ON THE CONVERGENCE RATE OF SEMI-GALERKIN APPROXIMATIONS FOR THE EQUATIONS OF VISCOUS FLUIDS IN THE PRESENCE OF DIFFUSION

Pedro D. Damázio^� Marko A. Rojas Medar^y

Abstract

We study the convergence rate of spectral semi-Galerkin approximations for the equations of motion of a nonhomogeneous viscous fluid in the presence of diffusion in a bounded domain. We find error estimates that are optimal in the H^1-norm as well as improved estimates in the

L^2-norm.

Resumo

Estudamos a taxa de convergência das aproximações de semi-Galerkin espectrais para as equações do movimento de um fluido viscoso, não homogêneo na presença de difusão num domínio limitado. Encontramos estimativas de erro que são otimais na norma H^1 como também estimativas melhores na norma L^2.

1. Introduction

In this paper we will be working with the equations of motion of nonhomoge-

neous viscous incompressible fluids in the presence of diffusion. These equations are considered in a bounded domain ω ⊂ IR^3, with boundary Γ, in a time in-

terval [0, T ]. To describe them let u(x, t) ∈ IR^3, ρ(x, t) ∈ IR and p(x, t) ∈ IR

�Ph D. Student, IMECC-UNICAMP, supported by Capes.

yWork performed under the auspices of FAPESP (Fundação de Amparo à Pesquisa do Estado de São Paulo, Brazil), Project Number: 1997/3711-0 and CNPq (Conselho Nacional de Desenvolvimento Científico e Tecnológico, Brazil), Project Number: 300116/93-4 (RN).

denote, respectively, the unknown velocity, the density and the pressure of the fluid at a point x ∈ ω, at time t ∈ [0, T ]. Then, the governing equations are ρ ∂u ∂t + ρ(u.∇)u − μΔu − λ[(u.∇)∇ρ + (∇ρ.∇)u] = −∇p + ρf div u = 0 (1.1) ∂ρ ∂t + u.∇ρ − λΔρ = 0 together with the following boundary and initial conditions

u = 0 on Γ × (0, T ), u(x, 0) = u_0(x) in ω, ∂ρ ∂n = 0 on Γ × (0, T ) (1.2) ρ(x, 0) = ρ_0(x) in ω.

Here f(x, t) is the density by unit of mass of the external force acting on the fluid. The positive constants, μ and λ are the usual Newtonian viscosity and the diffusion coefficient, respectively. The symbols ∇, Δ and div denote the gradient, Laplacian and divergence operators; n = n(x) is the unit outward normal to Γ. Also, (u.∇)u = n∑ i=1 u_i ∂u ∂x_i ; (u.∇)∇ρ = n∑ i=1 u_i ∂ ∂x_i ∇ρ; (1.3) (∇ρ.∇)u = n∑ i=1 ∂ρ ∂x_i ∂ ∂x_i u. (1.4)

For the derivation and physical discussion of equations (1.1) see Frank-Kame-nestskii [9], Antoncev, Kazhikov and Monakhov [3], Prouse [16]. We observe that this model includes as a particular case the classical Navier-Stokes system, which has been much studied (see, for instance, the classical books by Ladyzhenkaya [14] and Temam [23] and the references there in). It also includes the reduced model of the nonhomogeneous Navier-Stokes equations, which has been less studied than the previous case (see for instance Simon [22], Kim [13], Ladyzhenkaya and Solonnikov [15], Salvi [20] Boldrini and Rojas-Medar [6]).

Concerning the generalized model of fluids considered in this paper Kazhikov and Smagulov [12] established the local existence of weak and strong solutions for (1.1) - (1.2) under certain assumptions by using the semi-Galerkin method, Salvi [19] also via that method proved the weak solution in a non-cylindrical domain.

Also, Beirão da Veiga [4], Secchi [21], established the local existence of strong solutions for a model that contain terms of order λ^2 by using linearization and fixed point argument. A more practical semi-Galerkin method was used by Damázio and Rojas-Medar [7].

In this work we are interested in establishing error estimates and convergence rates of the spectral semi-Galerkin approximations in several norms. By spectral semi-Galerkin approximations we mean that we make use of finite dimensional approximations for the velocity and infinite dimensional approximations for the density.

Before we describe our results, let us briefly comment related results. Rautmann in [17] gave a systematic development of error estimates for spectral Galerkin approximations of the classical Navier-Stokes equations. Boldrini and Rojas-Medar gave analogous error estimates for a model of nonhomogeneous asymmetric fluids [5].

In this paper we consider the convergence rate of spectral semi-Galerkin approximations for the solutions of a more general fluid model (1.1)-(1.2). We show optimal rate of convergence in the H^1-norm (see Theorem 3.6). Differently to the case of the classical Navier-Stokes equations, for which optimal L^2-error estimates can be obtained (see Rojas-Medar and Boldrini [18]), in this case we are only able to obtain improved L^2-error estimates as compared to the trivial ones derived directly from the H^1-estimate (see Theorem 4.1).

The paper is organized as follows: in Section 2 we state some preliminary results that will be useful in the rest of the paper; we describe the approximation method and state the existence theorem that form the theoretical basis for the problem. In Section 3 we derive a H^1-error estimate for the velocity and a

L1_{-error estimate for the density. In Section 4 we derive an improved L}2_{-error}

estimate for the velocity.

