Matemática Contemporânea, Vol 30, 71-89 © 2006, Sociedade Brasileira de Matemática

GENERALIZED WEINGARTEN SURFACES OF BRYANT TYPE IN HYPERBOLIC 3-SPACE

Armando V. Corro^∗

Abstract We introduce a large class of generalized Weingarten surfaces which includes the linear Weingarten surfaces of Bryant type in the hyperbolic 3-space. We present a method for obtaining such surfaces in terms of holomorphic data, which is based on seeing a surface in hyperbolic 3- space, as the envelope of a sphere congruence whose other envelope is contained in the ideal boundary. In particular we obtain a new method for constructing linear Weingarten surfaces of Bryant type. As an applications of the method, we construct four different one-parameter families of complete generalized Weingarten surfaces.

Introduction.

During the last two decades there has been a renewed interest in the geometry of surfaces in hyperbolic manifolds. Basic problems such as existence, symmetry, behaviour at infinity, global structure and classification of complete surfaces of constant curvature in the hyperbolic 3-space H^3 have called the attention of several authors. Concerning constant mean curvature one surfaces in H^3, also called Bryant surfaces. The paper of R. Bryant [Br], was crucial. He showed how to parametrize these surfaces by meromorphic data and he started studing of their geometry. Since Bryant’s work many properties and examples have been discovered in [GG], [LR], [Sm], [ST2], [UY1] among others. In [GMM1] and [Ro], different ways of constructing flat surfaces in H^3 are presented. In [GMM2], the authors extend Bryant’s results to linear Weingarten surfaces in

∗Partially supported by PROCAD.

Keywords: Hyperbolic 3-space, Generalized Weingarten surfaces.

H^3, whose mean curvature H and Gaussian curvature K_I satisfy a linear relation of the form 2a(H − 1) + bK_I = 0 for some a, b ∈ R, a + b ≠ 0. These surfaces are called linear Weingarten surfaces of Bryant type, in short, BLW-surfaces and they are a particular case of the special surfaces studied by Sa Earp and Toubiana in [ST1].

In this paper we introduce a large class of generalized Weingarten surfaces in the hyperbolic 3-space which includes the linear Weingarten surfaces of Bryant type. This idea was motivated by Schief in [Sc] who studied two classes of surfaces in the Euclidean 3-space, whose mean curvature H and Gauss curvature K satisfy 1 + μH + (μ ± ρ)K = 0, where ρ and μ are harmonic functions in a particular sense. Those surfaces are named generalized Weingarten surfaces and some of them are related to the description of gravitational and neutrino fields in general relativity. We consider H^3 = {(x_1, x_2, x_3) ∈ R^3 : x_3 > 0} as the model of the upper half-space, with the metric ds^2 =^1_{x23} (dx^2_1 + dx^2 + dx^2_3) and ideal boundary C_∞ = {(x_1, x_2, x_3) ∈ R^3 : x_3 = 0} ∪ {∞}. Now, let M be a connected and orientable Riemann surface, X : M → H^3 an immersion with associated Gauss map η and hyperbolic Gauss map G. That is, for any p ∈ M, the oriented geodesic emanating from X(p) meets the ideal boundary C_∞ at G(X(p)). The hyperbolic Gauss map defines a sphere congruence, for which X(M) and G(X(M)) are envelopes and the radius of each sphere defines the radius function h. Then X : M → H^3 is called a generalized Weingarten surface of Bryant type (in short, a BGW-surface) if the mean curvature H, the Gauss curvature K_I and radius function h satisfy the relation

2ach^{2(c−1)c} (H − 1) + (a + b − ach^{2(c−1)c} )K_I = 0

for some a, b, c ∈ R, a + b ≠ 0, c ≠ 0. We present a method for obtaining such surfaces, which is based on seeing a surface in H^3, as the envelope of a sphere congruence whose other envelope is contained in C_∞; in this case a BGW-surface is determined by the radius function which is a solution of the Liouville equation. When c = 1, the surfaces are BLW-surfaces and in this case the method for constructing the surfaces turns out to be different from the one used in [GMM2]. When c = 1 and b = 0 the surfaces are Bryant surfaces, and in this case the method here is different from that used in [Br], [GG], [LR], [Sm], [ST2] and [UY1]. When c = 1 and a = 0 the surfaces are flat surfaces and again the method of construction here is different from that used in [GMM2] and [Ro]. Further consequences of the ideas in this paper are explored in [Co2] and [Co3].

The paper is organized as follows: In section 1, we characterize locally the surfaces in R^3 which are the envelope of a sphere congruence, whose other envelope is contained in a plane. These surfaces can be considered as Ribaucour transformations of a plane (see [CT]). The parametrization obtained is related to hydrodynamic type systems, studied in [DN].

