> (7). H +uH.).

Thus,
Dz, — 1P — 0P, — (K P2, P>+ Pz, D >)uH —

< q), (] > ﬁHz =
(€ @, > H)uz.
P> — nd D — nd
Moreover, note that H = —= il , K, > H= 4 Therefore,
LD, P>

L, o> pH, = Oz —nP:—
P, D oz, D -

B LD, P> L Pz, >>+<;Lz> P
LP,2> KL0,0> w

LD, P> K05 > <Mz>
+ + () ) n-n)o
<< <oo> \p))l"

LD, 0>

Hz
=—7n. Also,n= —————
K 7L, >

From (10) we know that — =
L P, 0> L P, 0>
ST Py (22222 ) e 39
(S sa-n)e @

P, P owH, = &z, — nd
< > pH Zz nez <3,d>

Calculating the symmetric product, < -,~> between (39) and o < @, P >

H = &z — n®, we have that
L Pz, Pz, > (K P5, P >+ <0, D5, >) —

< ®,®>* (H,H.)@*
L P, 0> —
— L Pz, P> .
<<{>7©>> z z

Now using that 0 = < ®,®, >z = < &z, P, > + < &, P_; > in the above

equation, we get
5 1 — <P, D> —
< 0,0 (H,H)i" = 5 < Oz, 7 >, — ’ <Pz P> (40
( A =5 <005 (40)
From (21) and < ®,® >>= 2(1 — ab)(1 — ab), we can verify that
(41)

LD, 0> —~ _~
’ — _ (bF(a,b) +aF ,b),
—55> = (PR(b) +ak(ab)
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where F, is given in (15). Finally, substituting (37) and (41) into (40), we

obtain

< 0,0 >?%(H H,) = —2(az.bz+azbs.)+2 (Eﬁl +§ﬁ2) (—2azbz) =
QBagaz 2§bzbz
= —2 )— — — — —_ .
(bz (am 1ab) tar (bzz+ 1ab))

Taking the product of the above equation with (H, H) and using (38), we

get

(bz <azz + ibaza;) ta (b  + 2Abzbs )) (H, H) = 2azb=(H, IL.),

—a #* 1—ab

which proves the theorem.
O

Let S be a spacelike surface in 2. We may identify L3 with the subset

223 xt) € L' : 23 = 0}. So S can be considered as a

of L* given by {(z!,x
spacelike surface in L* and, in this case, we denote it by S and we may assume
that b(z) = a(z) in (14). In analogous way, any surface S in R? can be viewed
as a surface S in R3 = {(2',22,2%,2%) € L*: 2* = 0} and in this case we may
assume that b(z) = —a(z) in (14). Now we will use formula (35) to obtain,
in a new way, the integrability conditions for a spacelike surface in L3 and a
surface in R? with prescribed nonvanishing mean curvature h and Gauss map
a.

The vectors A and B given in (25) and (26), are future directed lightlike
vectors such that (A, B) = —2|1 —ab|? < 0, therefore are linearly independent

wherever a(z) and b(z) describe the Gauss map ® of a spacelike surface S in

L. Tt is easy to see that (®,4) = 0 and (®,B) = 0. Thus, {A, B} is a basis
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for (T,,S)*+. Moreover, H € (T,,S) and then we can write H in the form

(H,B)A + (H, A)B

H="""4p
Hence
 2(H, A)(H,B)
ST A )

1%t case: If b(z) = a(z), we know that ®(z) = (1 + a2,i(1 — a?),0,2a) locally
represents the Gauss map of a spacelike surface S in L3 € L*. In this case, the
mean curvature vector H = H is timelike and parallel to the classical Gauss
map N : M? — HZ(—1) of S, where HZ(—1) = {z € L? : (2,2) = —1}. From
(42) we have that
(1, A)(H,B)

(1—1a)?)? ’
with A = B = (2Re(a), 2Im(a),0,|al> + 1). It is well-known that

(T 1) = —
N(z) = ﬁ (2%e(a),2Tm(a),0,1 + |a]?) . (43)
Hence from (43), we have that
A=(1-|a*)N, B=(1-|a*)N.
Therefore,
(H,H) = —(H,N)* = —h?,
where h is the mean curvature of S. Substituting b(z) = a(z) in (35), we have

2aa.az
1—1al?

2aa,axz
ha,g (h (azz + 1_|a|2) - hzaz> =0.

Since h = 0 if and only if az = 0, the above equation implies that

2aa.axz
h 2Z T 9| = hz Z-
<a TI- |a|2> N

—2h%az (azz + ) = —2hh.(az)? <



74 A. C. ASPERTI J. A. M. VILHENA

This equation is a complete integrability condition for the existence of a space-
like surface with prescribed nonvanishing mean curvature and Gauss map in

L3 and was firstly obtained by Akutagawa and Nishikawa [1].

