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Introduction

A group G is conjugacy separable if whenever x and y are non-conjugate elements

of G, there exists some finite quotient of G in which the images of x and y are non-

conjugate. It is known that free products of conjugacy separable groups are again

conjugacy separable [19, 12]. The property is not preserved in general by the

formation of free products with amalgamation; but in [15] a method was introduced

for showing that under certain circumstances, the free product of two conjugacy

separable groups G
"

and G
#

amalgamating a cyclic subgroup is again conjugacy

separable. The main result of [15] states that this is the case if G
"
and G

#
are free-by-

finite or finitely generated and nilpotent-by-finite. We show here that the same

conclusion holds for groups G
"

and G
#

in a considerably wider class, including, in

particular, all polycyclic-by-finite groups. (This answers a question posed by C. Y.

Tang, Problem 8.70 of the Kourovka Notebook [7], as well as two questions recently

asked by Kim, MacCarron and Tang in G. Kim, J. MacCarron and C. Y. Tang, ‘On

generalised free products of conjugacy separable groups’, J. Algebra 180 (1996)

121–135.)

Main results

First we recall some definitions. (i) A group R is called quasi-potent if each cyclic

subgroup H of R contains a subgroup K of finite index with the following property:

every subgroup of finite index in K is of the form HfN for some normal subgroup

N of finite index in R. (ii) A subset X of a group R is said to be conjugacy distinguished

if whenever y `R has no conjugate lying in X, there exists a normal subgroup N of

finite index in R such that no conjugate of y lies in XN ; equivalently, the set

5
x`X

xR

is closed in the profinite topology on R. (Thus R is conjugacy separable if and only

if every one-element subset of R is conjugacy distinguished.)

Now we define a class of groups 8 as follows: a group R is in 8 if

(a) R is conjugacy separable ;

(b) R is quasi-potent ;

(c) whenever A and B are cyclic subgroups of R, the set AB is closed in the

profinite topology of R ; that is, if x `R cAB then x aABN for some normal subgroup

N of finite index in R ;
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(d) every cyclic subgroup of R is conjugacy distinguished;

(e) for any pair of cyclic subgroups C
"
and C

#
of R, one has: C

"
fC

#
¯ 1 if and

only if C
"
NfC

#
N¯N for some normal subgroup N of finite index in R ;

equivalently, C
"
fC

#
¯ 1 if and only if C

"
fC

#
¯ 1, where Xa denotes the closure of

a subset X in the profinite completion RW of R ;

(f) for any element r of infinite order in R and every γ `RW such that γ©rªγ−"¯
©rª, one has γrγ−"¯ r or γrγ−"¯ r−".

T A. Let G
"

and G
#

be groups in 8. Then their free product G
"
n
H

G
#

amalgamating a cyclic subgroup H is in 8, and, in particular, is conjugacy separable.

T B. The class 8 contains all polycyclic-by-finite groups, all free-by-finite

groups, all Fuchsian groups and all surface groups.

Putting the two theorems together, we see that a group will be conjugacy separable

if it can be obtained from polycyclic-by-finite groups and}or free-by-finite groups by

repeatedly forming free products with cyclic amalgamations.

The main new point of Theorem B is the claim regarding polycyclic-by-finite

groups; this is proved in Section 3. The fact that free-by-finite groups are in 8 was

established in [15].

A Fuchsian group has a presentation of the form

-a
"
,… , a

g
, b

"
,… , b

g
, c

"
,… , c

n
r ce

"

"
¯…¯ cen

n
¯ 1, c

"
…c

n
0
g

i="

[a
i
, b

i
]¯ 1.,

where each e
i
is either a natural number greater than or equal to 2, or possibly ¢ (cf.

[9, p. 98]). Therefore, a Fuchsian group is a free product of a free product of cyclic

groups and a free group, amalgamating a cyclic subgroup. Hence the claim that a

Fuchsian group belongs to the class 8 follows from Theorem A. The claim that

surface groups are in 8 follows from the fact that a non-abelian surface group can be

expressed as a free product of two free groups with an amalgamated cyclic subgroup

(cf. [24, p. 71]).

The fact that Fuchsian groups are conjugacy separable was first proved by Fine

and Rosenberger in [2]. Tang [21] has independently proved that the free product of

two (non-abelian) surface groups amalgamating a cyclic subgroup is conjugacy

separable.

In Section 2 we indicate how the methods developed in [15] can be used to prove

one part of Theorem A, namely that if G
"

and G
#

are groups in 8, then their free

product amalgamating a cyclic subgroup is conjugacy separable.

The proof of Theorem A is completed in Section 4. This proof is presented in five

propositions corresponding to the properties (b)–(f) in the definition of 8. Not all of

them require the full strength of the hypotheses of Theorem A, and some of them may

be of independent interest.

1. Notation and preliminaries

Let R be a group. If x `R, we write xR ¯²xr ¯ r−"xr r r `R´, as usual. If n `., then

Rn ¯©rn r r `Rª denotes the subgroup of R generated by the nth powers of the

elements of R. If H and K are subgroups of R, we denote by #
K
(H ) and .

K
(H ) the
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centralizer and normalizer of H in K, respectively. We use the notation N%
f
R

(respectively, NT
f
R) to indicate that N is a subgroup (respectively, a normal

subgroup) of R of finite index. Let .¯²N rNT
f
R´. Then the collection . can be

taken as a fundamental system of neighbourhoods of the identity element 1 of R,

making R into a topological group. This topology on R is called the profinite topology

of R. The profinite completion RW of R is the topological completion of R with respect

to its profinite topology, that is,

RW ¯ lim
KL
N`.

R}N.