In section 2, we introduce the BGW-surfaces in the hyperbolic 3-space which include the linear Weingarten surfaces of Bryant type. We show that these surfaces can be parametrized in terms of two holomorphic functions and their derivatives, requiring no integration. As an example we present two oneparameter families of complete flat surfaces. We also study the asymptotic behavior of a BGW-surface in C_∞.

In section 3, we present four one-parameter families of complete BGWsurfaces. In particular, we obtain two one-parameter families of complete linear Weingarten surfaces of Bryant type.

1. Sphere Congruence in R^3.

In this section, we characterize a the surface which is envelopes of a sphere congruence, whose other envelope is contained in a plane.

Let X : U ⊂ R^2 → R^3 be a surface and N : U ⊂ R^2 → R^3 the Gauss map. Then N_{,i} = 2� j=1 W_{ij} (u)X_{,j}, 1 ≤ i ≤ 2,

where u = (u_1, u_2) ∈ U ⊂ R^2, X_{,j} denotes the partial derivative of X with respect to u_i and W = (W_{ij}) is called Weingarten matrix .

A sphere congruence in R^3 is a two-parameter family of spheres with a differentiable radius function , whose centers lie on a surface. An envelope of a sphere congruence is a surface M of R^3 such that each point of M is tangent to a sphere of the sphere congruence.

Let Π = {(x_1, x_2, x_3) ∈ R^3 : x_3 = 0}, Y : U ⊂ R^2 → Π be an orthogonal local parametrization of Π, i. e., L_{ij} =< Y_{,i}, Y_{,j} >, 1 ≤ i, j ≤ 2, is such that

L_{12} = 0, L_{ii} ≠ 0, 1 ≤ i ≤ 2.

Furthermore Y_{,ij} = 2� k=1 Γ^k_{ij}Y_{,k}, 1 ≤ i, j ≤ 2. (1)

Using the fact that the metric is diagonal, we have

Γ^i_j =

L_{ii,j} 2L_{ii}

, for all i, j Γ^j_{ii} = −

L_{ii} L_{jj}

Γ^i_j, 1 ≤ i ≠ j ≤ 2. (2)

According to [DN], the hydrodynamic type system associated to this zerocurvature metric, is

u^i_{,t} = 2� j=1 V_{ij}(u)u^j_{,x}, 1 ≤ i ≤ 2,

where V_{ij} = 1 L_{jj} � h_{,ij} − 2� ℓ=1 Γ^ℓ_{ij}h_{,ℓ} � , 1 ≤ i, j ≤ 2, (3)

and h : U ⊂ R^2 → R is an arbitrary C^∞(U) function. The following result relates this system with a sphere congruence.

Theorem 1.1: A surface M in R^3 is the envelope of a sphere congruence, whose other envelope is contained in the plane Π = {(x_1, x_2, x_3) ∈ R^3 : x_3 = 0} if, and only if, there exist an orthogonal local parametrization of Π, Y : U ⊂ R^2 → Π and a differentiable function h : U ⊂ R^2 → R, such that X : U ⊂ R^2 → M, given by

X(u) = Y (u) −

2h(u) S � h_{,1} L_{11}

(u)Y_{,1}(u) + h_{,2} L_{22}

(u)Y_{,2}(u) − e_3 � , (4) is a parametrization of M, with e_3 = (0, 0, 1), L_{ii} =< Y_{,i}, Y_{,i} >, 1 ≤ i ≤ 2 and S = (h_{,1}(u))^2

L_{11} + (h_{,2}(u))^2 L_{22}

+ 1. (5)

moreover, the Gauss map is given by

N(u) = e_3 + 2 S � h_{,1} L_{11}

(u)Y_{,1}(u) + h_{,2} L_{22}

(u)Y_{,2}(u) − e_3 � , (6)

the Weingarten matrix is W = 2 P (SV − 2h det(V )I), (7)

where the matrix V = (V_{ij} ) is given by (3) and

P = S^2 − 2hS tr(V ) + 4h^2 det(V ) ≠ 0. (8)

Proof. A surface M in R^3 is the envelope of a sphere congruence, whose other envelope is contained in the plane Π if, and only if, there exist a orthogonal local parametrization of Π, Y : U ⊂ R^2 → Π and a differentiable function h : U ⊂ R^2 → R, such that X : U ⊂ R^2 → M, is a parametrization of M satisfying X(u) = Y (u) + h(u)(e_3 − N(u)), (9) where N is the Gauss map of X, such that N = 2� j=1 B_j Y_{,j} + B_3e_3, (10)

and_2 � j=1 (B_j )^2L_{jj} + (B_3)^2 = 1. (11)