274 case: If b(z) = —a(z), we know that ®(z) = (1—a?,i(1+a?),2a,0) locally
represents the Gauss map of spacelike surfaces S in R? € L*. In this case, the
mean curvature vector H = H is spacelike and parallel to the classical Gauss

map N : M2 — S2(1) of S. It is well-known that

N(z) = le (2Re(a), 20m(a), |a* — 1,0). (44)
Now from (42) we have that
oo (H AV HB)
= T e

with A = —B = (2Re(a), 2Im(a), |a|? — 1,0). Hence from (44) it follows that

A=(1+a?)N, B=—(1+la*)N.

Therefore,
(H,H) = (H,N)* = 1?,
where h is the mean curvature of S. Substituting b(z) = —a(z) in (35), we get
—2h%az (a.z — 288,87 ) _ —2hh,(az)? <

2aa,axz
ha,g (h <azz - H—|a|2> - hzaz> =0.

Since h = 0 if and only if az = 0, the above equation implies that
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This is a complete integrability condition for the existence of a surface with
prescribed nonvanishing mean curvature and Gauss map in R? and was firstly
obtained by Kenmotsu in [9].

As an immediate consequence of Theorem 4.1 we have the following

Corollary 4.2. Under the hypothesis of Theorem 4.1, if the mean curvature

h = (H, H) is nonvanishing for every point of M?, then
Si(a,b) + S2(a, b) = (log(H, H)), , (45)

where z is a local conformal parameter on M?.

Observe that since (H, H) is a real function, then (log(H, H)) - € R. Hence,
(45) implies that

Im{(S1(a,b))z + (S2(a,b))z} =0 < Im{Ti(a,b)+Tx(a,b)} =0.
Therefore, the equation (45) implies the equation (20) of Theorem 3.3.

We can give another interesting consequence of ( the proof ) Theorem 4.1.

From equation (38) it follows that

_o —4azb>
(H,H) < ®,® 2

wherever (H, H) # 0. In other words, the integration factor y can be given
explicitly by
_9 —az - bz

=l o)1 —ab* (46)

Proposition 4.3. Let S be a spacelike surface in L* whose Gauss map is given

locally by (14). If the mean curvature vector H is nonvanishing nor lightlike,

then the surface S can be obtained explicitly by

X(z) = Q%e/zu(l +ab,i(1 —ab),a—b,a+b)dw + X (%), (47)

20
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where (i is given by (46).

5 Sufficient conditions for a map to be a Gauss
map

We will show now that the conditions (19) and(45) are also sufficient for the
existence for spacelike surface with prescribed Gauss map and nonzero mean
curvature. Therefore, it will also holds the converse of Proposition 4.3. That
is, given an arbitrary map of a simply connected Riemann surface into the
quadric @%, locally represented by ®(z), as in (14), via the pair of functions
(a(z),b(z)), such that they satisfy the conditions F1Fy = F1Fo, (V,V) # 0
and S; +S2 = (logh),, where h : M? — R\ {0} is a smooth function, then (47)
defines a spacelike surface immersed in IL* with locally Gauss map given by ®,

(H,H) = h and induced metric ds? = 4|u|?|1 — ab|?|dz|? given, using (46), by

ds? = ( Alaz||bz| — ) |dz|?.
[(H, H)||1 — abl?

To prove these results we need two lemmas.

Lemma 5.1. Let U be a simply connected open set of C and let ® : U — C*
be a C? map. Then there exists a spacelike surface S given by X : U — L4
such that X, = @ if, and only if Im(Pz) = 0.

Proof: We know that X,z = %H € R*. Hence, if there exists X : U — L*
such that X, = ® it follows that IJm(®z) = 0.

Conversely, the condition IJm(®z) = 0 implies that the system

Xy = 2Red
X, =-2Tm®
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is integrable and the solution is given by X (z) = 2 [~ ®duw.

Lemma 5.2. If the system X, = u®, with

_9 —az - bz

n°=—"-—, ®(2)=(1+ab,i(l—ab),a—b,a+b), h:C—R\{0}
h|1 — ab|*

satisfies S1(a, b) + Sa(a,b) = (log h)z, then

where V = 1B+ F>A.

_ ?E
Proof: Putting P = h(1 — ab)?(1 —ab)?, we can write u? = _2 B Thus,
(a b: ).P - (a bz ) P
—2puzp = —p2 )
and since (az)z = az, and hz = h, we have that
az b:+a: bz )P —az b: P;
—2pzp = ( PQ) ; (49)
P. = hol—abl'+ h<2|1 — ab|%(1 —a@b)(—asb —ab,) +  (50)
+ 21— ab]*(1 - ab)(~azb — ﬁbg))
Substituting (50) in (49) we have that
— 2b az a, bz(1 — ab)
—23P2 = 1 ab4(h< > Az, + =2 Zf )+
fizp | | 1 abp?
2ab:zb,az (1—ab o
+ (azbzz+ 2 bs b, & a))>z zhz>+ (51)
|1 —ab|?
+ @ bz(2hbaz(1 —ab)|1 —ab|?) +
+oa E(Qhﬁbg(l —ab)[1 - aB|2),
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- — 2b & &,
~24=uP? = |1 — ab|* (h (bz (azz T ) +

+az<b22+m>)zzm)+ (52)

+az bz (2hbaz(1 — ab)|1 — ab|*) + az bz (2habz(1 — ab)|1 — ab|?) .