Finally, we would like to say that, as is usual in this context, to simplify the notation in the expressions we will denote by c a generic finite positive constant depending only on ω and on other fixed parameters of the problem (like the initial data) that may have different values in different expressions. To emphasize the fact that the constants are different we may use c_1, c_2, and so on.

2. Preliminaries

Let ω ⊂ IR^n, n = 2 or 3, be a bounded domain with boundary Γ of class C^{1,1}.

We will consider the usual Sobolev spaces W^{m,q}(D) = {f ∈ L^q(D)/||∂^ν f||_Lq_{(D)} < +∞, |ν| ≤ m}, m = 0, 1, 2, . . . , 1 ≤ q ≤ +∞, D = ω or (0, T ) × ω, 0 < T < +∞, with the usual norm. When q = 2, we denote H^m(D) = W^{m,2}(D) and H^m_0 (D) = closure of

C1_{0 (D) in H}m_{(D). If B is a Banach space, we denote by L}q_{(0, T ; B) the Banach}

space of the B-valued functions defined on interval (0, T ) that are L^q-integrable in the sense of Bochner. We define

C1_{0,σ(ω) = {v ∈ C}1_{0 (ω)/div v = 0},}

H = closure of C1_{0,σ}(ω) in L^2(ω), V = closure of C1_{0,σ}(ω) in H^1(ω).

It is possible to show that V = {v ∈ H^1_0 (ω)| div v = 0}. We recall the Helmholtz decomposition of vector fields: L^2(ω) = H ⊕ G, where G = {ϕ|ϕ = ∇p, p ∈ H^1(ω)}, with H and G orthogonal with respect to the L^2-inner product.

Throughout the paper P will denote the orthogonal projection from L^2(ω) onto H. Then, the operator A : D(A) → H given by A = −P Δ with D(A) = H^2(ω) ∩ V is called the Stokes operator. It is well know that A is a positive definite self-adjoint operator characterized by (Aw, v) = (∇w, ∇v) ∀w ∈ D(A), v ∈ V. From now on, we denote the inner product in H (i.e., the L^2-inner product) by (, ). The general L^p-norm will be denote by || · ||_Lp; to simplify the notation, in the case p = 2 we denote the L^2-norm by || · ||.

We observe that for the regularity properties of the Stokes operator it is usually assumed that ω is of class C^3 to use Cattabriga’s results [23]; instead of that, we use the stronger result of Amrouche and Girault [2], which implies, in particular, that when Au ∈ L^2(ω) then u ∈ H^2(ω) and ||u||_H2 and ||Au|| are equivalent norms when ω is of class C^{1,1}. This will be enough for all the results in this paper.

We will denote respectively by φ_k and λ_k(k ∈ IN) the eigenfunctions and eigenvalues of the Stokes operator defined on V ∩ H^2(ω). It is well know that {φ_k}_{k=1} form an orthogonal complete system in the spaces H, V and V ∩ H^2(ω) with their usual inner products (u, v), (∇u, ∇v) and (Au, Av), respectively.

We denote by V_k = span [φ_1, . . . , φ_k] and by P_k the orthogonal projection from L^2(ω) onto V_k.

The following results can be found in Rautmann’s paper [17].

Lemma 2.1. If v ∈ V , then there holds

||v − P_kv||^2 ≤ 1 λ_{k+1} ||∇v||^2.

Also, if v ∈ V ∩ H^2(ω), we have

||∇v − ∇P_kv||^2 ≤ 1 λ_{k+1} ||Av||^2 and ||v − P_kv||^2 ≤ 1 λ^2_{k+1} ||Av||^2.

With the above notation, we rewrite (1.1)-(1.2) as

P (ρu_t + ρu.∇u − λ[(u.∇)∇ρ + (∇ρ.∇)u] − ρf) + μAu = 0 ∂ρ ∂t + u.∇ρ − λΔρ = 0 (2.1)

u(0) = u_0, ρ(0) = ρ_0, ∂ρ ∂n | | | |_Γ= 0.

(2.1) is equivalent to the weak form

(ρu_t, v) + (ρu.∇u, v) − λ((u.∇)∇ρ, v) − λ((∇ρ.∇)u, v) +μ(Au, v) = (ρf, v) ∀v ∈ V ∂ρ ∂t + u.∇ρ − λΔρ = 0 for 0 < t < T (2.2)

u(0) = u_0, ρ(0) = ρ_0, ∂ρ ∂n | | |_Γ= 0.

The spectral semi-Galerkin approximations for (u, ρ) are defined for each k ∈ IN as the solution (u^k, ρ^k) ∈ C^2([0, T ], V_k) × C^1(ω × [0, T )) of

(ρ^ku^k_t , v) + (ρ^ku^k.∇u^k, v) + (Au^k, v) − λ((u^k.∇)∇ρ^k, v) − λ((∇ρ^k.∇)u^k, v) = (ρ^kf, v) ∀v ∈ V_k ∂ρ^k ∂t + u^k.∇ρ^k − λΔρ^k = 0 ∀(x, t) ∈ ω × (0, T ) ∂ρ^k ∂n = 0, ∀x ∈ Γ u^k(x, 0) = P_ku_0, ρ^k(0, x) = ρ_0(x), ∀x ∈ ω.

