Matemática Contemporânea, Vol 35, 73-93 © 2008, Sociedade Brasileira de Matemática

ON THE ISOTROPIC REDUCTION METHOD AND THE MASLOV INDEX

M. A. Javaloyes P. Piccione

Abstract We study the Maslov index of continuous paths in the Grassmannian Lagrangian using an isotropic reduction of the symplectic space, and we discuss a few applications.

1 Introduction

The Maslov index is a semi-integer invariant associated to continuous paths in the Lagrangian Grassmannian of a symplectic space (see [11, 12]), and it is one of the main tools employed in Morse theory for (periodic) solutions of Hamiltonian systems. In semi-Riemannian geometry, the Maslov index is usually associated to geodesics, and its value gives an algebraic counting of the conjugate or focal points along the geodesic. Let us observe here that the notion of Maslov index requires the choice of a fixed reference Lagrangian L_0. Usually, in the case of a Hamiltonian system in the cotangent bundle T M^∗ of a smooth manifold M, L_0 represents the vertical subspace of T (T M^∗). In the case of focal points along semi-Riemannian geodesics, the Lagrangian L_0 encodes the information on the tangent space of the initial orthogonal submanifold and on its second fundamental form in the direction of the geodesic.

It has been recently observed (see [1]), that in the case of horizontal geodesics in the total space of a semi-Riemannian submersion, the corresponding path in the Grassmannian Lagrangian (up to a continuous change of symplectic coordinates) consists of Lagrangian spaces that contain a fixed isotropic subspace. In this situation, the isotropic space represents the vertical Jacobi fields along

The first author was partially supported by Regional J.Andalucía Grant P06-FQM-01951, by Fundación Séneca project 04540/GERM/06 and by Spanish MEC Grant MTM2007-64504. The second author is sponsored by CAPES, Brasil, Grant BEX 1509-08-0. 2000 Mathematics Subject Classification. 53D12.

the horizontal geodesic, that do not give any contribution to the Maslov index. It can be easily proved that the Maslov index of a path ℓ of Lagrangians that contain a fixed isotropic space S, relatively to a reference Lagrangian L_0 which is decomposable with respect to S, equals the Maslov index of the path ~ℓ in the isotropic reduction space S^⊥/S obtained by taking quotients ℓ(t)/S. If L_0 is the Lagrangian associated to the vertical distribution and its second fundamental form, which is one of the two O’Neill tensors of the submersion (see [7, 8]), then L_0 is decomposable, and in this way one can obtain the equality between the focal index of the horizontal geodesic and the conjugate index of its projection onto the underlying base manifold of the submersion.

There are interesting situations where the decomposability property of the reference Lagrangian L_0 is not satisfied, and thus the equality between the Maslov index of the path and the Maslov index of its isotropic reduction requires more work. In this paper we develop a different technique that allows to get isotropic reduction under no assumption on the reference Lagrangian L_0 (Theorem 2.11). The proof of this result requires more involved direct calculations of the Maslov index in suitable local charts (Lemma 2.9), and the continuity of the isotropic reduction procedure is established by equivariance with respect to a smooth transitive action (Lemma 2.7 and Lemma 2.10).

We discuss a few applications of the result. A first immediate (and simple) corollary is obtained by applying the symplectic reduction in the calculation of the Hörmander index and of the Kashiwara index (Corollary 2.13 and Corollary 2.14). More interesting, the isotropic reduction result is employed to obtain an estimate on the difference of Maslov indices of a Lagrangian path relatively to the choice of two distinct reference Lagrangians (Proposition 3.7). This provides an extension of [5, Theorem 1.1, Proposition 4.1], and it aims at comparison results for conjugate or focal points along a semi-Riemannian geodesic. It should be observed that several different conventions can be made concerning the definition of Maslov index for paths whose endpoints are not transversal to the reference Lagrangian L_0. Here we are using the same convention as in [11], where the contribution of the endpoints is computed as one half of the signature of a certain bilinear form. In [5] the focal index of a Jacobi equation, which is an integer valued invariant, is computed by considering the total contribution of the endpoints. This explains the presence of the extra term ϵ ∈ {0,^1_2 } in our estimate (3.7).

The interested reader will find more applications to the study of conjugate and focal points in semi-Riemannian geometry in [4].

2 Isotropic reduction and Maslov index

The aim of this section is to prove an equality relating the Maslov index of a continuous path ℓ of Lagrangian subspaces of a symplectic space with the Maslov index of the path obtained as a quotient of ℓ by a fixed isotropic subspace S contained in ℓ(t) for all t. The Maslov index is an invariant associated to the path ℓ and to the choice of a fixed Lagrangian L_0. We will consider the case when L_0 and S are in general position, with special interest in two situations: when L_0 contains S, and when L_0 has trivial intersection with S.

2.1 Preliminaries

Let us consider a symplectic space (V, ω), with dim(V ) = 2n; we will denote by Sp(V, ω) the symplectic group of (V, ω), which is the closed Lie subgroup of GL(V ) consisting of all isomorphisms that preserve ω. A subspace X ⊂ V is isotropic if the restriction of ω to X × X vanishes identically; an n-dimensional (i.e., maximal) isotropic subspace L of V is called a Lagrangian subspace. We denote by Λ the Lagrangian Grassmannian of (V, ω), which is the collection of all Lagrangian subspaces of (V, ω), and is a compact differentiable manifold of dimension^1_2 n(n + 1). A real-analytic atlas of charts on Λ is given as follows. Given a Lagrangian decomposition (L_0, L_1) of V , i.e., L_0, L_1 ∈ Λ are transverse Lagrangians, so that V = L_0 ⊕ L_1, then denote by Λ^0(L_1) the open and dense subset of Λ consisting of all Lagrangians L transverse to L_1. A diffeomorphism φ_{L0,L1} from Λ^0(L_1) to the vector space B_{sym}(L_0) of all symmetric bilinear forms on L_0 is defined by φ_{L0,L1} (L) = ω(T ·, ·)|_{L0×L0} , where T : L_0 → L_1 is the unique linear map whose graph in L_0 ⊕ L_1 = V is L. The kernel of φ_{L0 ,L1} (L) is the space L ∩ L_0; moreover, the differential dφ_{L0,L1} (L_0) : T_{L0} Λ → B_{sym}(L_0) does not depend on the choice of L_1 ∈ Λ^0(L_0), so that T_{L0} Λ has a canonical identification with B_{sym}(L_0).