Then RW becomes a profinite group, that is, a compact Hausdorff totally disconnected

topological group; furthermore, there is a natural homomorphism ι : R!RW . The map

ι is a monomorphism precisely if the group R is residually finite. All groups in this

paper are residually finite, and we shall identify R with its image in RW under ι. The

group R is conjugacy separable if whenever x and y are non-conjugate elements of R,

there exists some finite quotient of R in which the images of x and y are non-

conjugate. A conjugacy separable group is necessarily residually finite. If R is

residually finite, it is conjugacy separable if and only if whenever two elements of R

are conjugate in RW then they are conjugate in R. More generally, a subset X of R is

conjugacy distinguished if and only if yRfX¯W implies yR
W fXa ¯W for each y `R,

where Xa denotes the closure of X in RW . Similarly, R is called subgroup conjugacy

separable if whenever H and K are subgroups of R that are non-conjugate in R, then

there is some finite quotient of R where the images of H and K are non-conjugate; or,

equivalently (for residually finite groups), whenever two subgroups of R have

conjugate closures in RW , they are conjugate in R. Finally, R is subgroup separable

(respectively, cyclic subgroup separable) if every finitely generated (respectively, cyclic)

subgroup H of R is closed in the profinite topology of R, that is, if

H¯ 4
N`.

HN.

Note that if a group R has property (c) then R is certainly cyclic subgroup separable.

If φ : R!S is a homomorphism of groups, there is a unique continuous

homomorphism φ : RW !SW that renders the following diagram commutative :

R

R

S
φ

ι

S

ι

φ

If H is a subgroup of RW , we denote by Ha the closure of H in RW . It turns out that

‘completion’ is a right exact functor from the category of groups to the category of

profinite groups.

Next we list some well-known facts about polycyclic-by-finite groups, that will be

used later in the paper. A self-contained source for these facts is [16].
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L 1.1 [16, Chapter 10, Corollary 1 or 3, Theorem 20B]. The completion

functor is exact on the category of polycyclic-by-finite groups. If H is a subgroup of the

polycyclic-by-finite group R, then the profinite topology of R induces on H its full

profinite topology, and so Ha may be identified with HW .

L 1.2 [4 ; 11 ; see 16, Chapter 4, Theorem 3]. Polycyclic-by-finite groups are

conjugacy separable.

L 1.3 [10 ; see 16, Chapter 1, Exercise 11]. Polycyclic-by-finite groups are

subgroup separable.

L 1.4 [6 ; see 16, Chapter 4, Theorem 7]. Polycyclic-by-finite groups are

subgroup conjugacy separable.

Let G
"
and G

#
be groups with a common subgroup H ; then the amalgamated free

product of G
"

and G
#

amalgamating H is denoted by G
"
n
H

G
#
, as usual. Let Γ

"
and

Γ
#

be profinite groups with a common closed subgroup ∆ ; consider the push-out Γ

of Γ
"

and Γ
#

over ∆ in the category of profinite groups; if the canonical

homomorphisms Γ
"
!Γ and Γ

#
!Γ are embeddings, one says that Γ is the profinite

amalgamated free product of Γ
"
and Γ

#
amalgamating ∆, and one writes Γ¯Γ

"
l∆ Γ

#
.

See [14] for more details.

If G¯G
"
n
H

G
#
is an amalgamated free product of groups, there is a standard tree

S(G ) associated with it (cf. [18, Theorem I.7]) : its vertex set VerS(G ) is the collection

of cosets G}G
"
eG}G

#
, and its edge set is the collection of cosets G}H. There exists

a natural action of G on the tree S(G ). We say that an element g `G is hyperbolic if

it acts freely on S(G ), that is, if g does not belong to a conjugate in G of either G
"
or

G
#
. Similarly, there is a standard profinite tree S(Γ) associated to a profinite

amalgamated free product Γ¯Γ
"
l∆ Γ

#
; its profinite space of vertices is Γ}Γ

"
eΓ}Γ

#

and its profinite space of edges is Γ}∆ (cf. [5, Section 2]). For convenience we shall

think of S(G ) as a set, namely the disjoint union of its sets of vertices and edges.

Similarly we view S(Γ) as the disjoint union of its spaces of vertices and edges.

The following result, due to J. Tits [18, Chapter I, Proposition 24], will be used in

some of our proofs. We state it here in a form convenient for our purposes.

P 1.5. Let G¯G
"
n
H

G
#

and assume that a `G is hyperbolic. Put

m¯ min
v`VerS(G)

l [�, a�] and T
a
¯²� `VerS(G ) r l [�, a�]¯m´.

Then T
a
is the �ertex set of a straight line (that is, a doubly infinite chain of S(G )), that

we again denote by T
a
, on which a acts as a translation of amplitude m; furthermore,

e�ery ©aª-in�ariant subtree of S(G ) contains T
a
. Finally if � `T

a
, then T

a
¯©aª [�, a�[.

Here, [�,w] denotes the unique path joining vertices � and w, and l [�,w] its length;

also [�,w[¯ [�,w] c ²w´. We shall refer to T
a
as the Tits straight line corresponding to

the hyperbolic element a.

Let k be a positive integer. An element a of a group R will be called k-potent if for

every natural number n there exists a normal subgroup N of finite index in R such that

©aknª¯©aªfN. Thus R is quasi-potent if every element of R is k-potent for some

positive integer k (depending on the element).
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2. Conjugacy separability of amalgamated free products

The class 8 defined in the Introduction is more or less the largest class of groups

for which the methods used in [15] apply, so that the amalgamated free product of two

groups in that class amalgamating a cyclic subgroup is conjugacy separable.

The proofs of Proposition 3.2 and Lemma 3.3 of [15] establish the following.

L 2.1. Let G
"
, G

#
be residually finite groups with a common cyclic subgroup

H, and let G¯G
"
n
H

G
#
. Assume that

(a) G
i
is quasi-potent for i¯ 1, 2,

(b) H is closed in the profinite topology of G
i
for i¯ 1, 2.

Then

(1) G is residually finite;

(2) the profinite topology of G induces on G
i
its full profinite topology (i ¯ 1, 2) ;

(3) GW ¯G n
"
l

H
W G n

#
;

(4) G
"

and G
#

are closed in the profinite topology of G.

This lemma will be used frequently throughout the paper. If G
"
, G

#
and H satisfy

the conditions of the lemma, then it follows from Lemma 2.1 that the graph S(G ) is

naturally embedded in the profinite graph S(GW ).
The defining properties (a)–(f) for the class 8 have been chosen in such a way that

the proof of Theorem 3.8 of [15] applies to the groups in 8. In fact one does not need

the full force of property (e). We define a new property.