(2.3)

Before giving the Theorem of existence, we introduce the notation:

^ρ =^1j_ωj ∫ ω ρ_0(x)dx H^k_N = {σ ∈ H^k|^{∂σ}_{∂n} = 0 on Γ and ∫ ω σ(x)dx = 0} k ≥ 0 (2.4)

and consider the assumption 0 < α ≤ ρ_0(x) ≤ β on the initial data.

By using these approximations, Kazhikov and Smagulov [12] proved existence of a weak solution for the above problem assuming that λ > 2μ β − α . (2.5)

In [4], H. Beirão da Veiga, proved existence and uniqueness of local and global solution of the problem (1.1)-(1.2) (with λ^2-term) without assumption (2.5) (Theorem A, pp. 345 in [4]). Damázio and Rojas-Medar also proved analogous results of [4] by using a more practical semi-Galerkin method [7].

By using the approximation (2.3), it can be proved that u^k, ρ^k converge in an appropriate sense to a solution (u, ρ) of (2.2) (or (1.1)-(1.2)) as k → ∞. These conditions are given in the following Theorem, proved by Damázio and Rojas-Medar [7], on the existence and uniqueness of local strong solutions for problem (1.1)-(1.2).

Theorem 2.2. Assume u_0 ∈ V ∩ H^2(ω), ρ_0 − ^ρ ∈ H^3_N , f ∈ L^2(0, T ; H^1(ω)) and f_t ∈ L^2(0, T ; L^2(ω)). Then there exists T_1 ∈]0, T ] such that problem (1.1)-(1.2) is uniquely solvable in [0, T_1] × ω.

Moreover the approximations u^k, ρ^k satisfy the estimates α ≤ ρ^k ≤ β, ||∇u^k(t)|| ≤ F_1(t), ||Au^k|| ≤ F_2(t), ||u^k_t ||^2 + ∫ t 0 ||∇u^k_t ||^2ds ≤ F_3(t), ∫ t 0 ||∇u^k(s)||^2_L1ds ≤ F_4(t), ||∇ρ^k(t)||_L1 ≤ F_5(t), ||Δρ^k||^2 + ∫ t 0 ||ρ^k(s)||^2_H3ds ≤ F_6(t), ∫ t 0 ||∇ρ^k_t ||^2ds ≤ F_7(t).

(2.6)

Analogous estimates are verified by the solution (u, ρ).

The functions on the right-hand side depend on their argument t, and in addition on T_1 and the fixed datum of problem. On the interval in question these functions are continuous in the variable t.

We notice that H. Beirão da Veiga proved in [4] the regularity of the solution of problem (1.1)-(1.2) (with λ^2-terms) by linearization and fixed point argument, besides, he assumed that u_0 ∈ V (naturally, the estimates given in [4] are weaker). Instead of that, we need estimates as in (2.6).

3. An optimal H^1-error estimates for the velocity

In this section we will prove some local in time optimal error estimates for the velocity in the H^1-norm. The optimality here means that the approximate solutions approach the solution of (2.2) at the best possible rate as measured by powers of the inverse of first discarded eigenvalue (λ_{k+1}) when one consideres approximations in the subspace V_k.

We start by working in a similar way as Heywood [10] for the case of the classical Navier-Stokes. For that, we define

Definition 3.1. Let (u, ρ) be the strong solution of problem (2.2) given by the Theorem 2.2 and (u^k, ρ^k) the approximate solution of problem (2.2). We define i) v^k = P_ku ii) θ^k = v^k − u^k iii) E^k = u − v^k iv) π^k = ρ − ρ^k

In what follows we denote by c > 0 a positive constant independent of k that may depend on the functions F_i given in the Theorem 2.2.

For these variables the following is true:

Lemma 3.2.

||θ^k(t)||^2 + ||π^k(t)||^2 + C_0 ∫ t 0 (||∇θ^k(s)||^2 + ||∇π^k(s)||^2)ds ≤ c λ^2_{k+1} + c λ_{k+1} .

Proof. We observe that v^k = P_ku satisfies P_k(ρu_t + ρu.∇u − ρf) − λP_k((u.∇)∇ρ + (∇ρ.∇)u) + μAv^k = 0. (3.1) Subtracting (3.1) from (2.3) we obtain P_k[π^k(u_t + u.∇u − f) + ρ^kE^k_t + ρ^kθ^k.∇u + ρ^kE^k.∇u +ρ^ku^k.∇θ^k + ρ^ku^k.∇E^k] + P_k(ρ^kθ^k_t ) + μAθ^k −λP_k[(θ^k.∇)∇ρ + (E^k.∇)∇ρ + (u^k.∇)∇π^k (3.2) +(∇π^k.∇)u + (∇ρ^k.∇)θ^k + (∇ρ^k.∇)E^k] = 0.