Given any two Lagrangian decompositions (L_0, L_1) and (L^′_0, L^′_1) of V , any isomorphism from L_0 to L^′_0 extends to a symplectomorphism T of V with the property that T (L_1) = L^′_1. Let us recall a few notions related to symmetric bilinear forms. Given a symmetric bilinear form B on a (finite dimensional) real vector space W , the index of B is defined to be the dimension of a maximal subspace of W on which B is negative definite. The coindex of B is the index of −B, and the signature of B, denoted by sign(B) is defined to be the difference coindex minus index. If W = W_1 + W_2, the sum being not necessarily direct, and W_1, W_2 are B-orthogonal subspaces of W , i.e., B(w_1, w_2) = 0 for all w_i ∈ W_i, then sign(B) equals the sum of the signatures of the restrictions of B to W_1 × W_1 and to W_2 × W_2. If f : W^′ → W is a surjective linear map, then the signature of the pull-back f^∗(B) of B by f, which is defined by f^∗(B)(v_1, v_2) = B � f(v_1), f(v_2) � for all v_1, v_2 ∈ W^′, equals the signature of B.

Let us now briefly recall the notion of Maslov index for a continuous path ℓ : [a, b] → Λ. For a fixed Lagrangian L_0 ∈ Λ, the L_0-Maslov index μ_{L0} (ℓ) of ℓ is the half-integer characterized by the following properties:

(a) μ_{L0} is fixed-endpoint homotopy invariant;

(b) μ_{L0} is additive by concatenation;

(c) if ℓ � [a, b]) ⊂ Λ^0(L_1) for some Lagrangian L_1 transverse to L_0, then

μ_{L0} (ℓ) =^1_2 sign � φ_{L0,L1} � ℓ(b) � −^1_2 sign � φ_{L0,L1} � ℓ(a) � . (2.1)

If ℓ : [a, b] → Λ is a curve of class C^1 and the symmetric bilinear form ℓ^′(a) ∈ B_{sym} � ℓ(a) � is nondegenerate on the (possibly trivial) intersection ℓ(a)∩L_0, then for ε > 0 small enough it is ℓ(t) ∩ L_0 = ℓ(a) ∩ L_0 for t ∈ ]0, ε], and

μ_{L0} � ℓ|_{[a,a+ε]} � = 1 2 sign � ℓ^′(a)|_{ℓ(a)∩L0} � .

Given any continuous path ℓ : [a, b] → Λ and any two Lagrangians L_0, L^′_0 ∈ Λ, the difference μ_{L0} (ℓ) − μ_L′_0 (ℓ) depends only on L_0, L^′_0 and the endpoints ℓ(a) and ℓ(b) of ℓ. This quantity will be denoted by q � L_0, L^′_0; ℓ(a), ℓ(b) � , and it coincides (up to some factor which is irrelevant here) with the so called Hörmander index. The quantity:

τ(L_0, L_1, L_2) = q(L_0, L_1; L_2, L_0) = −q(L_0, L_1; L_0, L_2)

coincides (again up to some factor) with the Kashiwara index. The Kashiwara index function determines completely the Hörmander index, by the identity:

q(L_0, L_1; L^′_0, L^′_1) = τ(L_0, L_1, L^′_0) − τ(L_0, L_1, L^′_1), ∀ L_0, L_1, L^′_0, L^′_1 ∈ Λ, (2.2)

which is proved easily using the concatenation additivity property of the Maslov index.

Given a subspace S ⊂ V , we will denote by S^⊥ the symplectic orthogonal space of S, which consists of all v ∈ V such that ω(v, w) = 0 for every w ∈ S. Then, a subspace S is isotropic if S ⊂ S^⊥, and it is Lagrangian if S = S^⊥. Given an isotropic subspace S ⊂ V , one has a natural symplectic form ω on the quotient S^⊥/S, defined by setting ω � v + S, w + S � = ω(v, w), for all v, w ∈ S^⊥.

The symplectic space (S^⊥/S, ω) will be called an isotropic reduction of (V, ω).

We will investigate the relations between Lagrangian decompositions and Maslov index in a symplectic space and in one of its isotropic reductions.

2.2 Lagrangian decompositions of an isotropic reduction

Isotropic subspaces can always be enlarged to Lagrangian subspaces, in the following strong way:

Lemma 2.1. If L_0 ⊂ V is a Lagrangian subspace, S ⊂ V is an isotropic subspace and L_0 ∩ S = {0} then there exists a Lagrangian subspace L ⊂ V containing S with L_0 ∩ L = {0}.

Proof: It suffices to show that if S is not Lagrangian then there exists an isotropic subspace ~S of V containing S with L_0 ∩ ~S = {0} and S ≠ ~S. If we can find v ∈ S^⊥ with v ∉ L_0 + S, then the isotropic subspace ~S can be obtained by setting ~S = S + Rv. Thus, we have to show that S^⊥ is not contained in L_0 + S. But S^⊥ ⊂ L_0 +S implies (L_0 +S)^⊥ ⊂ (S^⊥)^⊥ = S, i.e., L^⊥_0 ∩S^⊥ = L_0 ∩S^⊥ ⊂ S. Then L_0 ∩ S^⊥ ⊂ L_0 ∩ S = {0}. Since S is not Lagrangian, dim(S^⊥) > n, hence L_0 ∩ S^⊥ ≠ {0} and we obtain a contradiction.