Property (e«). If H is a cyclic subgroup of R, x `R and HfHx¯ 1, then

there exists some NT
f
R with HNfHxN¯N (equi�alently, if HfHx¯ 1 then

Ha fHa x¯ 1).

Then the proof of Theorem 3.8 of [15] yields the following.

T 2.2. Let G
"

and G
#

be groups ha�ing the properties (a)–(d), (f) and

property (e«), with a cyclic common subgroup H. Then their amalgamated free product

G¯G
"
n
H

G
#

is conjugacy separable.

Since (e«) follows from (e), the theorem applies whenever G
"
and G

#
are in 8. In

[15] it was established that the class 8 contains the free-by-finite and the finitely

generated nilpotent-by-finite groups. The purpose of the remainder of this paper is to

exhibit other classes of groups that belong to 8.

3. Completions of polycyclic-by-finite groups

In this section we prove that polycyclic-by-finite groups belong to the class 8. In

fact, in some cases, we shall prove stronger results than are required for that purpose.

We consider some properties of the profinite completion functor in the category of

polycyclic-by-finite groups; we show in particular that if R is a polycyclic-by-finite

group, then the map
HP!Ha

that sends a subgroup H of R to its closure in RW preserves centralizers, normalizers,

and intersections. We begin with another property preserved by this map. The

following proposition generalizes Lemma 3.5 in [15].
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P 3.1. Let R be a polycyclic-by-finite group. Then e�ery cyclic

subgroup of R is conjugacy distinguished.

Proof. Let x, y be elements of R, and suppose that yR
W f©xª1W. We shall argue

by induction on the Hirsch length h(R) of R to prove that then yRf©xª1W. If

h(R)¯ 0, then R is finite, and the result is obvious. Say h(R)& 1. Note that if either the

order of x or the order of y is finite and yR
W f©xª1W, then both x and y have finite

order; then the result is a consequence of the fact that R is conjugacy separable

(Lemma 1.2). So, we assume from now on that both x and y have infinite order. Let

A be a non-trivial free-abelian normal subgroup of R (cf. [16, Chapter 1, Lemma 6]).

Then R}A is polycyclic-by-finite and h(R}A)! h(R). Let m be a natural number, and

let π
m

: R!R}Am be the canonical epimorphism. Consider the commutative diagram

R

R

R/Am

R/Am

pm

ι

pm

ι

where the maps ι are the canonical injections. Note that π n
m
(yR

W
)¯ (yAm) R/Am

and

π n
m
(©xª)¯©xAmª ; therefore, (yAm) R/Am

f©xAmª1W.Bythe inductionhypothesis, for

each m `., there exist some r(m) `R and n(m) `: such that

yr(m) 3xn(m) (modAm). (1)

Without loss of generality, we may replace y by yr("), and so we have

y3xn(") (modA). (2)

Let t `.. Then

xn(t) 3 yr(t) 3 (xn("))r(t) (modA) ;

hence xn(t) and xn(") have the same order in any finite quotient of R}A. It follows that

©xn(t)ªN¯©xn(")ªN

whenever A%NT
f
R. Since R}A is subgroup separable (see Lemma 1.3), one

deduces that

©xn(t)ªA¯©xn(")ªA¯©yªA for all t `..

Now we consider two cases.

Case 1. The element yA of R}A has infinite order. Then, so does xA. Hence

n(1)¯³n(t), for all t `.. In particular, n(1)¯³n(t !), for all t `.. If n(1)¯ n(t !)

for infinitely many t, put k¯ n(1) ; otherwise, put k¯®n(1). Then, according to (1),

xk and y are conjugate modulo At ! for infinitely many t, say, for t¯ t
"
, t

#
,… . Let

NT
f
G ; then there is some i `. such that Ati

! %AfN ; hence xk and y are con-

jugate modulo N. Since R is conjugacy separable (Lemma 1.2), we deduce that xk and

y are conjugate in R.

Case 2. The element yA of R}A has finite order. Say the order of yA is f ; then

xA must also have finite order, say, e. From (2) one obtains that e¯ f l for some
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l `:. Since y f `A and A is a free abelian group, there is some basis ²a
"
, a

#
,…´ of A

and some natural number t such that at

"
¯ y. So At ¯©y fª¬C for some subgroup

C of A. Then yAtk has order fk in the group R}Atk, for every k `.. Similarly, there

exists s `. such that xAsk has order ek in R}Ask, for each k. Now let w be any

common multiple of t and s. From (1), the order of xn(w) Aw in R}Aw is then fw}t,

while the order of xAw is ew}s¯ lfw}s. Therefore tl¯ sq for some q `., and the order

of xqAw is fw}t. Since the cyclic subgroup ©xAwª of R}Aw has a unique subgroup of

order fw}t, we see that

©xn(w) Awª¯©xqAwª

for all w as above. Therefore, according to (1), the groups

©xqAwª and ©yAwª

are conjugate in R}Aw for all such w. It follows that the groups

©xqNª and ©yNª

are conjugate in R}N for all NT
f
R. Hence

©xqª and ©yª

are conjugate in R, since R is subgroup conjugacy separable (Lemma 1.4), and so

yr `©xª for some r `R. This concludes the proof.

R. Although we have shown that cyclic subgroups are conjugacy

distinguished, this is not true of arbitrary subgroups in a polycyclic-by-finite group;

see the remark at the end of [17].

L 3.2. Let H and K be subgroups of a polycyclic-by-finite group R. Then for

each UT
f
R there is some VT

f
R with V%U, such that

(a) #
K
(HV}V )% (KfU )#

K
(H ),

(b) .
K
(HV}V )% (KfU ).

K
(H ).

Proof. (a) For n `., put R
n
¯Rn !. Since R is finitely generated, the subgroups

R¯R
!
&R

"
&R

#
&…

form a fundamental system of neighbourhoods of 1 in the profinite topology of R.