ON THE CONVERGENCE RATE OF SEMI-GALERKIN... 113

By taking the inner product in L^2(ω) of the above identity with θ^k, we get

(ρ^kθ^k_t , θ^k) + μ||∇θ^k||^2 − (π^k(u_t + u.∇u − f), θ^k) −(ρ^kE^k_t , θ^k) − (ρ^kθ^k.∇u, θ^k) − (ρ^kE^k.∇u, θ^k) − (ρ^ku^k.∇θ^k, θ^k) (3.3) −(ρ^ku^k.∇E^k, θ^k) + λ((θ^k.∇)∇ρ, θ^k) + λ((E^k.∇)∇ρ, θ^k) + λ((u^k.∇)∇π^k, θ^k) +λ((∇π^k.∇)u, θ^k) + λ((∇ρ^k.∇)θ^k, θ^k) + λ((∇ρ^k.∇)E^k, θ^k) = 0. We observe that

(ρ^kθ^k_t , θ^k) = 1 2 d dt ||(ρ^k)^{1/2}θ^k||^2 − 1 2 (ρ^k_t θ^k, θ^k) | | | | 1 2 (ρ^k_t θ^k, θ^k) | | | | = | | | | 1 2 λ(Δρ^kθ^k, θ^k) − (u^k · ∇ρ^kθ^k, θ^k) | | | | ≤ λ||Δρ^k||||θ^k||_L6 ||θ^k||_L3 + C||Au^k||||∇ρ^k||_L6 ||θ^k||_L3 ||θ^k|| ≤ C||θ^k||^2 + 2ϵ||∇θ^k||^2

The other terms in (3.3) are estimated using Hölder and Young inequalities

and Sobolev imbedding theorem. For instance,

|λ((∇ρ^k.∇)E^k, θ^k)| = | | | | | | λ ∑ i,j ∫ ω ∂ρ^k ∂x_j ∂E^k_i ∂x_j θ^k_i | | | | | | = | | | | | | −λ ∑ i,j ∫ ω ∂ ∂x_j ( ∂ρ^k ∂x_j θ^k_i ) E^k_i | | | | | | ≤ | | | | | | λ ∑ i,j ∫ ω ∂^2ρ^k ∂x^2_i θ^k_i E^k_i | | | | | | + | | | | | | λ ∑ i,j ∫ ω ∂ρ^k ∂x_j ∂θ^k_i ∂x_j E^k_i | | | | | | ≤ λ||Δρ^k||_L4 ||θ^k||_L4 ||E^k|| + λ||∇ρ^k||_L1||∇θ^k|| ||E^k|| ≤ c_ελ^2||Δρ^k||^2_L4 ||E^k||^2 + c_ελ||∇ρ^k||^2_L1||E^k||^2 + 2ε||∇θ^k||^2. The next step is considering the equation of π^k; we have π^k_t + θ^k.∇ρ + E^k.∇ρ + u^k.∇π^k − λΔπ^k = 0. (3.4)

By taking the inner product in L^2(ω) of the above identity with π^k, we obtain d dt ||π^k||^2 + λ||∇π^k||^2 = −(θ^k.∇ρ, π^k) − (E^k.∇ρ, π^k) ≤ c_δ||Δρ||^2(||E^k||^2 + ||θ||^2) + 2δ||∇π^k||^2 (3.5)

since ∫ ω u^k.∇π^kπ^k = ∫ ω u^k.∇ |π^k|^2 2 = − ∫ ω div u^k |π^k| 2 2 = 0.

Now, identity (3.3), inequality (3.5) and the above estimates imply the following differential inequality: 1 2 d dt (||π^k||^2 + ||(ρ^k)^{1/2}θ^k||^2) + μ||∇θ^k||^2 + λ||∇π^k||^2

≤ 1 2 ||ρ^k||^2_L1||E^k_t ||^2 + 1 2 ||θ^k||^2(1 + ||ρ^k_t ||_L1 + ||∇ρ^k||^2_L1) +c_ε||θ^k||^2[||ρ^k||^2_L1||Au||^2 + ||ρ^k||^2_L1||Au^k||^2 + λ^2||∇ρ||^2_L1 +λ^2||∇ρ^k||^2_L1] + c_δ||θ^k||^2λ^2[||∇u^k||^2_L1 + ||∇u||^2_L1] +c_ε||E^k||^2[||∇ρ^k||^2_L1||∇u^k||^2 + ||ρ^k||^2_L1||Au^k||^2 + ||ρ^k||^2_L1||Au||^2 +λ^2||Δρ^k||^2_L4 + λ^2||∇ρ^k||^2_L1 + λ^2||∇ρ||^2_L1] +c_ε||π^k||^2 ||u_t + u.∇u − f||^2_L4 + 10ε||∇θ^k||^2 + 2δ||∇π^k||^2 + 1 2 ||∇ρ||^2_L1||E^k||^2 + ||π^k||^2. By taking ε =^1_{20} μ, δ =^1_4 λ, the above differential inequality yields the integral inequality 1 2 ||π^k(t)||^2 + 1 2 ||(ρ^k(t))^{1/2}θ^k(t)||^2 + μ 2 ∫ t 0 ||∇θ^k(s)||^2ds + λ 2 ∫ t 0 ||∇π^k(s)||^2ds ≤ 1 2 ||π^k(0)||^2 + 1 2 ||(ρ^k(0))^{1/2}θ^k(0)||^2 + c ∫ t 0 ||E^k_t (s)||^2ds +c ∫ t 0 ||θ^k(s)||^2[1 + ||∇u^k(s)||^2_L1 + ||∇u(s)||^2_L1]ds +c ∫ t 0 ||E^k(s)||^2ds + c ∫ t 0 ||π^k(s)||^2ds, thanks to the estimates given in the Theorem 2.2.