Given any Lagrangian L, then (L∩S^⊥)+S is another Lagrangian. Namely, such space is clearly isotropic, moreover, its dimension is easily computed as follows:

dim(L ∩ S^⊥) = dim � (L + S)^⊥ � = 2n − dim(L + S) = n − dim(S) + dim(L ∩ S),

and so: dim � (L ∩ S^⊥) + S � = dim(L ∩ S^⊥) + dim(S) − dim(L ∩ S ∩ S^⊥) = dim(L ∩ S^⊥) + dim(S) − dim(L ∩ S) = n.

Let us recall the following result on the Kashiwara index from [6]: Lemma 2.2. Given any three Lagrangians L_0, L_1, L_2 ∈ Λ and any isotropic subspace S ⊂ (L_0 ∩ L_1) + (L_0 ∩ L_2) + (L_1 ∩ L_2), then, denoting by L^S_i = (L_i ∩ S^⊥) + S, i = 0, 1, 2, one has:

τ(L_0, L_1, L_2) = τ(L^S_0 , L^S_1 , L^S_2 ).

Proof: See [6, Proposition 1.5.10].

There is a natural way of obtaining Lagrangian subspaces of an isotropic reduction using Lagrangian subspaces of V , described in the following:

Lemma 2.3. Let S be an isotropic subspace of V and consider the quotient map q : S^⊥ → S^⊥/S onto the symplectic space (S^⊥/S, ω). (a) If L is a Lagrangian subspace of V then q(L∩S^⊥) is a Lagrangian subspace of S^⊥/S. In particular, if L is a Lagrangian subspace of V containing S then L/S is a Lagrangian subspace of S^⊥/S.

(b) If (L_0, L_1) is a Lagrangian decomposition of V then the following two conditions are equivalent:

• L_1 ∩ S = {0} and � q(L_0 ∩ S^⊥), q(L_1 ∩ S^⊥) � is a Lagrangian decomposition of S^⊥/S; • � (L_0 ∩ S^⊥) + (L_1 ∩ S^⊥) � ∩ S = L_0 ∩ S.

Proof: For part (a) it is immediate that q(L ∩ S^⊥) is isotropic. To compute the dimension of q(L∩S^⊥), observe that q(L∩S^⊥) is the image of the restriction of q to L ∩ S^⊥ and that the kernel of such restriction is L ∩ S^⊥ ∩ S = L ∩ S. Thus:

dim(L ∩ S^⊥) = dim(L ∩ S) + dim � q(L ∩ S^⊥) � . (2.3) But L ∩ S^⊥ = (L + S)^⊥ and therefore:

dim(L ∩ S^⊥) = 2n − dim(L + S). (2.4) Combining (2.3) and (2.4) and using that dim(L+S)+dim(L∩S) = n+dim(S) we get dim � q(L ∩ S^⊥) � = n − dim(S) =^1_2 dim(S^⊥/S). This proves part (a).

Part (b) follows from an immediate Linear Algebra argument.

If T ∈ Sp(V, ω) is such that T (S) ⊂ S, and hence also T (S^⊥) ⊂ S^⊥, then the restriction T |_S⊥ : S^⊥ → S^⊥ induces an isomorphism T : S^⊥/S → S^⊥/S, i.e., we have a commutative diagram:

S^{⊥ T |S⊥} � q � S^⊥ q � S^⊥/S_T � S^⊥/S

(2.5) where q : S^⊥ → S^⊥/S denotes the quotient map. It is easy to see that T preserves ω, i.e., T ∈ Sp(S^⊥/S, ω). In fact, a more general statement holds:

Lemma 2.4. Let ℓ ⊂ V be a Lagrangian subspace and let S ⊂ ℓ be any subspace. Consider the quotient symplectic form ω on S^⊥/S; then, given any symplectomorphism T of (S^⊥/S, ω) with T (q(ℓ)) = q(ℓ), there exists a symplectomorphism T of (V, ω) such that T (S) = S (hence also T (S^⊥) = S^⊥), T (ℓ) = ℓ, and such that (2.5) commutes.

Proof: See for instance [9, Lemma 1.4.42, p. 39].

2.3 Isotropic reduction and Maslov index

In this section we consider a fixed 2n-dimensional symplectic space (V, ω) and an isotropic subspace S of V ; we will consider the symplectic form ω on the quotient S^⊥/S.

Lemma 2.5. If L_0 is a Lagrangian subspace of V then there exists a Lagrangian subspace L_1 of V with L_0 ∩ L_1 = {0} and: � (L_0 ∩ S^⊥) + (L_1 ∩ S^⊥) � ∩ S = L_0 ∩ S. (2.1)

Proof: Observe that the righthand side of (2.1) is a subspace of the lefthand side of (2.1), for any choice of L_1. Let S^′ be a subspace of S with:

S = (L_0 ∩ S) ⊕ S^′.