Hence it suffices to show that for each s `., there is some natural number t(s)& s

such that #
K
(HR

t(s)
)}R

t(s)
)% (KfR

s
)#

K
(H ). Suppose that for every integer t& s,

one has #
K
(HR

t
}R

t
); (KfR

s
)#

K
(H ). Then for each t& s there exists y(t) `K®

(KfR
s
)#

K
(H ) such that y(t) `#

K
(HR

t
}R

t
). Since K}(KfR

s
) is finite, there

exist x `K®(KfR
s
)#

K
(H ) and natural numbers t

"
! t

#
!… such that

x¯ y(t
i
) z(t

i
) with z(t

i
) `KfR

s
for all i.

Then for every h `H we have x−" hxR
ti

¯ z(t
i
)−" hz(t

i
)R

ti

. Let h
"
,… , h

m
be a set of

generators of H. Then, by Theorem B in [17], there exists some z `KfR
s
such that

x−" h
j
x¯ z−" h

j
z for j¯ 1,… ,m.

Thus

x−" hx¯ z−" hz for all h `H.

It follows that x ` (KfR
s
)#

K
(H ), a contradiction.
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The proof of (b) is similar.

P 3.3. Let H and K be subgroups of a polycyclic-by-finite group R.

Then

(a) #
K
a (Ha )¯#

K
(H ),

(b) .
K
a (Ha )¯.

K
(H ),

where the closures Ka , Ha etc. are taken in RW . In particular, if H is infinite cyclic, then

.
K
a (Ha )}#

K
a (Ha ) has order at most 2.

Proof. We shall prove (a), the proof of (b) being similar. Let UT
f
R ; then, by

Lemma 3.2, there is some VT
f
R with V%U, such that #

K
(HV}V )% (KfU )#

K
(H ).

Now, since Ka ¯K(KfV ), we have

#
K
a (Ha )%#

K
a (Ha Va }Va )%#

K
(HV}V )(KfV )%#

K
(H )(KfU ).

It follows that

#
K
a (Ha )% 4

UT
fR

#
K
(H )(KfU )¯#

K
(H ).

The reverse inclusion is clear. The final statement follows, since if H is infinite cyclic

then r.
K
(H ) : #

K
(H )r% 2.

L 3.4. Let φ : R!S be a homomorphism of polycyclic-by-finite groups, and

let φW : RW !SW denote the induced homomorphism of the corresponding profinite

completions. Let H be a subgroup of S. Then φ−"(H )¯φW −"(Ha ), where the closures

φ−"(H ) and Ha are taken in RW and SW respecti�ely.

Proof. We use induction on the Hirsch length h(S ) of S. Since R and S are sub-

group separable (Lemma 1.3), φ−"(H )¯Rfφ−"(H ) and H¯SfHa ; so, Rfφ−"(H )¯
Rfφ−"(Ha ). If h(S )¯ 0, it follows that S is finite ; then φ−"(H ) and φW −"(Ha ) are open

subgroups of RW , and so

φ−"(H )¯Rfφ−"(H )¯RfφW −"(Ha )¯φW −"(Ha ).

Suppose now that h(S )" 0 and that the result holds whenever the Hirsch length of

the codomain of the homomorphism is smaller than h(S ). Let A be an infinite free

abelian normal subgroup of S (cf. [16, Chapter 1, Lemma 6]). Applying the induction

hypothesis to the homomorphism

RMN
φ

SMNS}A,

we infer that φ−"(HA)¯φW −"(HA). We may therefore replace S by HA. Put N¯HfA.

If N1 1, we may repeat the above argument applied now to

RMN
φ

SMNS}N,

to get the desired result φ−"(H )¯φW −"(Ha ). Suppose that HfA¯ 1. Then S¯AnH,

and, by Lemma 1.1, SW ¯Aa nHa . From now on we use additive notation for the group

A, but multiplicative notation for S. Consider the free abelian profinite group M¯
AW G u:# of rank equal to 1­rank(A). Define a right RW -module structure on M as
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follows: if a `AW , r `RW , put a[r¯ aφW (r), and u[r¯ u­δφW (r), where δ is the projection

SW !AW (we identify AW with Aa ; note that δ is a continuous derivation, that is, δ(ss«)¯
δ(s)[s«­δ(s«),cs, s« `S ). Observe that δ(R)XA, and that the profinite completion of

(AG u:)nR is MnRW . Now

#
R
W (u)¯²r `RW r u¯ u[r¯ u­δφW (r)´¯ ²r `RW r δφW (r)¯ 0´

¯ ²r `RW rφW (r) `Ha ´¯φW −"(Ha ),
and similarly

#
R
(u)¯φ−"(H ).

The result therefore follows from Proposition 3.3.

R. The last stage of the argument shows the following: if S is a polycyclic-

by-finite group, A is an S-module finitely generated over :, and δ : S!A is a

derivation, then

ker δW ¯ker δ,

where δW is the extension of δ to a continuous derivation SW !AW .

As a consequence of Lemma 3.4 we obtain the following generalization of Lemma

3.6 in [15].

P 3.5. Let R be a polycyclic-by-finite group, and let H, K%R. Then

HfK¯Ha fKa , where the closures are taken in RW .

Proof. Let j : H!R be the inclusion homomorphism. Then we have a

commutative diagram

j

H

H = H

R
j

R

where, by Lemma 1.1, all the homomorphisms are inclusions. Observe that j−"(K )¯
HfK and jW−"(Ka )¯Ha fKa . Thus, the result follows from Lemma 3.4.

To show that a polycyclic-by-finite group is in the class 8 we still have to prove

that such a group is quasi-potent and that condition (c) holds. The second property

is a special case of a result due to Lennox and Wilson that we state below. The first

property is established in the following lemma which is patterned after Tang’s Lemma

3.2 of [20].

L 3.6. Let R be a polycyclic-by-finite group. Then R is quasi-potent.