From (9), we obtain

X_{,i} = Y_{,i} + h_{,i}(e_3 − N) − hN_{,i}, 1 ≤ i ≤ 2. (12)

Hence, using (10) and < N, X_{,i} >= 0, we get

B_i = h_{,i} L_{ii}

(1 − B_3), 1 ≤ i ≤ 2. (13)

Using (11), we obtain B_3 = 1 − 2 S , where S is given by (5). Using this last equality, (13), (9) and (10) we obtain the expressions (4) and (6). In order to determine the Weingarten matrix of X, let us consider the following vector valued functions

C = Y + he_3, D = h_{,1} L_{11}

(u)Y_{,1}(u) + h_{,2} L_{22}

(u)Y_{,2}(u) + ( S 2 − 1)e_3. (14)

Using (3) and the expression of S given by (5), we have

D_{,i} = 2� k=1 V_{ik}C_{,k}, S_{,i} = 2 2� k=1 V_{ik}h_{,k}, (15)

where V^k_i is given by (2) and (3). From (4), (6) and (14), we obtain

X = C − 2 h S D, N = 2 S D. Taking the derivative of these expressions and using (15), it follows from a straightforward computation that N_{,i} =^2 � j=1 W_{ij}X_{,j}, where

W = 2V (SI − 2hV )^{−1}

and V is defined by (2) and (3). From matrix properties it follows that W is given by (7). � We observe that, when the matrix V is diagonal, the parametrization X in the theorem above, is a Ribaucour transformation of Y with respect to^{Y,i}_{|Y,i|} , (see [CT]).

2. BGW-surfaces in H^3.

In this section, we consider H^3 = {(x_1, x_2, x_3) ∈ R^3 : x_3 > 0} as the model of the upper half-space, with the metric ds^2 =^1_{x23} (dx^2_1 + dx^2 + dx^2_3) and ideal boundary C_∞ = {(x_1, x_2, x_3) ∈ R^3 : x_3 = 0}∪{∞}. Now, let M be a connected orientable Riemann surface, X : M → H^3 an immersion with Gauss map η and hyperbolic

Gauss map G. That is, for any p ∈ M, the oriented geodesic emanating from X(p) meets the ideal boundary C_∞ at G(X(p)). The hyperbolic Gauss map defines a sphere congruence, for which X(M) and G(X(M)) are envelopes and the radius of each sphere define the radius function h. Then X : M → H^3 is called a generalized Weingarten surface of Bryant type (in short, BGW-surface) if the mean curvature H, the Gauss curvature K_I and radius function h satisfy

2ach^{2(c−1)c} (H − 1) + (a + b − ach^{2(c−1)c} )K_I = 0, (16)

for some a, b, c ∈ R, a + b ≠ 0 and c ≠ 0.

Lemma 2.1: Let M be a connected orientable Riemann surface. Then X : M → H^3 is an immersion if, and only if, there exist functions g : M → C_∞ holomorphic and h : M → R^+_∞, such that X(M) is locally parametrized by

X(z) = (g, 0) − 2h S ( g^′ |g^′|^2

(h_{,1} + ih_{,2}), −1), (17)

where z = u_1 + iu_2 ∈ C, R^+_∞ = R^+ ∪ {+∞}, g^′(z) ≠ 0 everywhere, S = (h_{,1})^2 + (h_{,2})^2 |g^′|^2

+ 1. (18)

Moreover, the normal Gauss map is given by

η(z) = 2h S � (0, 0, 1) + 2 S ( g^′ |g^′|^2

(h_{,1} + ih_{,2}), −1) � , the Weingarten matrix is

~W = 2 P [2hV + (S − 2h tr(V ))I] − I, (19)

where P = S^2 − 2hS tr(V ) + 4h^2 det(V ) ≠ 0, (20)

V_{ij} = 1 |g^′|^2 � h_{,ij} − 2� ℓ=1 Γ^ℓ_{ij}h_{,ℓ} � , 1 ≤ i, j ≤ 2, (21)

with Γ^i_i =

|g^′|_{,i} |g^′|

, Γ^i_j =

|g^′|_{,j} |g^′|

= −Γ^j_{ii}, 1 ≤ i ≠ j ≤ 2. (22)

The mean curvature H and Gauss curvature K_I are given by H = 2 P � h △ h |g^′|^2 − S � + 1, K_I = 4 P � h △ h |g^′|^2

− S + 1 � . (23)

Proof. X : M → H^3 is an immersion if, and only if, X(M) is the envelope of a sphere congruence, whose other envelope is contained in C_∞. By Theorem 1.1, there exist functions g : M → C_∞ holomorphic and h : M → R^+_∞, such that Y (z) = (g(z), 0) and L_{ii} = |g^′|^2. Let X = (X_1, X_2, X_3) and N = (N_1, N_2, N_3) be defined by (4)-(6), then the Gauss map is given by η = X_3N. Using the connection induced by the metric of H^3, it follows from a straightforward computation that the Weingarten matrix of X in H^3 is