Now, using the Lemma 2.1 and the fact that ||ρ^k(t))^{1/2}θ^k(t)||^2 ≥ α||θ^k(t)||^2, we obtain ||π^k(t)||^2 + α||θ^k(t)||^2 + μ ∫ t 0 ||∇θ^k(s)||^2ds + λ ∫ t 0 ||∇π^k(s)||^2ds ≤ ct λ^2_{k+1} + c λ_{k+1} ∫ t 0 ||∇u_t(s)||^2ds + c ∫ t 0 ||π^k(s)||^2ds + c α ∫ t 0 α||θ^k(s)||^2[1 + ||∇u^k(s)||^2_L1 + ||∇u(s)||^2_L1]ds. Applying the Gronwall’s inequality, we obtain ||π^k(t)||^2 + α||θ^k(t)||^2 + μ ∫ t 0 ||∇θ^k(s)||^2ds + λ ∫ t 0 ||∇π^k(s)||^2ds ≤ [ ct λ^2_{k+1} + c λ_{k+1} ∫ t 0 ||∇u_t(s)||^2ds ] exp { c ∫ t 0 [1 + ||∇u^k(s)||^2_L1 + ||∇u(s)||^2_L1]ds }

≤ c [_1

λ^2_{k+1} + 1 λ_{k+1} ]

for all t ∈ [0, T ], thanks to the estimates given in the Theorem 2.2. This proves the stated result. 2 Remark 3.3. The term ∫ 0 t ||E^k_t (s)||^2ds could be estimated with optimal rate if ∫ 0 T ||Au_t(s)||^2ds ≤ c. In fact, in this case, we have ∫ 0 t ||E^k_t (s)||^2ds ≤ c λ^2_{k+1} ∫ t 0 ||Au_t(s)||^2ds ≤ c λ^2_{k+1} , thanks to the estimates given in the Lemma 2.1, and the rest of the analysis could be done as before, given as a final result an estimate of order 1 λ^2_{k+1} in the Lemma 3.2.

However, as it was pointed out by Heywood and Rannacher [11], even in the classical case of the Navier-Stokes equations (constant ρ) a condition like ∫ 0 T ||Au_t(s)||^2ds ≤ c (which implies that ∫ 0 T ||u_t(s)||^2_H2ds ≤ c) would require that the initial condition satisfies a nonlocal compatibility condition (see Corollary 2.1 and condition (1.5) in [11]) which cannot be expected unless the initial condition is very special.

In the next section we improved the above estimate (see Theorem 4.1). Now, the above Lemma implies immediately the following L^2-error estimate for velocity and density.

Theorem 3.4. Suppose the assumptions of the Theorem 2.2 hold. Then, the approximations u^k, ρ^k satisfy ||u(t) − u^k(t)||^2 + ||ρ(t) − ρ^k(t)||^2 ≤ c [ 1 λ^2_{k+1} + 1 λ_{k+1} ]

for any t ∈ [0, T ].

Proof. We have u − u^k = E^k + θ^k. Then, by using the Lemmas 2.1 and 3.1, we get ||u(t) − u^k(t)||^2 ≤ ||E^k(t)||^2 + ||θ^k(t)||^2 ≤ c [ 1 λ^2_{k+1} + 1 λ_{k+1} ] . 2 Now, we proceed to obtain higher order estimates.

Lemma 3.5. μ||∇θ^k(t)||^2 + λ||∇π^k(t)||^2 + c ∫ t 0 [||π^k_t (s)||^2 + ||θ^k_t (s)||^2]ds ≤ c [ 1 λ^2_{k+1} + 1 λ_{k+1} ] .

Proof. Taking the inner product in L^2(ω) of the identity (3.2) with v = θ^k_t , we obtain μ 2 d dt ||∇θ^k||^2 + ||(ρ^k)^{1/2}θ^k_t ||^2 = −(π^k(u_t + u.∇u − f).θ^k_t ) −(ρ^kE^k_t , θ^k_t ) − (ρ^kθ^k.∇u, θ^k_t ) − (ρ^kE^k.∇u, θ^k_t ) − (ρ^ku^k.∇θ^k, θ^k_t ) −(ρ^ku^k.∇E^k, θ^k_t ) + λ((θ^k.∇)∇ρ, θ^k_t ) + λ((E^k.∇)∇ρ, θ^k_t ) (3.6) +λ((u^k.∇)∇π^k, θ^k_t ) + λ((∇π^k.∇)u, θ^k_t ) + λ((∇ρ^k.∇)θ^k, θ^k_t ) +λ((∇ρ^k.∇)E^k, θ^k_t ).

The terms on the right hand side are estimated by using Hölder and Young inequalities and Sobolev imbedding theorem.