Since S^′ is an isotropic subspace with L_0 ∩S^′ = {0}, by Lemma 2.1, there exists a Lagrangian subspace L of V containing S^′ with L_0∩L = {0}. Let L_1 ∈ Λ^0(L_0) be such that the symmetric bilinear form φ_{L,L0} (L_1) in L is positive definite. To prove (2.1), let v ∈ L_0 ∩ S^⊥, w ∈ L_1 ∩ S^⊥ be fixed with v + w ∈ S. Write v + w = u_1 + u_2 with u_1 ∈ L_0 ∩ S and u_2 ∈ S^′. The proof will be concluded if we show that u_2 = 0. Denote by T the linear map T : L → L_0 whose graph in

L ⊕ L_0 is L_1. We have:

L_1 ∋ w = u_2 + (u_1 − v),

with u_2 ∈ S^′ ⊂ L and u_1 − v ∈ L_0, so that u_1 − v = T (u_2). Thus:

φ_{L,L0} (L_1)(u_2, u_2) = ω � T (u_2), u_2 � = ω(u_1 − v, u_2) = 0,

u_1 ∈ S ⊂ S^⊥, v ∈ S^⊥ and u_2 ∈ S. But φ_{L,L0} (L_1) is positive definite and therefore u_2 = 0.

Let us recall the following result concerning the smoothness of equivariant maps. Recall that if M and N are smooth manifolds endowed with a smooth (left) action of the Lie group G, then a map ϕ : M → N is said to be Gequivariant if ϕ(g · x) = g · ϕ(x) for all x ∈ M and all g ∈ G.

Proposition 2.6. Let M, N be manifolds and let G be a Lie group that acts differentiably on both M and N. If the action of G on M is transitive, then every equivariant map ϕ : M → N is differentiable.

Proof: See for instance [9, Corollary 2.1.10, p. 66].

Lemma 2.7. The set: � L ∈ Λ : L ∩ S = {0} � (2.2) is open in Λ and the map (recall part (b) of Lemma 2.3): � L ∈ Λ : L ∩ S = {0} � ∋ L −→ q(L ∩ S^⊥) ∈ Λ(S^⊥/S) (2.3)

is differentiable.

Proof: The set (2.2) is open in Λ because, by Lemma 2.1, it is equal to the union: � ℓ∈Λ ℓ⊃S Λ^0(ℓ).

Let G be the closed (Lie) subgroup of Sp(V, ω) consisting of those symplectomorphisms T : V → V such that T (S) = S. The canonical action of Sp(V, ω) on Λ restricts to a differentiable action of G on (2.2). We also have a differentiable action of G on Λ(S^⊥/S) given by:

G × Λ(S^⊥/S) ∋ (T, ~L) −→ T (~L) ∈ Λ(S^⊥/S),

where T is the symplectomorphism induced by T on S^⊥/S (see (2.5)). The map (2.3) is obviously equivariant. The conclusion will follow from Proposition 2.6 once we show that the action of G on (2.2) is transitive. To this aim, let L_1, L_2 be in (2.2). By Lemma 2.1 there exist Lagrangians L^′_1, L^′_2 containing S such that L_1 ∩ L^′_1 = {0} and L_2 ∩ L^′_2 = {0}. Now choose an arbitrary isomorphism from L^′_1 to L^′_2 that preserves S and let T be a symplectomorphism of V that extends such isomorphism and such that T (L_1) = L_2.

Corollary 2.8. Given Lagrangian subspaces L_0, ℓ of V with S ⊂ ℓ there exists a Lagrangian subspace L_1 of V with L_0 ∩ L_1 = {0}, ℓ ∩ L_1 = {0} and such that (2.1) holds.

Proof: By Lemma 2.7 the set: � L ∈ Λ : L ∩ S = {0} and q(L ∩ S^⊥) ∩ q(L_0 ∩ S^⊥) = {0} � (2.4)

is open, being the inverse image by the continuous map (2.3) of the open subset

Λ^0 � q(L_0 ∩ S^⊥) �

of the Lagrangian Grassmannian of S^⊥/S. By part (b) of Lemma 2.3 the Lagrangian L_1 whose existence is granted by Lemma 2.5 is in (2.4). Using the fact that the set of Lagrangians transverse to a given Lagrangian is open and dense, it follows that the intersection of (2.4) with Λ^0(L_0) ∩ Λ^0(ℓ) is nonempty. The desired Lagrangian L_1 can be taken to be a member of such intersection.

Lemma 2.9. Let (L_0, L_1) be a Lagrangian decomposition of V such that (2.1) holds, so that L_1 ∩ S = {0} and (~L_0, ~L_1) = � q(L_0 ∩ S^⊥), q(L_1 ∩ S^⊥) � is a Lagrangian decomposition of S^⊥/S (recall part (b) of Lemma 2.3). Given a Lagrangian subspace ℓ of V containing S then:

(a) ℓ ∩ L_1 = {0} if and only if q(ℓ) ∩ ~L_1 = {0}.

Assuming that a given Lagrangian ℓ containing S is transverse to L_1 then:

(b) The pull-back by the surjective map q|_{L0∩S}⊥ : L_0∩S^⊥ → ~L_0 of φ_{~L0,~L1} � q(ℓ) � is equal to the restriction of φ_{L0,L1} (ℓ) to L_0 ∩ S^⊥.

(c) If π : V → L_0 denotes the projection with respect to the decomposition V = L_0 ⊕ L_1 then L_0 = π(S) + (L_0 ∩ S^⊥).

(d) If π is as in part (c) then the spaces π(S) and L_0 ∩ S^⊥ are orthogonal with respect to the symmetric bilinear form φ_{L0,L1} (ℓ).

(e) The restriction of the symmetric bilinear form φ_{L0,L1} (ℓ) to π(S) × π(S) is independent of ℓ.