~W = X_3W − N_3I,

where W is given by (7). Using (2)-(8), we obtain (17)-(22). Moreover, since H = −^1_2 tr(~W ) and K_I = det(~W ) − 1, the mean curvature and Gauss curvature are given by (23). �

Theorem 2.2: Let M be a connected orientable Riemann surface. Then X : M → H^3 is a flat surface if, and only if, there exist holomorphic functions f, g : M → C_∞, such that X(M) is locally parametrized by

X(z) = (g, 0) − 2h T (hg^′f^′, −|g^′|^2),

where g^′(z) ≠ 0 everywhere, h = eRe^{(f)},

Re(f) is the real part of f,

T = h^2|f^′|^2 + |g^′|^2,

−T^2 + 2T |g^′|^2 + 4h^2|g^′|^4 det(V ) ≠ 0, and the matrix V is given by (21) and (22).

Proof. From Lemma 2.1 taking h = e^ϕ and using (18) and (23) we have that X is a flat surface if, and only if, △ϕ = 0. Therefore there exists a holomorphic function f such that ϕ = Re(f), h = eRe^{(f)} and

h_{,1} + ih_{,2} = hf^′.

Then, from (17), (18) and (20) the result follows. � The method developed above is based on considering a flat surface in H^3, as the envelope of a sphere congruence whose other envelope is contained in C_∞, with the radius function determined by a holomorphic function. Another method, presented in [GMM2], gives a conformal representation of flat surfaces using the complex structure induced by its second fundamental form. In [Ro] an alternative derivation is given for a local Weierstrass representation of flat surfaces, which uses as a starting point an old result due to Luigi Bianchi. Roughly speaking, that result says that the correspondence between the two hyperbolic Gauss maps of a surface M ⊂ H^3 is weakly conformal if, and only if, M is flat.

A direct application of Theorem 2.2 yields some interesting examples:

Example 2.3: Let λ ≠ 0 be a real constant, M = C−{(0, 0)}, f(z) = ln(λ^2z^2) and g(z) = z. Then the maps X_λ : C − {(0, 0)} → H^3 given by

X_λ(z) = (z, 0) −

2λ^2|z|^2 4λ^4|z|^2 + 1

(2λ^2z, −1)

define a one-parameter family of complete flat surfaces of revolution.

Example 2.4: Let λ ≠ 0 be a real constant, M = C, f(z) = λz and g(z) = z. Then the maps X_λ : C → H^3 given by

X_λ(z) = (z, 0) −

2e^{λu1} λ^2e^{2λu1} + 1

(e^{λu1} λ, 0, −1) define a one-parameter family of complete flat ruled surfaces.

A useful characterization of BGW-surfaces can be obtained through their relation to solutions of Liouville’s equation. In order to do that, we will need the following result whose proof and further details can be found in [Li].

Theorem 2.5: A global solution of the Liouville equation

△ν = Ae^{−2ν}

is expressed by

e^{ν(u1,u2)} =

1 + A|f(z)|^2 2|f^′(z)|

, z = u_1 + iu_2 ∈ C (24)

where f is a global meromorphic function, such that f^′(z) ≠ 0 everywhere and it admits only simple poles. Moreover, f and its transformations^{d1f−d2}_{d2f−d1} , |d_1|^2 + |d_2|^2 > 0, give all the possibilities for (24) to hold.

We observe that, for each solution ν of the Liouville equation, the metric ds^2 = e^{−2ν} ((du_1)^2 + (du_2)^2), being conformal to the Euclidean metric, have constant Gauss curvature A.

Theorem 2.6: Let M be a connected orientable Riemann surface. Then X : M → H^3 is a BGW-surface if, and only if, there exist holomorphic functions f, g : M → C_∞, such that X(M) is locally parametrized by

X(z) = (g, 0) − h S|f^′|^3|g^′|^3

(ch^{(c−1)c} f^′(g^′)^2Υ, −2|f^′|^3|g^′|^3), (25)

where |f^′|^2 + |g^′|^2 ≠ 0, (1 + A|f|^2)^c > 0 everywhere, with A = a/(a + b), h = � |g^′|

(1 + A|f|^2) 2|f^′|

�_c , (26)

S = c^2h^{2(c−1)}c 4|f^′|^4|g^′|^2

|Υ|^2 + 1, (27)

Υ = [1 + A|f|^2](f^′g^{′′} − g^′f^{′′}) + 2Af(f^′)^2g^′, (28) and −S^2 + 2S(1 − Ach^{2(c−1)c} ) + 4h^2 det(V ) ≠ 0,

with the matrix V given by (21) and (22).