On the other hand, multiplying the equality (3.4) by π^k_t and integrating over ω, we have for any δ > 0,

||π^k_t ||^2 + λ 2 d dt ||∇π^k||^2 = (θ^k.∇ρ, π^k_t ) + (E^k.∇ρ, π^k_t ) + (u^k.∇π^k, π^k_t ) ≤ c_δ||∇ρ||^2_L1||θ^k||^2 + c_δ||∇ρ||^2_L1||E^k||^2 + c_δ||Au^k||^2||∇π^k||^2 + 3δ||∇π^k_t ||^2. The above inequality and equality (3.6) together with the obtained estimates (after choosing suitable ε > 0 and δ > 0 and recalling that ||(ρ^k)^{1/2}θ^k_t ||^2 ≥ α||θ^k_t ||^2), imply α||θ^k_t ||^2 + ||π^k_t ||^2 + μ 2 d dt ||∇θ^k||^2 + λ 2 d dt ||∇π^k||^2 ≤ c||E^k_t ||^2 + c||θ^k||^2 +c||E^k||^2 + c||∇θ^k||^2 + φ_1(t) + c||∇E^k||^2φ_2(t) + c||∇π^k||^2φ_3(t), where φ_1(t) = ||ρ^k||^2_L1||Au||^2 + ||ρ^k||^2_L1||Au^k||^2|| + ||∇ρ^k||^2_L1 + ||Δρ||^2_L4 + 1; φ_2(t) = ||ρ^k||^2_L1||Au||^2 + ||ρ^k||^2_L1||Au^k||^2 + ||∇ρ^k||^2_L1 + ||Δρ||^2_L4; φ_3(t) = ||∇u||^2_L1 + ||∇u^k||^2_L1 + ||Au^k||^2 + ||∇u_t||^2 + ||Au||^4 + ||f||^2_H1 . Integrating the above inequality from 0 to t, we obtain 2α ∫ t 0 ||θ^k_t (s)||^2ds + 2 ∫ t 0 ||π^k_t (s)||^2ds + μ||∇θ^k(t)||^2 + λ||∇π^k(t)||^2 ≤ c ∫ t 0 ||E^k_t (s)||^2ds + c ∫ t 0 ||θ^k(s)||^2ds + c ∫ t 0 ||E^k(s)||^2ds +c ∫ t 0 ||∇θ^k(s)||^2φ_1(s)ds + c ∫ t 0 ||∇E^k(s)||^2φ_2(s)ds + c ∫ t 0 ||∇π^k(s)||^2φ_3(s)ds, since ||∇θ^k(0)||^2 = ||∇π^k(0)||^2 = 0.

Therefore, by using the estimates given in the Theorem 2.2 and Lemma 2.1, we obtain μ||∇θ^k(t)||^2 + λ||∇π^k(t)||^2 + 2α ∫ t 0 ||θ^k_t (s)||^2ds + 2 ∫ t 0 ||π^k_t (s)||^2ds ≤ c λ^2_{k+1} [∫ t 0 ||∇u_t(s)||^2ds + ∫ t 0 φ_2(s)ds + F_2(t)T ]

+ c λ_{k+1} [1 + F_2(t)T ] + c ∫ t 0 (φ_1(s) + φ_3(s))[μ||∇θ^k(t)||^2 + λ||∇π^k(t)||^2]ds. Now, we observe that the estimates given in Theorem 2.2, imply for all t ∈ [0, T ], ∫ t 0 ||∇u_t(s)||^2ds ≤ c , ∫ t 0 φ_2(s)ds ≤ c , ∫ t 0 [φ_1(s) + φ_3(s)]ds ≤ c , consequently applying Gronwall’s inequality we get the desired result. 2 Analogously as in the proof of Theorem 3.4 we obtain the following optimal H^1 estimate for the velocity.

Theorem 3.6. Suppose the assumptions of the Theorem 2.2 hold. Then, the approximations u^k satisfy ||∇u(t) − ∇u^k(t)|| + ∫ t 0 ||u_t(s) − u^k_t (s)||^2ds ≤ c λ_{k+1} for all t ∈ [0, T ]. 2 Corollary 3.7. ∫_t 0 ||Δπ^k(s)||^2ds ≤ c λ_{k+1} for all t ∈ [0, T ].

Proof. In fact, the equality (3.4) implies λΔπ^k = π^k_t + θ^k.∇ρ + E^k.∇ρ + u^k.∇π^k. (3.7) Consequently λ||Δπ^k||^2 ≤ c(||π^k_t ||^2 + ||Δρ||^2(||∇θ^k||^2 + ||∇E^k||^2) + ||Au^k||^2||∇π^k||^2).

Now, by integration in time from 0 to t, and using the lemmas 2.1 and 3.2, we obtained the desired result. 2 Corollary 3.8. ∫_t 0 ||Au(s) − Au^k(s)||^2ds ≤ c λ_{k+1} for all t ∈ [0, T ].

Proof. We start by considering the two following equations: Au = P [ρu_t + ρu · ∇u − ρf − λ(u · ∇)∇ρ − λ(∇ρ · ∇)u] Au^k = P^k[ρ^ku^k_t + ρ^ku^k · ∇u^k − ρ^kf − λ(u^k · ∇)∇ρ^k − λ(∇ρ^k · ∇)u^k] and making their difference; then we take the norm of such terms. Let us see, for instance, how we can estimate one of those terms: ||P ρu∇u − P^kρ^ku^k∇u^k||^2 ≤ c||(P − P^k)ρu∇u||^2 + c||P^kρ(u − u^k)∇u||^2 +c||P^k(ρ − ρ^k)u^k∇u||^2 + c||P^kρ^ku^k∇(E^k + θ^k)||^2 ≤ c λ_{k+1} ||∇(ρu∇u)||^2 + c||(E^k + θ^k)∇u||^2 +c||π^ku^k∇u^k||^2 + ||u^k∇(E^k + θ^k)||^2 ≤ c λ_{k+1} [||Δρ||^2||Au||^4 + ||Au||^4] + c||∇E^k + ∇θ^k||Au||^2 +c||∇π^k||^2||Au||^4 + c||Au^k||^2||∇E^k + ∇θ^k||^2 ≤ c λ_{k+1} , which implies that: ∫ t 0 ||P ρu∇u − P_kρ^ku^k∇u^k||^2ds ≤ c λ_{k+1} . After such estimates we conclude that ∫ t 0 ||Au(s) − Au^k||^2ds ≤ c λ_{k+1} . 4. Improved L^2-error bounds

The L^2-estimates in Theorem 3.4 are not optimal; in fact it is expected to obtain a rate of convergence of order 1/λ^2_{k+1} instead of only 1/λ_{k+1} . We were not able to do that, but in this section we will improved the L^2-estimates in Theorem 4.1 by using a bootstrap argument.