By hypothesis Si(a,b) + S2(a,b) = (logh)z hence,

gz = (b bz(1 —ab)|az|* + a bz(1 — ab)[bz|?).  (53)

- h|1 — abl6
On the other hand,
1Xz = ppz® + 1* 0z, (54)

©E = ag(b, —Zb, 1, 1) + bg(a, —ia, —]., 1) (55)

Substituting (53) and (55) in (54), yields

T ( o ) 2elw)).
pX% = —h“"j‘z_t;ﬁ ((1 j‘fag) -2Im(b) + ul_ozb) -23m(a)> ,
T <(1 bR gy (- ).
s = e (s (1 b (a1 ).

Thus, in agreement with the definitions of Fy, F5, A, B and V we have that

_ b~
Xo=p2(—2_ .58 : -A),
ptem = ((1ab) T a—a)

that is,
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Theorem 5.3. Let M? be a simply connected Riemann surface and
G : M? — Q3% be a smooth map given locally by ®(z) = ®(a(z),b(2)) as
in (14) and let h : M? — R\ {0} be a smooth function. Then there exists a
spacelike surface S given by a conformal immersion X : M? — L* with gen-
eralized Gauss map G and mean curvature vector H satisfying (H, H) = h, if
and only if ® and h satisfy:

1) FiFy = 1 F,, azbs #0;

2) Si(a,b) + Sa(a,b) = (logh)z.

Moreover, S is given explicitly by

X(z) = 29%/ 1 (1+ab,i(1 —ab),a—b,a+b)dw+ X(z), (56)
20
with i? = — Az bE
h|1 — abl*

Proof: The necessity of conditions 1) and 2) is an immediate consequence of
Theorem 3.3 and Corollary 4.2.

Conversely, suppose that ® = ®(a,b) and h satisfy 1) and 2). To prove
that ® locally represent the generalized Gauss map of some spacelike surface
S given by the immersion X : M? — L* we need to show that X, = u® for
some function p : M? — C*. Therefore, we need to prove that the system

az - bz

X, =pu(l+ab,i(l—ab),a—b,a+b), p?=-———"— 57
(L + ab, i(1 — ab) e TR

is integrable.

Now by Lemma 5.2, it follows that
On the other hand, the equation Fy Fy = F} F5 implies that

VVFeR, 1<j,k<A4. (58)
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Set VI = pje'i, V¥ = prei® hence VIVF = p;ppet® =% is a real number if,
and only if, §; = 0;(modn). Putting 0(z) = 6;,, for some j, between 1 and 4,
we have that V = ¢ R, with R = (R!, R?, R®, R*) € L%, so

arg(V?) = f(modr), V j. (59)
Since F, Vi = F,VJ for all j =1,2,3,4 and k = 1,2 we also have that
arg(V?) = arg(Fy)(modm). (60)
From (59) and (60) it follows that 6 = arg(Fj)(modn), and this implies that
20 = arg(Fy Fy)(mod). (61)
On the other hand, from expression of u given in (57) we get that
2arg(@) = arg(F1 Fy)(mod). (62)

Suppose that u is written in the form pu = pe~'®, that is arg(fi) = . Then

from (61) and (62) we conclude that § = a(modn). Then
V = ¢e"R. (63)

Thus, X,z = uV & X,z = pR. Therefore, by Lemma 5.1 the system (57) is

integrable and has the solution:

X(z) = 29{6/ (1 + ab,i(1 —ab),a—b,a+ b)dw + X (z9),
z0
2 o N %FE
s Bl —ab|t

Let H be the mean curvature vector of the spacelike surface S given by X (z)

above. It remains to show that (H, H) = h. From Corollary 4.2, it follows that

Si(a,b) + Sa2(a,b) = (log(H, H))=.
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Since (H, H) and h are nonzero real numbers we have that

(log(H,H))z = (logh)z < (log<H’hH>) =0 = (H,H)=ch,

z
where ¢ is a nonzero constant. By a homothety of L%, we obtain (H, H) = h.

This completes the proof of the Theorem.

(|
Example 5.4. Consider M? = C,
z+7z z+7z
Ve 2. b(s) = o a2t
a(z) = Vke ) (2) = ﬁe ) = qa
‘ 1—t . a(z)
where z =u+iv € C and k = ——, with ¢t € (—1,1) \ {0}. Since az = —*,
1+t 2t
b
bz = f% and |1 —ab|* = (1 — k)%, from (57) we have that
ok (1" k(o) 14t
P =aen\ T2t ) T 2ea-e) P="n
Moreover,

1+t T t 2t 2t
Thus,

1 1 V1—t2 z 1—¢2 z

X,==-1 -, 4 sinhz+z, coshz+z .

2 t t 2t t 2t

Therefore,
U U Lu
Xi(u,v) = ( il v/ 1 —t2 cosh . V1 *tQSlnh? )
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Letting e := X, and ey := X,,, from H = %(ﬁelel)l = %(qu)L = %XW,
V1—1t2
we conclude that H = 27752(0’ 0, cosh %, sinh %) Hence,
1—¢2
HH) = ——
(H,H) = 1
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