Proof. From Lemma 2.1 taking h = e^{cϕ}, c ≠ 0 a real constant and using (18), (23) and (16), we have that X is a BGW-surface if, and only if, △ϕ = A|g^′|^2e^{−2ϕ} and A = a/(a + b). Since △ ln(|g^′|) = 0, we have ϕ = ln(|g^′|) + ν, where △ν = Ae^{−2ν} . From Theorem 2.5, it follows that the solutions to this equation are given by (24). Therefore h is given by (26) and

h_{,1} + ih_{,2} = c 2|f^′|^3|g^′| � |g^′|(1 + A|f|^2) 2|f^′|

�_{(c−1)} f^′g^′Υ,

where Υ is given by (28). Using (18) we obtain that S is given as in (27) and from (17) the expression for X follows. �

The method detailed above consists of looking at a BGW-surface in H^3, as the envelope of a sphere congruence whose envelope is contained in C_∞, with the radius function determined by a solution of Liouville equation. When c = 1, the surfaces obtained are BLW-surfaces and in order to appreciate how this method differs from others in the literature it will be useful to look at some particular cases. For instance [GMM2] gives a complex representation of a BLW-surface M, induced by a Riemannian metric σ = aI + bII where I and II are the first and second fundamental forms of M. This complex structure is such that its hyperbolic Gauss map is a conformal map. In particular, when b = 0 we get Bryant surfaces and [Br], [GG], [LR], [Sm], [ST2] and [UY1] introduce a complex structure such that its hyperbolic Gauss map is a conformal map. hand, when a = 0 we obtain flat surfaces and the method here becomes analogous, to the one in Theorem 2.2 and both are different from the one used in [GMM2] and [Ro].

Remark 2.7: For later convenience, from Theorem 2.6, using (26) and (27), when c ≥ 1 the parametrization (25), can be written as X(z) = (g −^{2c}_{T1} |g^′|^{2(c−1)}[1 + A|f|^2]^{(2c−1)}f^′(g^′)^2Υ,

2^{(c+1)} T_1 |f

′g^′|^{(c+2)}[1 + A|f|^2]^c),

(29)

with Υ given by (28) and T_1 = c^2(|g^′| [1 + A|f|^2])^{2(c−1)}|Υ|^2 + 2^{2c}|f^′|^{2(c+1)}|g^′|^2. (30) On the other hand, when c < 1, (25) becomes X(z) = (g −^{c2(3−2c)}_{T2} |f^′|^{2(1−c)}[1 + A|f|^2]f^′(g^′)^2Υ,

2^{(3−c)} T_2 |f

′g^′|^{(4−c)}(|g^′| [1 + A|f|^2])^{(2−c)}),

(31)

with T_2 = c^2(2|f^′|)^{2(1−c)}|Υ|^2 + 4|f^′|^4|g^′|^{2(2−c)}[1 + A|f|^2]^{2(1−c)}. (32)

In order to study the asymptotic behavior of a BGW-surface at C_∞, we define the asymptotic boundary of a set Σ ∈ H^3 as ∂_∞(Σ) = cl(Σ) ∩ C_∞ where cl(Σ) is the closure of Σ in {x_3 ≥ 0} ∪ {∞}.

When A > 0 and c ≥ 1, the geometry of the surface is similar to that of a surface with constant mean curvature H = 1. On the other hand, when A < 0 the following result holds:

Proposition 2.8: Let ~M be a connected Riemann surface, f, g : ~M → C_∞ holomorphic functions and A < 0. Suppose

M_A = {p ∈ ~M/1 + A|f(p)|^2 > 0}, Γ_A = {p ∈ ~M/1 + A|f(p)|^2 = 0}, are non empty subsets of ~M, let M be a non empty connected subset of M_A and Γ = ∂M a non empty subset of Γ_A. Then the maps X : M → H^3 given by Theorem 2.6 are BGW-surfaces and g(Γ) ⊂ ∂_∞(M).

Proof. Using Theorem 2.6, (29) and (30) we have, for each w ∈ Γ,

lim_{z→w} T_1(z) = 2^{2c}|f^′(w)|^{2(c+2)}|g^′(w)|^2 ≠ 0, c ≥ 1

and lim_{z→w} X(z) = g(w). Analogously, using (31) and (32) we have, for each w ∈ Γ,

lim_{z→w} T_2(z) = −2^{(3−2c)}Ac^2|f^′(w)|^{2(2−c)}|f(w)||g^′(w)| ≠ 0, c < 1, c ≠ 0

and lim_{z→w} X(z) = g(w). � 3. Applications.