The question about the possibility of obtaining this optimal rate of convergence in the L^2-norm was raised by Rautmann in [17], in the context of the classical (constant density) Navier-Stokes equations. This was answered in a positive way in that context by Rojas-Medar and Boldrini [18].

Theorem 4.1. ||u(t)−u^k(t)||^2 +||ρ(t)−ρ^k(t)||^2 + ∫ t 0 (||∇u(s)−∇u^k(s)||^2 +||∇ρ(s)−∇ρ^k(s)||^2)ds

≤ c λ^{3/2}_{k+1} , for any t ∈ [0, T ].

Proof. We observe that the optimal rate is not obtained in the Theorem 3.4 because of the following term: | ∫ t 0 (ρ^kE^k_t , θ^k)ds|. Now, by using the Lemma 3.5, we can estimate it as follows; by integration by parts with respect to t, and recalling that θ^k(0) = 0, we have | | | | ∫ t 0 (ρ^kE^k_t , θ^k)ds | | | | = | | | | − ∫ t 0 (ρ^k_t E^k, θ^k)ds − ∫ t 0 (ρ^kE^k, θ^k_t )ds + (ρ(t)E^k(t), θ^k(t) | | | | ≤ ∫ t 0 |(ρ^k_t E^k, θ^k)|ds + ∫ t 0 |(ρ^kE^k, θ^k_t )|ds + |(ρ(t)E^k(t), θ^k(t)| ≤ ∫ t 0 ||∇ρ^k_t ||_L4 ||E^k||_L4 ||θ^k||ds + ∫ t 0 ||ρ^k||_L1||E^k||||θ^k_t ||ds + ||ρ||_L1||E^k||||θ^k|| ≤ c λ^{3/2}_{k+1} + c λ_{k+1} (∫ t 0 ||θ^k_t ||^2ds )_1/_2

≤ c λ^{3/2}_{k+1} . 2

By using the Theorem 4.1, we can improve the convergence rate for density. In fact, we get

Theorem 4.2. ||∇(ρ − ρ^k)(s)||^2 + ∫ t 0 ||ρ_t(s) − ρ^k_t (s)||^2ds ≤ c λ^{3/2}_{k+1} , for any t ∈ [0, T ].

Proof. From (3.7) we can see that: d dt ||∇π^k||^2 + c||π^k_t ||^2 ≤ c λ^{3/2}_{k+1} ||∇Δρ||^2 + c||Au^k||^2||∇π^k||^2, and integrating in time from 0 to t we get: ||∇π^k(t)||^2 + c ∫ t 0 ||π^k_t ||^2ds ≤ c λ^{3/2}_{k+1} + c ∫ t 0 ||Au^k||^2||∇π^k||^2ds since ||∇π^k(0)|| = 0. Now, by using the Gronwall’s lemma we obtain:

||∇π^k(t)||^2 + c ∫ t 0 ||π^k_t ||^2ds ≤ c λ^{3/2}_{k+1}

· exp c ∫ t 0 ||Au^k||^2ds

Corollary 4.3. ∫_t 0 ||Δπ^k||^2ds ≤ c λ^{3/2}_{k+1} ,

for all t ∈ [0, T ].

Proof. It easily follows by using the above result on equation (3.7). 2 Proposition 4.4. ||π^k_t (t)||^2 + λ ∫ t 0 ||∇π^k_s (s)||^2ds ≤ c λ_{k+1} and ||Δπ^k(t)||^2 ≤ c λ_{k+1} , for all t ∈ [0, T ].

Proof. Differentiating (3.4) with respect to t and taking the inner product in L^2(ω) with π^k_t , we obtain: 1 2 d dt ||π^k_t ||^2 + λ||∇π^k_t ||^2 = (θ^k_t · ∇ρ, π^k_t ) + (θ^k · ∇ρ_t, π^k_t ) +(E^k_t · ∇ρ, π^k_t ) + (E^k · ∇ρ_t, π^k_t ) + (u^k_t · ∇π^k_t , π^k_t ).

By using Hölder and Young inequalities, we estimate the right hand side of the above equality and then we get: d dt ||π^k_t ||^2 + λ||∇π^k_t ||^2 ≤ c||θ^k_t ||^2 + c λ_{k+1} ||∇ρ_t||^2 + c λ_{k+1} ||∇u^k_t ||^2 + c λ_{k+1} .