Proof. Since R is polycyclic-by-finite, it has a chain of normal subgroups

R&A
!
&A

"
&…&A

k−"
&A

k
¯ 1

such that R}A
!
is finite, and A

i
}A

i+"
is free abelian (i¯ 0, 1,… ,k®1) (cf. [16, Chapter

1, Lemma 6]). Let x be an element of R of infinite order, and let s be the smallest
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positive integer with xs `A
!
. Say xs `A

i
®A

i+"
. Since A

i
}A

i+"
is free abelian, there is

some y `A
i
such that yA

i+"
forms part of a basis of A

i
}A

i+"
and xsA

i+"
¯ ytA

i+"
for

some natural number t. Now let n be a natural number. Since Atn

i
is a characteristic

subgroup of A
i
, the subgroup M

n
¯Atn

i
A

i+"
is normal in R, and the order of xsM

n
in

A
i
}M

n
is n. Therefore the order of xM

n
in R}M

n
is sn, that is, r©xª : ©xªfM

n
r¯

sn. Since R is polycyclic-by-finite, M
n
is closed in the profinite topology of R (Lemma

1.3) ; hence there exists N
n
T

f
R with M

n
%N

n
such that x,x#,… ,xsn−" aN

n
. Thus

©xªfN
n
¯©xsnª, as desired.

P 3.7. ([8] ; see [16, Chapter 4, Exercise 13]). Let R be a polycyclic-

by-finite group, and let H, K%R. Then the set

HK¯²hk r h `H,k `K ´

is closed in the profinite topology of R.

Putting together the results of this section together with Lemma 1.2 we deduce the

following.

T 3.8. Polycyclic-by-finite groups belong to class 8.

4. The class 8

The purpose of this section is to show that the class 8 is closed under taking free

products with cyclic amalgamations. To see this we shall prove that properties (a)–(f)

that characterize class 8 are preserved under taking such products. Theorem 2.2

ensures that this is the case for property (a).

Throughout the section we shall adopt the following notation and basic

assumptions. Let G
"
, G

#
be residually finite groups with a common cyclic subgroup

H, such that G
i
is quasi-potent (i¯ 1, 2), and H is closed in the profinite topology of

G
i
(for i¯ 1, 2). Put Γ¯GW ,∆¯HW , Γ

i
¯G n

i
(for i¯ 1, 2), and let S(G ) and S(Γ) denote

the standard tree and profinite tree associated with the amalgamated free product

G¯G
"
n
H

G
#
and the profinite amalgamated free product Γ¯Γ

"
l∆ Γ

#
, respectively.

Since G
"

and G
#

are closed in the profinite topology of G, it follows that S(G ) is

naturally embedded in S(Γ). If A is a subgraph of S(G ), then Aa denotes its closure in

S(Γ).

We begin with the following result whose proof follows closely parts of the proof

of Proposition 2.9 of [15].

L 4.1. Let B¯©bª be a cyclic subgroup of G. Assume that b is hyperbolic

with respect to its action on the standard tree S(G ), and let T
b
denote the corresponding

Tits straight line (see Proposition 1.5). Then

(i) Ba acts freely on the profinite tree T
b
,

(ii) Ba F:# .

Proof. Observe first that if b« `Ba fixes one vertex, say �, of T
b
, then it fixes all the

vertices of T
b
; indeed, if w `Ver(T

b
), then w ` [b§�, b§b�] for some b§ `Ba , since T

b
¯

Ba [�, b�[. Now, since b« commutes with b§ and b, it follows that b« fixes b§� and b§b�,

and hence w as well, since T
b
does not contain cycles. Denote by K the closed subgroup
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of Ba consisting of those elements that act trivially on T
b
; we must show that K¯ 1.

Since B acts freely on T
b
, we have K1Ba . Now, Ba }K acts freely on the profinite tree

T
b

with finite quotient graph T
b
}(Ba }K ) (for T

b
}B is finite). Then, according to

Theorem 1.7 of [5], Ba }K is a free prosolvable group, and, since Ba is procyclic and non-

trivial, it must be the free profinite group of rank 1, that is, Ba }KF:# , and therefore,

Ba is also the free profinite group of rank 1. Finally since :# is Hopfian (cf. [13,

Proposition 7.6]), K¯ 1.

P 4.2. Let G¯G
"
n
H

G
#

be as abo�e. Then

(i) G is quasi-potent,

(ii) if, in addition, G
"

and G
#

are cyclic subgroup separable, then G is also cyclic

subgroup separable.

Proof. Let x `G be an element of infinite order.

Case 1. The element x is not hyperbolic, that is, x `GG

"
eGG

#
. Say x ` gG

"
g−" for

some g `G. Since

G¯ gG
"
g−" n

gHg
−"

gG
#
g−",

we may assume that x `G
"
. By Lemma 2.1, G induces on G

"
its full profinite topology;

therefore, if G
"

(and G
#
) is cyclic subgroup separable, ©xª is closed in the profinite

topology of G
"
, and so in the profinite topology of G. This proves part (ii) in this case.

Let H¯©hª. Then there exist natural numbers t
"

and t
#

such that h is t
i
-potent

in G
i
for i¯ 1, 2. Let s be a common multiple of t

"
and t

#
. Choose M

"
T

f
G

"
and

M
#
T

f
G

#
so that M

"
fH¯©hsª and M

#
fH¯©hsª ; consider the natural epi-

morphism

φ : GMNGh ¯G
"
}M

"
n
HM

"
/M

"

G
#
}M

#
;

let MT
f
Gh be a normal subgroup of Gh of finite index with trivial intersection with

G
"
}M

"
and G

#
}M

#
; put N¯φ−"M, then clearly NT

f
G and NfH¯©hsª. Let e be

the order of x in G}N. Pick m such that x is m-potent in G
"
, and set k¯me. We claim

that x is k-potent in G. For let t be a natural number; choose T
"
T

f
G

"
so that

T
"
f©xª¯©xtkª ; since xtk `N, we have T

"
fNf©xª¯©xtkª. To complete the

verification of the claim, we must show that there exists some ST
f
G with

Sf©xª¯©xtkª ; and for this, it suffices to show that there exists such an S with

SfG
"
¯T

t
fN. To see this, let T

#
T

f
G

#
be such that T

#
fH¯T

"
fNfH (here T

#

exists since NfH ¯©hsª and t
#
divides S). Now we proceed as above: consider the

natural epimorphism

ψ : GMNGhh ¯G
"
}(T

"
fN) n

HT
#
/T

#

G
#
}T

#
;

let M « be a normal subgroup of Ghh of finite index with trivial intersection with

G
"
}(T

"
fN) and G

#
}T

#
; put S¯ψ−"M «, then clearly ST

f
G and SfG

"
¯T

"
fN,

as needed.