Proof: Since ℓ contains S and L_1 ∩ S = {0} it follows that q(ℓ) ∩ ~L_1 = q(ℓ) ∩ q(L_1 ∩ S^⊥) = {0} if and only if ℓ ∩ (L_1 ∩ S^⊥) = {0}. Item (a) then follows by observing that ℓ is contained in S^⊥. Let T : L_0 → L_1 be the linear map whose graph in L_0 ⊕ L_1 is equal to ℓ and let ~T : ~L_0 → ~L_1 be the linear map whose graph in ~L_0 ⊕ ~L_1 is equal to q(ℓ). Let v ∈ L_0 ∩ S^⊥ be fixed. We have v+T (v) ∈ ℓ ⊂ S^⊥ and thus T (v) ∈ L_1 ∩S^⊥. Therefore q(v) ∈ ~L_0, q � T (v) � ∈ ~L_1 and q(v) + q � T (v) � ∈ q(ℓ). This implies that q � T (v) � = ~T � q(v) � . Now, given w ∈ L_0 ∩ S^⊥ we have:

φ_{L0,L1} (ℓ)(v, w) = ω � T (v), w � = ω � q(T (v)), q(w) � = ω � ~ T (q(v)), q(w) � = φ_{~L0,~L1} � q(ℓ) � q(v), q(w) � , proving (b). To prove (c), we will show that dim � π(S) + (L_0 ∩ S^⊥) � = n. We

have: dim � π(S) + (L_0 ∩ S^⊥) � = dim � π(S) � + dim(L_0 ∩ S^⊥)

− dim � π(S) ∩ (L_0 ∩ S^⊥) � . (2.5)

Since S ∩ L_1 = {0}, we have:

dim � π(S) � = dim(S). (2.6)

Moreover:

dim(L_0 ∩ S^⊥) = dim � (L_0 + S)^⊥ � = 2n − dim(L_0 + S) (2.7)

= n − dim(S) + dim(L_0 ∩ S).

Let us now prove that:

π(S) ∩ (L_0 ∩ S^⊥) = L_0 ∩ S. (2.8)

Notice that combining (2.5), (2.6), (2.7) and (2.8) we will conclude the proof of

part (c). Clearly L_0 ∩S = π(L_0 ∩S) ⊂ π(S) and thus L_0 ∩S ⊂ π(S)∩(L_0 ∩S^⊥).

Now let v ∈ S be such that π(v) ∈ L_0 ∩ S^⊥ and let us show that π(v) ∈ S. We

have v − π(v) ∈ L_1, v ∈ S ⊂ S^⊥, π(v) ∈ S^⊥, so that v − π(v) ∈ L_1 ∩ S^⊥; then:

v = π(v) + � v − π(v) � ∈ (L_0 ∩ S^⊥) + (L_1 ∩ S^⊥),

and it follows from (2.1) that v ∈ L_0 ∩ S. Thus π(v) = v ∈ S. This proves

(2.8) and concludes the proof of part (c). To prove part (d), pick v ∈ S,

w ∈ L_0 ∩ S^⊥ and let us show that φ_{L0,L1} (ℓ) � π(v), w � = 0. Since v ∈ ℓ we can

write v = u + T (u), with u ∈ L_0; then π(v) = u. Now:

φ_{L0,L1} (ℓ) � π(v), w � = ω � T (u), w � = ω � u + T (u), w � − ω(u, w) = 0, since u + T (u) = v ∈ S, w ∈ S^⊥ and u, w ∈ L_0. To prove (e), let ℓ, ℓ^′ ∈ Λ be Lagrangians transverse to L_1 containing S. Set T : L_0 → L_1 be the linear map whose graph is ℓ, and T^′ : L_0 → L_1 be the linear map whose graph is ℓ^′. The proof will be concluded if we show that T and T^′ agree on π(S). Given v ∈ S, write v = v_0 + v_1, with v_0 = π(v) ∈ π(S) ⊂ L_0 and v_1 ∈ L_1. Since v ∈ ℓ and v ∈ ℓ^′ we have T � π(v) � = v_1 and T^′ � π(v) � = v_1. This concludes the proof.

We also need the following analogue of Lemma 2.7:

Lemma 2.10. The set: � L ∈ Λ : L ⊃ S � (2.9)

is a closed submanifold of Λ and the map: � L ∈ Λ : L ⊃ S � ∋ L −→ L/S ∈ Λ(S^⊥/S) (2.10)

is differentiable.

Proof: Let G be as in the proof of Lemma 2.7. Clearly the action of G on Λ(V ) preserves (2.9). We claim that the action of G on (2.9) is transitive. Namely, given L_1, L_2 in (2.9) then pick any isomorphism T from L_1 to L_2 that preserves S and choose any symplectomorphism of V that extends T . Clearly, (2.9) is equal to the intersection: � v∈S � L ∈ Λ : L ∋ v �

and therefore it is closed. Thus, (2.9) is a closed orbit of the action of G on Λ, and therefore it is a smooth embedded submanifold of Λ (see [13, Theorem 2.9.7]). If we consider the action of G on Λ(S^⊥/S) defined in the proof of Lemma 2.7 then clearly the map (2.10) is G-equivariant and therefore, by Proposition 2.6, it is differentiable.

We are finally ready for the main result of this section.

Theorem 2.11. Let us assume that ℓ : [a, b] → Λ is a continuous path; let S be an isotropic subspace of V such that S ⊂ ℓ(t) for all t ∈ [a, b]. Denote by q : S^⊥ → S^⊥/S the quotient map. Let ~ℓ : [a, b] → Λ(S^⊥/S, ω) be the continuous path given by ~ℓ(t) = q � ℓ(t) � and by ~L_0 the Lagrangian

~L_0 = q(L_0 ∩ S^⊥) ∈ Λ(S^⊥/S, ω). (2.11)

Then:

μ_{L0} (ℓ) = μ_{~L0} (~ℓ). (2.12)

Proof: The continuity of the path ~ℓ follows from Lemma 2.10. By the continuity of ℓ, Corollary 2.8 tells us that one can find a partition of the interval [a, b], a = a_0 < a_1 < . . . < a_N = b, and Lagrangians L_1, . . . , L_N ∈ Λ such that:

(i) L_i ∩ L_0 = {0} for all i = 1, . . . , N;

(ii) L_i ∩ ℓ(t) = {0} for all t ∈ [a_{i−1}, a_i] and for all i = 1, . . . , N;

(iii) � (L_0 ∩ S^⊥) + (L_i ∩ S^⊥) � ∩ S = L_0 ∩ S for all i = 1, . . . , N.