Integrating from 0 to t and observing that ||π^k_t (0)|| ≤ λ||Δ(ρ − ρ^k)(0)|| + ||(u − u^k)(0)||||∇ρ||_{L6} + |||u^k||_L1 ||∇(ρ − ρ^k)(0)|| ≤ c||∇(u − u^k)(0)|| ≤ c||∇θ^k(0)|| ≤ c λ_{k+1} , we obtain the result. The second estimate follows easily from the previous estimate and from (3.4).

Remark 4.3. The authors in [8] obtained analogous results to those presented in this work for a general model with λ^2-terms inclued.

Acknowledgements. The authors would like to express his gratitude to the referee of this paper, who read it carefully and made a number of valuable criticisms, which have led to the clarification and improvement of various points.

References

[1] Adams, R.A., Sobolev spaces, Academic Press, New York, (1975).

[2] Amrouche, C. and Girault, V., On the existence and regularity of the solutions of Stokes problem in arbitrary dimension, Proc. Japan Acad. Ser. A, 67 (1991), 171-175.

[3] Antonsev, S. N., Kazhikov, A. V. and Monakkov, B.N., Boundary value problems in mechanics of nonhomogeneous fluids, North-Holland, (1990).

[4] Beirão da Veiga, H., Diffusion on viscous fluids, existence and asymptotic properties of solutions, Ann. Sc. Norm. Sup. Pisa, 10 (1983), 341-355.

[5] Boldrini, J. L. and Rojas-Medar, M. A., On the convergence rate of spectral approximations for the equations for nonhomogeneous asymmetric fluids, Math. Modelling and Num. Anal., 30, (1996),123-155.

[6] Boldrini, J. L. and Rojas-Medar, M. A., Global strong solutions of the equations for the motion of nonhomogeneous incompressible fluids, Num. Method in Mech. (Eds C. Conca, G. N. Gatica), Pitman Research, Note in Math. Ser., 371, (1997), 35-45.

[7] Damázio, P. and Rojas-Medar, M. A., On the existence of strong solution for the equations of viscous fluids in the presence of diffusion, preprinter (1995).

[8] Damázio P. and Rojas-Medar, M. A., Error estimate in time for Galerkin approximations for the equations of viscous fluids in the presence of diffusion, in preparation.

[9] Frank, D.A. and Kamenetskii, V. I., Diffusion and Heat Transfer in Chemical Kinetics, Plenum Press, 1969.

[10] Heywood, J. G., An error estimate uniform in time for spectral Galerkin approximations of the Navier-Stokes problem, P.J. Math., 96 (1982), 333- 345.

[11] Heywood, J. G. and Rannacher, R., Finite element approximation of the nonstationary Navier-Stokes problem I: regularity of solutions and second order error estimates for spatial discretization, SIAM J. Num. Anal., 19 (1982), 275-311.

[12] Kazhikov, A. V. and Smagulov, Sh., On the correctness of boundary value problems for diffusion model of inhomogeneous fluid, Dokl. Akad. Nauk. SSSR, 234 (1977), 330-332.

[13] Kim, J. V., Weak solutions of an initial boundary-value problem for an incompressible viscous fluid with non-negative density, SIAM J. Math. Anal. 18 (1987), 89-96.

[14] Ladyzhenkaya, O. A., The Mathematical Theory of Viscous Incompressible Fluid, Gordon and Breach, New York, 1969.

[15] Ladyzhenkaya, O. A. and Solonnikov, V. A., Unique solvability of an initial and boundary value problem for viscous incompressible fluids, Zap. Naučn Sem. Leningrado Otdel Math. Inst. Steklov, 52, 1975, 52-109, English Transl., J. Soviet Math., 9, 1978, 697-749.

[16] Prouse, G., Modelli matematici in inquinamento dei fluidi, Bolettino U.M.I., Analisi Funzionale e Applicazioni, Serie VI, II (1984), 1-13.

[17] Rautmann, R., On the convergence rate of nonstationary Navier-Stokes approximations, Proc. IUTAM Symp. 1979, Approximations Methods for Navier-Stokes Problem, R. Rautmann (Ed.), Springer-Verlag, Lect. Notes in Math., 771 (1980), 235-248.

[18] Rojas-Medar, M. A. and Boldrini, J. L., Spectral Galerkin approximations for the Navier-Stokes equations: uniform in time errror estimates, Rev. Mat. Apl. 14 (1993), 63-74.

[19] Salvi, R., On the existence of weak solutions of boundary-value problems in a diffusion model of an inhomogeneous liquid in regions with moving boundaries, Portugaliae Math. 43 (1986), 213-233.

[20] Salvi, R., The equations of viscous incompressible nonhomogeneous fluid:

on the existence and regularity, J. Australian Math. Soc. Series B, Applied Math., 33 (1991), 94-110.

[21] Secchi, P., On the motion of viscous fluids in the presence of diffusion, SIAM J. Math. Anal. 19 (1988), 22-31.

[22] Simon, J., Nonhomogeneous viscous incompressible fluids: existence of velocity, density, and pressure, SIAM J. Math. Anal., 21 (1990), 1093-1117.

[23] Temam, R., Navier-Stokes equations, theory and numerical analysis, North- Holland, Amsterdam, 1979.

Pedro D. Damázio Marko A. Rojas Medar Departamento de Matemática IMECC-UNICAMP, CP 6065 Universidade Federal do Paraná CEP 13081-970, Campinas-SP, Brazil e-mail: pedro@mat.ufpr.br e-mail: marko@ime.unicamp.br