Case 2. The element x is hyperbolic. Then x does not stabilize any vertex or edge

of the graph S(G ). By Proposition 2.9 of [15] x also acts freely on the profinite graph

S(Γ). For NT
f
G, write G

N
¯G

"
N}N n

HN/N
G

#
N}N. Then (cf. [14])

GW
N

¯G
"
N}N 1

HN/N

G
#
N}N and GW ¯ lim

KL
GW

N
.
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Hence

S(GW )¯ lim
KL

S(GW
N
).

For each N, let x
N

be the image of x under the canonical map φ
N

: G!G
N
. Denote

by S(GW )x and S(GW
N
)xN the sets of fixed points of S(GW ) and S(GW

N
) under the actions of

x and x
N

respectively. Then

S(GW )x¯ lim
KL

S(GW
N
)xN.

Since x acts freely on S(GW ), one has that S(GW )x¯W ; therefore there exists some

NT
f
G such that S(GW

N
)xN ¯W, that is, x

N
is hyperbolic in

GW
N

¯G
"
N}N k

HN/N

G
#
N}N ;

and in particular x
N

has infinite order. Now, G
N

is quasi-potent since it is free-

by-finite (cf. [20, Lemma 3.2]). Therefore ©x
N
ªF:# . Since φ

N
maps ©xª onto ©x

N
ª,

we infer that ©xªF:# , and so φ
N

sends ©xª isomorphically onto ©x
N

ª. Note that

since G
N

is free-by-finite, it is subgroup separable (cf. [10]) ; hence ©x
N

ªfG
N

¯©x
N

ª.

It follows that ©x
N

ª¯φ
N
(©xª)%φ

N
(©xªfG )%©x

N
ªfG

N
¯©x

N
ª, and so

φ
N
(©xª)¯φ

N
(©xªfG ) ; consequently ©xª¯©xªfG, since φ

N
is injective on ©xª.

Thus ©xª is closed in the profinite topology of G. This completes the proof that G is

cyclic subgroup separable if each of the groups G
"

and G
#

are cyclic subgroup

separable.

Now, from the quasi-potency of G
N
, there is some natural number k such that x

N

is k-potent. We deduce that x is k-potent, for if m is a natural number and MT
f
G

N

with Mf©x
N

ª¯©xkm

N
ª, then φ−"MT

f
G with φ−"Mf©xª¯©xkmª. This completes

the proof that G is quasi-potent if each of the groups G
"

and G
#

are quasi-potent.

R. After this paper was written we learnt that part (ii) of the above

proposition had been obtained previously by B. Evans [1, Lemma 3.2] using very

different methods. We have decided to retain our proof because it is part of a uniform

treatment that we have tried to maintain for the main results in this section, namely

the interplay between groups and trees (both abstract and profinite).

L 4.3. Let G
"
and G

#
be quasi-potent, cyclic subgroup separable groups with

a common cyclic subgroup H, and set G¯G
"
n
H

G
#
. Assume that a `G is hyperbolic (that

is, a aGG

"
eGG

#
), and let T

a
be its corresponding Tits straight line (see Proposition 1.5).

Then

(i) T
a
}©anª¯T

a
}©anª for e�ery natural number n,

(ii) if α `©aª, � is a �ertex of T
a

and α� `T
a
, then α `©aª,

(iii) T
a

is a connected component of T
a

considered as an abstract graph, in other

words, the only �ertices of T
a

that are at a finite distance from a �ertex of T
a
are those

of T
a
.

Proof. Let � `Ver (T
a
). Then T

a
¯©aª [�, a�[. It follows that T

a
¯©aª [�, a�[, and

therefore T
a
}©aª is a quotient of T

a
}©aª¯ [�, a�[. Observe that if N%

o
GW is an open

subgroup of GW , then the finite graphs S(G )}(NfG) and S(GW )}N are naturally
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isomorphic. By Proposition 4.2, G¯G
"
n
H

G
#

is cyclic subgroup separable. Hence

there exists a collection ²L
i
%

f
G r i ` I ´ such that ©anª¯4

i`I
L

i
. Let D¯T

a
}©anª.

Since D is finite, there exists some i ` I such that the restriction to D of the natural

epimorphism of graphs S(G )}©anª!S(G )}L
i
, is an injection. Put N

i
¯La

i
, the

closure of L
i
in GW ; then L

i
¯N

i
fG. Note that N

i
&©anª, and so the image of T

a
}©anª

in S(GW )}N
i
coincides with the (isomorphic) image of D¯T

a
}©anª in S(GW )}N

i
:

D¯T
a
}©anª:NS(G )}L

i
FS(GW )}N

i
KLS(GW )}©anª :! T

a
}©anª.

Since T
a
}©anª is a quotient of T

a
}©anª and both are finite, we infer that T

a
}©anª¯

T
a
}©anª. This proves (i). To prove (ii), suppose that α� `T

a
, then there exists some

g `©aª with gα� ` [�, a�[ ; so gα¯ 1, and thus α `©aª.

To prove (iii), consider a vertex ω of T
a

which is at a finite distance from �. We

need to show that ω `T
a
. Suppose otherwise ; then there is a first edge of [�,ω], say e«,

which is not in T
a
, and we may in fact assume that the initial vertex of e« is �. Since

T
a
¯©aª [�, a�[, there exists some α `©aª such that αe¯ e«, where e is an edge of

[�, a�[. Let w be the origin of e ; then αw¯ �, and therefore, by part (ii), α `©aª. Thus

e« `T
a
, a contradiction.

The following result is patterned after Example 1.20A of [23].

L 4.4. Let T
a
be as in Lemma 4.3. Then T

a
does not ha�e any proper infinite

profinite subtrees.

Proof. Observe that T
t
¯T

a
}©atª¯ [�, at�]}(�¯ at�) is a cycle of length mt,

where m is the length of [�, a�]. By Lemma 4.3(i),

T
a
¯ lim

KL
t`.