Thus, each (L_0, L_i) is a Lagrangian decomposition of V for all i and, by part (b) of Lemma 2.3, setting ~L_i = q(L_i ∩ S^⊥), (~L_0, ~L_i) is a Lagrangian decomposition of S^⊥/S. By (ii) above, ℓ|_{[ai−1,ai]} has image in the domain of the chart φ_{L0,Li} for all i, and by part (a) of Lemma 2.9, ~ℓ|_{[ai−1 ,ai]} has image in the domain of the chart φ_{~L0 ,~Li} for all i. In order to prove the theorem, it suffices to show that: 1 2 sign � φ_{L0,Li} � ℓ(a_i) � −^1_2 sign � φ_{L0,Li} � ℓ(a_{i−1}) � =^1_2 sign � φ_{~L0 ,~Li} �~ ℓ(a_i) � −^1_2 sign � φ_{~L0,~Li} �~ ℓ(a_{i−1}) � , for all i. This follows easily from parts (b), (c), (d) and (e) of Lemma 2.9. Namely, for t ∈ [a_{i−1}, a_i], the signature of B_t = φ_{L0 ,Li} � ℓ(t) � is given by the sum of the signatures of the restrictions of B_t to π(S) and to L_0 ∩ S^⊥, by part (c) and part (d) of Lemma 2.9. The signature of the restriction of B_t to L_0 ∩ S^⊥ equals the signature of φ_{~L0,~Li} �~ ℓ(t) � , by part (b) of Lemma 2.9.

Finally, the signature of the restriction of B_t to π(S) is independent of t, by (e) of Lemma 2.9. This concludes the proof.

An interesting immediate consequence of Theorem 2.11 is the following: Corollary 2.12. Let S be an isotropic subspace of V , and let ℓ : [a, b] → Λ be a continuous curve such that S ⊂ ℓ(t) for all t ∈ [a, b]. If L_0 and L^′_0 are two Lagrangians such that:

(L_0 ∩ S^⊥) + S = (L^′_0 ∩ S^⊥) + S, (2.13) then μ_{L0} (ℓ) = μ_L′_0 (ℓ).

Proof: Simply note that if (2.13) holds, then q(L_0 ∩ S^⊥) = q(L^′_0 ∩ S^⊥).

Another immediate consequence^1 of Theorem 2.11 and Lemma 2.2 is the following:

Corollary 2.13. Let L_0, L_1, L_2 ∈ Λ any three Lagrangians, and let S be an isotropic subspace contained in the sum (L_0 ∩L_1)+(L_0 ∩L_2)+(L_1 ∩L_2). Then: τ(L_0, L_1, L_2) = τ(~L_0, ~L_1, ~L_2), where ~L_i = q(L_i ∩ S^⊥) and q : S^⊥ → S^⊥/S is the quotient map.

Using formula (2.2) we have an analogous result for the Hörmander index: Corollary 2.14. Let L_0, L_1, L_2, L_3 ∈ Λ any four Lagrangians, and let S be an isotropic subspace contained in (L_0 ∩ L_1). Then: q(L_0, L_1; L_2, L_3) = q(~L_0, ~L_1; ~L_2, ~L_3), where ~L_i = q(L_i ∩ S^⊥) and q : S^⊥ → S^⊥/S is the quotient map.

1Corollary 2.13 might have a direct proof using the definition of Kashiwara index in terms of index of a quadratic form, as in [6].

3 Comparison of Maslov indexes

Throughout this section, we will fix a symplectic space (V, ω) with dim(V ) = 2n. Let us consider a continuous Lagrangian path ℓ : [a, b] → Λ and two distinct fixed Lagrangians L_0, L^′_0 ∈ Λ, and we want to compare the Maslov indexes μ_{L0} (ℓ) and μ_L′_0 (ℓ). Let us start with a preliminary result that has some interest of its own.

Lemma 3.1. Assume that ℓ : [a, b] → Λ is a continuous curve such that there exists some L ∈ Λ with ℓ(t) ∩ L = {0} for all t ∈ [a, b]. Then for any other Lagrangian L_0 ∈ Λ, |μ_{L0} (ℓ)| ≤ n.

Proof: We claim that there exists L_1 ∈ Λ^0(L_0) such that ℓ(t) ∩ L_1 = {0} for all t ∈ [a, b]. To prove this assertion, consider the set:

Λ^2_∗ = � (α, β) ∈ Λ × Λ : α ∩ β = {0} � , which is an open (and dense) subset of Λ × Λ. The compact set ℓ � [a, b] � × {L} is contained in Λ^2_∗, and thus there exists an open neighborhood U of L in Λ such that ℓ � [a, b] � × U is also contained in Λ^2_∗. Since Λ^0(L_0) is an open dense subset of Λ, by Baire’s theorem the intersection V ∩ Λ^0(L_0) is non empty. The desired Lagrangian L_1 is any element of this intersection.

Now, to compute μ_{L0} (ℓ), we use the chart φ_{L0,L1} , whose domain contains entirely the support of the curve ℓ. We thus obtain:

|μ_{L0} (ℓ)| = � �_{12} sign�φ_{L0,L1} �ℓ(b)� −_{12} sign�φ_{L0 ,L1} �ℓ(a)� � � ≤ n,

which concludes the proof.

