APENDIX

Lemma 0.1. Let ' =Ty = (x;,y: | [[[wi,vs]) = 1,4 =1,...,9) be an orientable
profinite surface group of genus g and

r (1),

if

A—>B
an embedding problem admitting a weak solution ¢ : U — A such that p(x1) =
p(rg) = -+ = P(Tants—1) and o(y1) = ©(y2) = -+ = G(Ysnts—1), where n =
|K||p(T)], ji > jr wheneverl >k and s is the minimal number of generators of K.

Then (1) admits a proper solution.

Proof. We shall use the notation z¥ for y~!xy in the argument to follow. Choose a

minimal set of generators ki,...,ks of K. Let n be a map that sends z1,z2,...x,
to QO(ZCl)kl, Tpt2, Tntds .- Tapt1 1O QO(.’El)kQ, <o Tp(s—1)4s—1)Tn(s—1)4s1 - - - Tnst+s—1
to ¢(x1)ks and coincides with ¢ on the other generators. Then 7 extends to a
homomorphism if

(1), n(y)] - - [n(2g,), (Y] = 1
(since this would mean that the homomorphism from a free profinite group
F(zi,91,...,2g,Yq) — A extending n factors through U;). Now putting

k1o = k;@([xlyl])kf(yl), k= k;@([mn,(s—1)+s—l7yn(371)+571])kf(yn,(sfl)+sfl)

one has

(@1),n(y1)] - - - [n(zg,), n(yg,)] =
(le(z)kr, e(y)]) " [o(@n+1), e(Ynt)]([(@n12) k2, o (Ynt2)])" [0(@2n42), @ (Y2n+2)] - -
[ ( Ln(s—1)+s— 1k€790(yn(5 1)+s— ID [@(InS-‘rS) @(ynS-i-S)]"'[‘p(zgi)vw(ym)] =
(le(z1), o(y1)lk10)™, [p(@n+1), o(Ynt+)][@(@n+2), ©(Ynt2)]k20)"
[@(xn(5—1)+5—1)7 @(yn(5—1)+8—1)]k80)n[ (Tsnts)s Qp(ysnvLS)] T [So(xgi)a @(ygi)}

Then putting b1 = [@(z1),0(y1)], - bs = [@(Tn(s—1)45-1) @(Yn(s—1)+s—1)] and

taking into account that by = [o(z;), ©(¥:)] 5 -+ bs = [@(Tr(s—1)+s—14i)> PYUn(s—1)+s—144))]
forall i =1,...,n one has

[n( )77( )] “[n(zg.),1(yq:)] =

—1 -2 —n
b1k’10k10 klO : k1%) i [ (Tn+1), @(Ynt1)]
b2k20k20 k20 . kg% bg [@(x2n+2)7 @(y2n+2)} T

b
b ksoksé ksf) kg b Heo(@snts), P(Ysnts)]
- le(2g.)s o(yg,)]-
Let m = |B’| and t = |K]|, so that n = m¢. Then
byt b2 b " [ byt
kiokio kg ki = (Riokig Kig -+ (kg
1

) =1
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so that
(z1),n(y1)] - - - [n(xg,), 1(yg,)] = [so( 1), 0(y1)] - [e(2g,), o(yg.)] =
b?@([mn+17 yn+1]b§[¥’($2n+2) ‘p(y2n+2)] ) [(p(l‘s +s ) (ysn+s)] T [xgﬂ ygl]) =
¥ [mlayl] [xgnyg»]) 1
as needed.
Thus 7 extends to a homomorphism t: U — A such that ¢ = a. But
¢($f19€n+1) =kq,... ,1/)( n(s 1)4s— 1xns+s) =k
so 1 is an epimorphism and the lemma is proved. O

Lemma 0.2. LetI' =1'y be a profinite surface group of genus g and N a projective
subgroup of I'. Let

N (2)

L
A—>pB

be an embedding problem, where A, B are finite. Then there exists an open subgroup
U of T containing N and an embedding problem such that

U (1),

in
A—">pB

satisfying hypothesis of Lemma 0.1 such that the restriction gy = f. Moreover, if
N is accessible U can be chosen normal.

Proof. Since N is projective there exists a homomorphism f’: N — A such that
ap(N) = B. Put B' = f'(N).

By Lemma 8.3.8 in [RZ-2000] there exists an open subgroup U of I'y containing
N and an epimorphism ¢ : U — B’ such that @|ny = f'. Since an open subgroup
of I'y is again a profinite surface group, replacing I'; by U we may assume the
existence of the following commutative diagram:

N ——=1, (2)’
s
B’ ) @0

L\

A—>B
where the top horizontal map is the natural inclusion. Moreover, as N is projec-
tive, 2 divides [I'y : N] and so passing to an open subgroup of index 2 containing
N if necessary, we may assume to be in oriented case. Let U; be the family of all
open subgroups of I'y containing N. Then ¢; := ¢y, is an epimorphism for every
1. Note that every U; is again a profinite surface group and so has a presentation
Ui = (1,91, .- Zg;, Yg, ;]:1[$uy1]>7 where the genus g; of U; can be computed
by the formula g; — 1 = [['y : U;](g — 1). This means that we can choose i with the
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number of generators of U; sufficiently large, so that there exists ¢ such that reorder-
ing generators x;,y; of U; if necessary, we have p(x1) = o(z;,) = -+ = ©(zj,,,.._,)
and ¢(y1) = ¢(y;,) = -+ = ¢(Yj.,...), where n = |K||B’| and j; > j, whenever
l > k and s is the minimal number of generators of K. We shall use the nota-
tion x¥ for y~'zy in the argument to follow. Suppose j; # 2. Then Hg;l[xj, Y] =
[371, yl][leayh}([x?v yQ} T [‘Tj*h yjfl])[wjl7yjl][xj+17 ijrl} T [xgi’ygi] so replacing the
generators Ta, Yz, ..., Tj—1,Yj—1 by 9:[;"1 ’y“],yéx“’y“], . z?_“l’y“], gafi’yjl] we may
assume that j; = 2. Continuing similarly, we in fact may assume that p(z1) =
P(r2) =+ = P(Tsnts) and (Y1) = (y2) = -+ = P(Ysn+s)- U
Theorem 0.3. 2.2 Let I' = I'y be a profinite surface group of genus g and N a

projective accessible subgroup of T'.
Then N is isomorphic to an accessible subgroup of infinite index of a free profinite

group.

Proof. By Theorem 2.1 we need to solve the following embedding problem for NV:

N (1),

|
A—>1B
where A, B are finite, K := Ker(«) is minimal normal and K < M (A).
By two preceding lemmas we have an open subgroup N < U < I' and an epimor-
phism ¢ : U — A such that a(¢)(N) = B and so ¥(N)M(A) = A. Since ¢(N) is
a subnormal subgroup of A by Proposition 8.3.6 in [RZ] ¢»(N) = A as needed. O