As a result of the method developed in the previus section, we obtain four one-parameter families of complete BGW-surfaces in H^3. We start by replacing A = a/(a + b) in (16) to obtain

2Ach^{2(c−1)c} (H − 1) + (1 − Ach^{2(c−1)c} )K_I = 0. (33)

Proposition 3.1: Let A ≠ 0, c ≥ 1 and λ > 0 be real constants such that, if A > 0, then c ∈ N and c > 1. Consider the set M_{λA} = {z ∈ C/1+Aλ^2|z|^2 > 0}. Then the maps X_λ : M_{λA} → H^3 given by

X_λ(z) = (z − cA T (z)

(1 + Aλ^2|z|^2)^{(2c−1)}z,

2^{(c−1)} T (z) λ^{(c−2)}(1 + Aλ^2|z|^2)^c)

with T (z) = c^2(1 + Aλ^2|z|^2)^{2(c−1)}λ^2A^2|z|^2 + 2^{2(c−1)}λ^{2(c−1)}, define a one-parameter family of complete BGW-surfaces of revolution, whose mean curvature H and Gaussian curvature K_I satisfy (33).

Proof. From Theorem 2.6 and Remark 2.7, taking g(z) = z, f(z) = λz and using (29), (30) and (28), we obtain the expression for X_λ given above. Taking u_1 = r cos θ and u_2 = r sin θ, we have that X_λ is a surface of revolution, with the x_3 axis as the rotation axis and the generating curve, in the x_2x_3 plane, given by α(r) =^1_{T (r)} (r[cA(1 + Aλ^2r^2)^{(2c−1)}(−1 + (c − 1)Aλ^2r^2) +(2λ)^{2(c−1)}], 2(2λ)^{(c−2)}(1 + Aλ^2r^2)^c) where T (r) = c^2(1 + Aλ^2r^2)^{2(c−1)}λ^2A^2r^2 + 2^{2(c−1)}λ^{2(c−1)}.

Since x_2(r) is an odd function and x_3(r) is even, the curve is symmetrical with respect to the x_3 axis. Since x^′_3(0) = 0 the curve is regular at α(0). When A > 0 we have M_{λA} = C, in which case r ∈ R and lim_{r→∞} x_2(r) = ∞. Therefore X_λ(C) is a closed subset in H^3 and X_λ is complete. When A < 0 we have M_{λA} = {z ∈ C/|z| <^1_λ^√_{−A} } and, from Proposition 2.8, X_λ(M_{λA}) is a closed subset of H^3, so X_λ is complete. �

It follows from the above Proposition, that when c = 1, the surfaces are BLW-surfaces.

Proposition 3.2: Let A ≠ 0, c < 1 and λ > 0 be real constants such that if A > 0, then c ∈ N. Consider the set M_{λA} = {z ∈ C/1 + Aλ^2|z|^2 > 0}. Then the maps X_λ : M_{λA} → H^3 given by

X_λ(z) = (z − cA T (z)

2^{2(1−c)}λ^{2(1−c)}(1 + Aλ^2|z|^2)z,

2^{(1−c)} T (z) λ^{(−c)}(1 + Aλ^2|z|^2)^{(2−c)})

with T (z) = c^2(2λ)^{2(1−c)}A^2λ^2|z|^2 + (1 + Aλ^2|z|^2)^{2(1−c)}, defines a one-parameter family of complete BGW-surfaces of revolution, whose mean curvature H and Gaussian curvature K_I satisfy the relation (33).

Proof. From Theorem 2.6 and Remark 2.7, taking g(z) = z, f(z) = λz and using (31), (32) and (28), we obtain the expression for X_λ given above. Taking u_1 = r cos θ and u_2 = r sin θ, we have that X_λ is a surface of revolution, with the x_3 axis as the rotation axis and the generating curve, in the x_2x_3 plane, given by

α(r) = (r − cA T (r)

2^{2(1−c)}λ^{2(1−c)}(1 + Aλ^2r^2)r,

2^{(1−c)} T (r) λ^{(−c)}(1 + Aλ^2r^2)^{(2−c)})

where T (r) = c^2(2λ)^{2(1−c)}A^2λ^2r^2 + (1 + Aλ^2r^2)^{2(1−c)}.