Lemma 3.2. Assume that ℓ(a) ∩ L^′_0 = ℓ(b) ∩ L^′_0 = {0}. Then: � �μ_{L0} (ℓ) − μ_{L′0} (ℓ) � � ≤ n. (3.1)

Proof: Choose any continuous path ℓ : [b, c] → Λ^0(L^′_0) with ℓ(b) = ℓ(b) and ℓ(c) = ℓ(a). Such choice is possible, because the open set Λ^0(L^′_0) is diffeomorphic to a vector space, thus it is arc-connected. Denote by ~ℓ the concatenation ℓ ⋄ ℓ : [a, c] → Λ, which is a closed loop, and so:

μ_{L0} (ℓ) + μ_{L0} (ℓ) = μ_{L0} (~ℓ) = μ_L′_0 (~ℓ) = μ_L′_0 (ℓ) + μ_L′_0 (ℓ).

Since ℓ(t) ∈ Λ^0(L^′_0) for all t, it follows that μ_L′_0 (ℓ) = 0, hence: � �μ_{L0} (ℓ) − μ_{L′0} (ℓ) � � = |μ_{L0} (ℓ)|.

Since ℓ � [b, c] � ⊂ Λ^0(L^′_0), by Lemma 3.1 |μ_{L0} (ℓ)| ≤ n, which concludes the proof.

We want to find an estimate of the difference � �μ_{L0} (ℓ) − μ_{L′0} (ℓ) � � for an arbitrary curve ℓ, and the following technical result will be needed:

Lemma 3.3. Given three Lagrangians ℓ_0, L_0, L_1 ∈ Λ, there exists a continuous (in fact, smooth) curve ℓ_± : [a, b] → Λ with the following properties:

(a) ℓ_±(a) = ℓ_0;

(b) ℓ_±(t) ∈ Λ^0(L_0) ∩ Λ^0(L_1) for all t ∈ ]a, b];

(c) μ_{L0} (ℓ_±) = μ_{L1} (ℓ_±) if dim(L_0 ∩ ℓ_0) ≡ dim(L_1 ∩ ℓ_0) mod 2;

(d) μ_{L0} (ℓ_±) − μ_{L1} (ℓ_±) = ±^1_2 if dim(L_0 ∩ ℓ_0) ≢ dim(L_1 ∩ ℓ_0) mod 2.

Proof: One can find a symmetric bilinear form B_± on ℓ_0 such that the restrictions of B_± to ℓ_0 ∩ L_0 and to ℓ_0 ∩ L_1, denoted respectively by B^0_± and B^1_±, are both nondegenerate. Moreover, if dim(ℓ_0 ∩ L_0) and dim(ℓ_0 ∩ L_1) have the same parity, B_± can be chosen so that the signatures of B^0_± and B^1_± coincide. If dim(ℓ_0 ∩ L_0) and dim(ℓ_0 ∩ L_1) have different parities, then B can be chosen in such a way that the difference sign(B^0_±) − sign(B^1_±) = ±1. Let now ℓ_± : [a, b] → Λ be any smooth curve such that ℓ_±(a) = ℓ_0 and ℓ^′_±(a) = B. Since B^0_± and B^1_± are nondegenerate, then for b − a > 0 sufficiently small, ℓ_±(t) ∈ Λ^0(L_0) ∩ Λ^0(L_1) for all t ∈ ]a, b]. Moreover, the Maslov index μ_{Li} (ℓ_±)

of such a curve is given by half of the signature of the restriction of ℓ^′_±(a) to

ℓ_±(a) ∩ L_i = ℓ_0 ∩ L_i, for i = 0, 1. The conclusion follows easily.

Corollary 3.4. Given any continuous curve ℓ : [a, b] → Λ and any pair

L_0, L_1 ∈ Λ of Lagrangians, then: � �μ_{L0} (ℓ) − μ_{L1} (ℓ) � � ≤ n + 1 2 . (3.2) If: dim � L_0 ∩ ℓ(a) � + dim � L_1 ∩ ℓ(a) � + dim � L_0 ∩ ℓ(b) � + dim � L_1 ∩ ℓ(b) � ∈ 2Z, (3.3)

then: � �μ_{L0} (ℓ) − μ_{L1} (ℓ) � � ≤ n. (3.4)

Proof: By Lemma 3.3 we can find continuous curves ℓ_i : [a_i, b_i] → Λ, i = 1, 2,

such that ℓ_1(a_1) ∈ Λ^0(L_0) ∩ Λ^0(L_1), ℓ_1(b_1) = ℓ(a), ℓ_2(a_2) = ℓ(b), ℓ_2(b_2) ∈

Λ^0(L_0) ∩ Λ^0(L_1) and with

μ_{L0} (ℓ_i) − μ_{L1} (ℓ_i) ∈ � 0, ±^1_2 � , i = 1, 2, (3.5)

depending on the parity of the dimensions of ℓ(a) ∩ L_0, ℓ(a) ∩ L_1, ℓ(b) ∩ L_0,

and ℓ(b) ∩ L_1. More precisely, using parts (c) and (d) of Lemma 3.3 one sees

that the quantity:

μ_{L0} (ℓ_1) − μ_{L1} (ℓ_1) − μ_{L0} (ℓ_2) + μ_{L1} (ℓ_2)

can be made equal to 0 if the numbers dim � ℓ(a) ∩ L_0 � − dim � ℓ(a) ∩ L_1 � and dim � ℓ(b) ∩ L_0 � − dim � ℓ(b) ∩ L_1 �

have the same parity, i.e., if dim � L_0 ∩ ℓ(a) � + dim � L_1 ∩ ℓ(a) � + dim � L_0 ∩ ℓ(b) � + dim � L_1 ∩ ℓ(b) � is an even number, and equal to ±^1_2 otherwise.