T
a
}©atª.

Let ∆ be an infinite profinite subtree of T
a
; fix n `. and denote by ∆

n
the image of

∆ in T
a
}©anª. We must show that ∆

n
¯T

n
¯T

a
}©anª. Suppose not, that is, suppose

that ∆
n

is a proper subgraph of T
n
. Since ∆ is connected, so is ∆

n
, and hence ∆

n
is a

subtree of T
n

(in fact a path which is not a cycle). Let m" 1 be a natural number.

Then the canonical morphism of graphs T
mn

!T
n

is a covering. Therefore the

preimage of ∆
n

in T
mn

is the disjoint union of m paths isomorphic to ∆
n
. Now, since

∆
mn

is connected and maps onto ∆
n
, it follows that ∆

mn
is one of those paths, and in

particular, is isomorphic to ∆
n
. Thus ∆¯ lim

KL
m"

"

∆
mn

¯∆
n
, contradicting the assumption

that ∆ is infinite.

P 4.5. Let G
"
and G

#
be groups in 8 with a common cyclic subgroup H.

Then G¯G
"
n
H

G
#

has property (d), that is, aG
W f©cª¯W whene�er a, c `G and

aGf©cª¯W.

Proof. Assume that cz ¯ γaγ−", where γ `Γ and z `:# . Note that a must have

infinite order. Our aim is to show the existence of some g `G such that gag−" `C.

Case 1. The element a fixes a vertex of S(G ) (that is, a is not hyperbolic). First we

note that C fixes a vertex of S(G ), for otherwise, according to Proposition 2.9 in [15],
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Ca , and hence a, would act freely on S(Γ), contradicting our hypothesis. This means

that a and c are conjugate in G to elements of G
"
or G

#
; so we may assume that a `G

"

and rcr−"¯ c« `G
"
eG

#
for some r `G. Then (c« )z ¯ rγaγ−" r−". Now, aGfC1W if

and only if aGf©c«ª1W. Thus replacing c by c«, we may assume that a, c `G
"
eG

#
.

Say a `G
"
. If, in addition, γ `Γ

"
and c `G

"
, then the result follows from property (d)

applied to G
"
.

For any other case we claim that we may assume that a `H. If γ `Γ
"

but c `G
#
,

then cz ¯ γ−"aγ `Γ
"
fΓ

#
¯∆ ; hence, by property (d) applied to G

"
, there exists g

"
`

G
"
such that g

"
ag−"

"
`H ; and so we may assume that a `H. Let now γ aΓ

"
. Consider

the vertices �
"
¯ 1Γ

"
and �, the vertex in S(Γ) closest to �

"
and fixed by c (note �¯

�
"
or �¯ �

#
¯ 1Γ

#
, depending on whether c `G

"
or c `G

#
). Then a¯ γ−" cγ fixes �

"
and

γ−"�. Note that γ−"�1 �
"
, for otherwise �¯ �

"
and hence we would have γ `Γ

"
,

contrary to our assumption. By Theorem 2.8 in [23], the subgraph of S(Γ) fixed by

a is a profinite subtree T of S(Γ) ; since this subtree contains the two different vertices

�
"
and γ−"�, there exists an edge e

"
`T whose initial vertex is �

"
. Put e¯ 1∆ ; then there

exists some γ
"
`Γ

"
such that γ

"
e
"
¯ e ; so γ

"
aγ−"

"
e¯ e ; therefore γ

"
aγ−"

"
`∆, since ∆ is the

stabilizer of e in Γ. It follows then from property (d) applied to G
"

that g
"
ag−"

"
`H,

for some g
"
`G

"
. Thus we may assume that a `H. This proves the claim. So from now

on we assume that a and c are in the same group G
i
, say, a, c `G

#
, and a `H.

Furthermore we may assume γ aΓ
#
, for if γ `Γ

#
, we simply apply property (d) to G

#
.

Note that cz ¯ γaγ−" `Γ
#
implies that cz fixes the distinct vertices �

#
and γ�

"
. By an

argument similar to one used above, there exists some edge e
#
with terminal vertex �

#

such that cze
#
¯ e

#
, and some γ

#
`Γ

#
such that γ

#
e
#
¯ e. We deduce that γ

#
czγ−"

#
`∆.

Now, observe that a and γ
#
czγ−"

#
are elements of ∆ and they are conjugate in Γ ;

therefore, according to Lemma 2.4 in [15], ©aª¯ γ
#
©czªγ−"

#
. So γ−"

#
aγ

#
`Ca , and by

property (d) applied to G
#
, we have that a is conjugate in G

#
to an element of C, as

desired.

Case 2. The element a does not fix a vertex of S(G ) (in other words, a is

hyperbolic). Then by Proposition 2.9 in [15], Ca acts freely on S(Γ), and therefore C

acts freely on S(G ). It follows that the generator c of C is hyperbolic as well. Consider

the Tits straight lines T
a

and T
c
corresponding to a and c (see Proposition 1.5), and

denote by m
"
and m

#
their respective amplitudes. Let T

"
and T

#
be segments of T

a
and

T
c
of length m

"
and m

#
, respectively. Then T

a
¯©aªT

"
and T

c
¯©cªT

#
. Set e¯ 1H, the

edge of S(G ) stabilized by H. We claim that one may assume that e `T
"
fT

#
. To see

this, consider g
"
, g

#
`G such that e ` g

"
T
"
and e ` g

#
T
#
. Set a«¯ g

"
ag−"

"
and c«¯ g

#
cg−"

#
,

and remark that g
#
γg−"

"
a«(g

#
γg−"

"
)−"¯ (c« )z. Then a« and c« are also hyperbolic, and

one has corresponding straight lines T
a« ¯ g

"
T
a

and T
c«
¯ g

#
T
c
. Define T!

"
¯ g

"
T
"

and T!

#
¯ g

#
T
#
. Then clearly T

a« ¯©a«ªT!

"
, T

c«
¯©c«ªT!

#
, and e `T!

"
fT!