Since x_2(r) is an odd function and x_3(r) is even the curve is symmetrical with respect to the x_3 axis. Since x^′_3(0) = 0 the curve is regular at α(0). When A > 0 we have M_{λA} = C, in which case r ∈ R and lim_{r→∞} x_2(r) = ∞. Therefore X_λ(C) is a closed subset in H^3 and X_λ is complete. When A < 0 we have M_{λA} = {z ∈ C/|z| <^1_λ^√_{−A} } and from Proposition 2.8, X_λ(M_{λA}) is a closed subset of H^3. Therefore X_λ is complete. � Proposition 3.3: Let A ≠ 0, c ≥ 1 and λ > 0 be real constants such that Aλ^2 > −1 when A < 0. Consider the set M_{λA} = {z ∈ C/1 + Aλ^2e^{2u1} > 0}. Then the maps X_λ : M_{λA} → H^3 given by

X_λ(z) = (z + 2c T (z)

(1 + Aλ^2e^{2u1} )^{(2c−1)}(1 − Aλ^2e^{2u1} ),

2^{(c+1)} T (z)

(λe^{u1} )^c(1 + Aλ^2e^{2u1} )^c)

with T (z) = c^2(1 + Aλ^2e^{2u1} )^{2(c−1)}(1 − Aλ^2e^{2u1} )^2 + (2λe^{u1} )^{2c}, define a one-parameter family of complete ruled BGW-surfaces, whose mean curvature H and Gaussian curvature K_I satisfy (33).

Proof. From Theorem 2.6 and Remark 2.7, taking g(z) = z, f(z) = λe^z and using (29), (30) and (28), we obtain the expression for X_λ given above. Then X_λ is a ruled surface, whose rulings are parallel to the x_2 axis and the curve directrix, in the x_1x_3 plane, is given by

α(u_1) = (u_1 + 2cA T (z)

(1 + Aλ^2e^{2u1} )^{(2c−1)}(1 − Aλ^2e^{2u1} ),

2^{(c+1)} T (z)

(λe^{u1} )^c(1 + Aλ^2e^{2u1} )^c) with

T (u_1) = c^2(1 + Aλ^2e^{2u1} )^{2(c−1)}(1 − Aλ^2e^{2u1} )^2 + (2λe^{u1} )^{2c}.

When A > 0 we have M_{λA} = C, in which case u_1 ∈ R and lim_{r→±∞} x_1(r) = ±∞. Therefore X_λ(C) is a closed subset in H^3 and X_λ is complete. When A < 0 we have M_{λA} = {z ∈ C/|u_1| < ln(^1_λ^√_{−A} )} and from Proposition 2.8, X_λ(M_{λA}) is a closed subset of H^3 so X_λ is complete. �

It follows from the above Proposition, that, when c = 1, the surfaces are BLW-surfaces.

Proposition 3.4: Let A ≠ 0, c < 1 and λ > 0 be real constants, such that Aλ^2 > −1, when A < 0,. Consider the set M_{λA} = {z ∈ C/1 + Aλ^2e^{2u1} > 0}. Then the maps X_λ : M_{λA} → H^3 given by

X_λ(z) = (z +^{2c}_{T (z)} (2λe^{u1} )^{2(1−c)}(1 + Aλ^2e^{2u1} )(1 − Aλ^2e^{2u1} ),

2^{(3−c)} T (z) (λe u_1 (1 + Aλ2e2u_1 ))(2−c))

with

T (z) = c^2(2λe^{u1} )^{2(1−c)}(1 − Aλ^2e^{2u1} )^2 + 4(λe^{u1} )^2(1 + Aλ^2e^{2u1} )^{2(1−c)},

define a one-parameter family of complete ruled BGW-surfaces, whose mean curvature H and Gaussian curvature K_I satisfy (33).

Proof. From Theorem 2.6 and Remark 2.7, taking g(z) = z, f(z) = λe^z and using (31), (32) and (28), we obtain the expression for X_λ given above. Besides X_λ is a ruled surface, whose rulings are parallel to the x_2 axis and with the curve directrix, in the x_1x_3 plane, given by

α(u_1) = (u_1 +^{2c}_{T (z)} (2λe^{u1} )^{2(1−c)}(1 + Aλ^2e^{2u1} )(1 − Aλ^2e^{2u1} ),

2^{(3−c)} T (z) (λe u_1 (1 + Aλ2e2u_1 ))(2−c))

with

T (u_1) = c^2(2λe^{u1} )^{2(1−c)}(1 − Aλ^2e^{2u1} )^2 + 4(λe^{u1} )^2(1 + Aλ^2e^{2u1} )^{2(1−c)}.

When A > 0 we have M_{λA} = C. In this case u_1 ∈ R and lim_{r→±∞} x_1(r) = ±∞. Therefore X_λ(C) is a closed subset of H^3 and X_λ is complete. When A < 0 we have M_{λA} = {z ∈ C/|u_1| < ln(^1_λ^√_{−A} )} and from Proposition 2.8 we have that X_λ(M_{λA}) is a closed subset of H^3. Therefore X_λ is complete. � This method would also be suitable for other constructions, in more particular cases, e. g., c = 1, but there is already a vast literature dealing with such examples, as well as their geometric properties, a few of them already referenced to throughout this paper.

On the other hand, the more general cases (c ≠ 1), the study of basic problems such as existence, symmetry, behaviour at infinity, global structure and classification, present a promising open field for future research.