Now, choose any continuous curve ℓ : [c, d] → Λ^0(L_1) such that ℓ(c) = ℓ_2(b_2) and ℓ(d) = ℓ_1(a_1), and thus, by Lemma 3.1:

|μ_{L0} (ℓ)| ≤ n, μ_{L1} (ℓ) = 0. (3.6)

Now consider the closed loop ~ℓ given by the concatenation ℓ ⋄ ℓ_2 ⋄ ℓ ⋄ ℓ_1, which gives:

μ_{L0} (ℓ) + μ_{L0} (ℓ_2) + μ_{L0} (ℓ) + μ_{L0} (ℓ_1) = μ_{L0} (~ℓ) = μ_{L1} (~ℓ) = μ_{L1} (ℓ) + μ_{L1} (ℓ_2) + μ_{L1} (ℓ) + μ_{L1} (ℓ_1),

and so, using (3.6): � �μ_{L0} (ℓ) − μ_{L1} (ℓ) � � ≤ � μ_{L1} (ℓ_1) − μ_{L0} (ℓ_1) + μ_{L1} (ℓ_2) − μ_{L0} (ℓ_2) � + � μ_{L0} (ℓ) � + � μ_{L1} (ℓ) � ≤ n + � �μ_{L1} (ℓ_1) − μ_{L0} (ℓ_1) + μ_{L1} (ℓ_2) − μ_{L0} (ℓ_2) � �. The conclusion follows easily.

We will now establish a more precise inequality for the difference μ_{L0} (ℓ) − μ_L′_0 (ℓ) using a symplectic reduction.

Proposition 3.5. Given any continuous curve ℓ : [a, b] → Λ and any pair L_0, L_1 ∈ Λ of Lagrangians, then: � μ_{L0} (ℓ) − μ_{L1} (ℓ) � ≤ n − dim(L_0 ∩ L_1) + ϵ, (3.7)

where ϵ = 0 if (3.3) holds, and ϵ =^1_2 otherwise.

Proof: Consider the isotropic space S = L_0 ∩ L_1; denote by q : S^⊥ → S^⊥/S the quotient map and, for L ∈ Λ, by ~L the Lagrangian in the isotropic reduction S^⊥/S given by q(L ∩ S^⊥). By Corollary 2.14:

μ_{L0} (ℓ) − μ_{L1} (ℓ) = q � L_0, L_1; ℓ(a), ℓ(b) � = q �~ L_0, ~L_1; �ℓ(a), �ℓ(b) � .

By Corollary 3.4: � �q�~L_0, ~L_1; �ℓ(a), �ℓ(b)� � � ≤^1_2 dim(S^⊥/S) + ϵ = n − dim(L_0 ∩ L_1) + ϵ,

where ϵ = 0 if dim �~ L_0 ∩ �ℓ(a) � + dim �~ L_1 ∩ �ℓ(a) � + dim �~ L_0 ∩ �ℓ(b) � + dim �~ L_1 ∩ �ℓ(b) � (3.8)

is an even number and ϵ =^1_2 otherwise. Since S = L_0 ∩ L_1, it is easily computed:

dim(~L ∩ ~L_i) = dim(L ∩ L_i) − dim(L ∩ L_0 ∩ L_1) for all L ∈ Λ and i = 0, 1. It follows easily that (3.8) and the integer in (3.3) have the same parity, which concludes the proof.

References

[1] Caponio, E.; Javaloyes, M. A.; Piccione, P., Maslov index in semi- Riemannian submersions, preprint 2009.

[2] Cappell, S. E.; Lee, R.; Miller, E. Y., On the Maslov index, Comm. Pure Appl. Math. 47 no. 2, (1994), 121–186.

[3] Hörmander, L., Fourier integral operators, Acta Math. 127 (1971), 79–183.

[4] Javaloyes, M. A.; Piccione, P., Comparison results for conjugate and focal points in semi-Riemannian geometry via Maslov index, (2009), to appear in Pacific Journal of Mathematics.

[5] Lytchak, A., Notes on the Jacobi equation, Preprint (2007), arXiv:0708.2651v1.

[6] Lion, G.; Vergne, M., The Weil representation, Maslov index and Theta series, Progress in Mathematics 6, Birkhäuser, Boston, (1980).

[7] O’Neill, B., The fundamental equations of a submersion, Michigan Math.

J., 13 (1966), 459–469.

[8] , Submersions and geodesics, Duke Math. J., 34 (1967), 363–373.

[9] Piccione, P.; Tausk, D. V., A Student’s Guide to Symplectic Spaces, Grassmannians an Maslov Index, Publicações Matemáticas do IMPA, Rio de Janeiro, (2008). ISBN 978-85-244-0283-8.

[10] Piccione, P.; Tausk, D. V., An Algebraic Theory for Generalized Jordan Chains. Partial Signatures in the Lagrangian Grassmannian, Preprint (2008), to appear in Linear and Multilinear Algebra.

[11] Robbin, J.; Salamon, D., The Maslov Index for Paths, Topology 32, No. 4 (1993), 827–844.

[12] Robbin, J.; Salamon, D., The Spectral Flow and the Maslov Index, Bull.

London Math. Soc. 27 (1995), 1–33.

[13] Varadarajan, V. S., Lie Groups, Lie Algebras and Their Representations, Prentice-Hall series in Modern Analysis, (1974), New Jersey.

Universidad de Granada Universidade de São Paulo Facultad de Ciencias Instituto de Matemática e Estatística Departamento de Geometría y Topología Departamento de Matemática Campus Fuentenueva s/n Rua do Matão 1010 18071 Granada, Spain Cidade Universitária E-mail: ma.javaloyes@gmail.es 05508-090 - São Paulo, SP - Brazil majava@ugr.es E-mail: piccione@ime.usp.br