References

[Bi] Bianchi, L., Lezioni di Geometria Differenziale, Terza Edicione (1927) Nicola Zanichelli Editore. Bologna.

[Br] Bryant, R. L., Surfaces of mean curvature one in hyperbolic space, Astérisque, 154-155 (1987), 289-316.

[BLN] Brito, F., Leite, M. L., Neto, V., Liouvilles formula under the viewpoint of minimal surfaces, Comumunications on Pure and Applied Analysis 3 (1), (2004), 41-51.

[Co1] Corro, A. V., Transformações de Ribaucour entre subvariedades de Dupin, PhD thesis, Universidade de Brasília, 1997.

[Co2] Corro, A. V., Classes of generalized Weingarten surfaces in Pseudo- Riemann 3-space. Preprint.

[Co3] Corro, A. V., Classes of generalized Weingarten surfaces in Euclidean 3-space. Preprint.

[CFT] Corro, A. V., Ferreira, W., Tenenblat, K., Ribaoucour transformation for constant mean curvature and linear Weingarten surfaces, Pac. J. Math. 212 (2003), 265-296.

[CT] Corro, A. V., Tenenblat, K., Ribaucour Transformation revisited, Communications in Analysis and Geometry 12(5), (2004), 1055-1082.

[DN] Dubrovin, B. A., Novikov, S. P., Hydrodinamics of weakly deformed soliton lattices, Diferential Geometry and Hamiltonian Theory, Uspekhi Mat. Nauk 44 (1989), 29-90.

[Fe] Ferapontov, E. V., Reciprocal transformations and their invariants, Diff Uravnen. 25 (1989), 1256-1265.

[GG] Galvão, M. E., Góes, C. C., A Weierstrass type representation for surfaces in hyperbolic space with mean curvature one, Note Math. 18 (1988), (1),(1999), 43-61.

[GMM1] Gálvez, J. A., Martinez, A., Milán, F., Flat surfaces in the hyperbolic 3-space, Math. Ann. 316 (2000), 419-435.

[GMM2] Gálvez, J. A., Martinez, A., Milán, F., Complete linear Weingarten surfaces of Bryant Type. A plateau problem at infinity, Trans. Amer. Math. Soc. 356 (2004), 3405-3428.

[KUY] Kokubu, M., Umehara, M., Yamada, K., An elementary proof of small’s formula for null curves in P SL(2, C), Osaka J. Math. 40 (2003), 697-715.

[Li] Liouville, J., Sur l’équationaux differences partielles^{∂2logλ}_{∂u∂v} ±^λ_{2a2} = 0, J.

Mathématiques Pures et Appliquées, 36 (1998), 71-72.

[LR] Lima, L. L., Roitman, P., Constant mean curvature one surfaces in hyperbolic 3-space using the Bianchi-Caló method, An. Acad. Brasil. Cienc. 74 (1), (2002), 19-24.

[Ro] Roitman, P., Flat surfaces in hyperbolic 3-space as normal surfaces to a congruence of geodesics. Preprint.

[Sc] Schief, W. K., On Laplace-Darboux-type sequences of generalized Weingarten surfaces, Journal of Mathematical Physics 41 (9), (2000), 6566-6599.

[Sm] Small, A. J., Surfaces of constant mean curvature 1 in H^3 and algebraic curves on a quadric, P. Am. Math. Soc. 122 (1994), 1211-1220.

[ST1] Sa Earp, R., Toubiana, E., Symmetry of properly embedded special Weingarten surfaces in H^3, Trans. Am. Math. Soc. 351 (1999), 4693-4711.

[ST2] Sa Earp, R., Toubiana, E., Meromorphic data for mean curvature one surfaces in hyperbolic three-space, Tohoku Math. J. (2) 56 (1), (2004), 27- 64. [ST3] Sa Earp, R., Toubiana, E., Mereomorphic data for surfaces of mean curvature one in hyperbolic space. II. , Global theory of minimal surfaces, 635-654, Clay Math. Proc., 2, Amer.Math. Soc., Providence, RI, 2005.

[UY1] Umehara, M., Yamada, K., Complete surfaces of constant mean curvature 1 in the hyperbolic 3-espace, J. Reine Angew. Math. 432 (1992), 93-116.

[UY2] Umehara, M., Yamada, K., A parametrization of the Weierstrass formulae and perturbation of complete minimal surfaces in R^3 into the hyperbolic 3-espace, Ann. of Math. 137 (1993), 611-638.

Instituto de Matemática e Estatística Universidade Federal de Goiás, C.P. 131, Campus II, Samambaia CEP 74.001-970-Goiânia-GO-Brasil E-mail: corro@mat.ufg.br