#
. Since a is

conjugate in G to an element of ©cª if and only if a« is conjugate in G to an element

of ©c«ª, the claim follows. So from now on we assume that e `T
"
fT

#
.

Consider the profinite subgraphs of S(Γ) defined as T
a
¯©aªT

"
and T

c
¯©cªT

#
.

By Proposition 2.9 of [15], ©aª and ©cª act freely on S(Γ) ; hence T
a

is the unique

minimal ©aª-invariant profinite subtree of S(Γ) (cf. [15, Lemma 2.2]) ; similarly, T
c
is

the unique ©cª-invariant profinite subtree of S(Γ). Since cz ¯ γaγ−", we have that γT
a

is the minimal ©czª-invariant profinite subtree of S(Γ) ; therefore γT
a
XT

c
. Next we

show that γT
a
¯T

c
. By the minimality of T

c
, it suffices to show that γT

a
is ©cª-

invariant. Indeed, let ch `©cª, and observe that ©czª acts on ch γT
a
, since cz and ch

commute; so ch γT
a
is a minimal ©czª-invariant profinite subtree of S(Γ), and therefore
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ch γT
a
¯ γT

a
, as desired. From γT

a
¯T

c
we infer that γe `T

c
. Choose c« `©cª such that

c«γe `T
#
. Then c«γe¯ ge for some g `G. Hence c«γ¯ gδ for some δ `∆. Now, a¯

γ−" c«−" czc«γ¯ δ−"g−"czgδ. Therefore, using g−"Cg instead of C, we can assume that

γ(¯ δ ) is in ∆.

Next consider the group R¯Γ
"
n∆ Γ

#
(the amalgamated free product of Γ

"
and Γ

#

amalgamating ∆, as abstract groups). Recall that R is a dense subgroup of Γ (cf. [14]).

Since a and cz are hyperbolic and cz ¯ γaγ−" `R, it follows that cz can be written as

a product cz ¯w
"
w
#
…w

m
, where w

i
`Γ

"
eΓ

#
. This means that the path [e, cze] is

finite. Furthermore note that [e, cze]XT
c
. Hence, by Lemma 4.3, cz `C. Using

Theorem 2.2, we deduce that a and cz `C are conjugate in G, as needed.

L 4.6. Let G
"
, G

#
be residually finite groups with a common cyclic subgroup

H, such that G
i
is quasi-potent (i¯ 1, 2), and H is closed in the profinite topology of G

i

( for i¯ 1, 2). Set G¯G
"
n
H

G
#
, and let C¯©cª be a cyclic subgroup of G. Assume that

c is hyperbolic with respect to its action on the standard tree S(G ), and let T
c
be its Tits

straight line. Consider the stabilizer

R¯²g `G r gT
c
¯T

c
´

of T
c
in G. Then,

(i) C%R;

(ii) R is closed in the profinite topology of G;

(iii) R is polycyclic-by-finite of Hirsch length at most 2 ;

(iv) the profinite topology of G induces on R its full profinite topology.

Proof. Statement (i) is obvious. Let R«¯ ²g `GW r gT
c
¯T

c
´ ; by Lemma 4.3,

R¯R«fG, and so (ii) follows. Consider the natural representation

RMNAut (T
c
),

and observe that its kernel K¯©kª is cyclic, for it fixes every edge of T
c
and so it is

a subgroup of a conjugate of H. On the other hand, Aut (T
c
) is isomorphic to the

infinite dihedral group. Therefore R is a polycyclic-by-finite group with Hirsch length

at most 2; this proves (iii).

To prove (iv) we proceed in two steps. First we shall show that R contains a free

abelian subgroup A of finite index in R and closed in the profinite topology of G.

Observe that KfC¯ 1, and so R}K is either infinite cyclic or an infinite dihedral

group. Let X `R be such that xK generates a maximal infinite cyclic subgroup of R}K.

Then either ©xKª coincides with R}K or it has index 2 in R}K. Put M¯©x,kª ; then

M is a torsion-free subgroup of R of index at most 2 in R. Consider the centralizer

A¯#
M
(K ) of K in M. Plainly, either A¯©x,kª¯M or A¯©x#,kª. Hence A is a

free abelian group (of rank 1 or 2) of index at most 2 in M. We claim that A¯#
G
(A).

Note first that #
G
(A)%R, for let 11 a `AfC and note that T

c
is also the Tits straight

line of a, and so it is the unique minimal ©aª-invariant subtree of S(G ). Now, if

z `#
G
(A), then zT

c
is a minimal ©aª-invariant subtree of S(G ), therefore, zT

c
¯T

c
, and

hence z `R. If r `R®M, then rxr−"3x−" (modK ), so that r a#
G
(A) ; hence #

G
(A)%M.

Thus #
G
(A)¯#

M
(A)¯A. This proves the claim. Next note that the centralizer of

any element in a topological group is closed; therefore A¯#
G
(A) is closed in G.

To complete the proof of (iv), it suffices to show that the profinite topology of G

induces on A its full profinite topology. If A has rank 1, this is the case since G is

quasi-potent (see Proposition 4.2). Otherwise A¯©x,kª is free abelian with basis
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x,k. Now, since k fixes all elements of T
c
, it follows that ©kª also fixes all elements of

T
c
; on the other hand, since x acts freely on T

c
, the group ©xª acts freely on T

c
(see

Lemma 4.1). We deduce that ©xªf©kª¯ 1, and so Aa ¯©xª¬©kª ; but according to

Proposition 4.2, ©xªF© lxª and ©kªF© lkª, and so Aa FAW .

P 4.7. Assume the groups G
"
, G

#
are quasi-potent and ha�e property (c)

(the product of two cyclic subgroups of G
i
is closed in the profinite topology of G

i
(for

i¯ 1, 2)), and let H be a common cyclic subgroup of G
"
and G

#
. Then the amalgamated

free product G¯G
"
n
H

G
#

has property (c).

Proof. Let C
"
, C

#
be cyclic subgroups of G. One must show that Ca

"
Ca

#
fG¯

C
"
C

#
, where Ca

"
,Ca

#
denote the closures of C

"
, C

#
in GW ¯GW

"
1

H
W GW

#
, respectively.

Consider the standard abstract graph S(G ) and the standard profinite graph S(GW )
described at the beginning of this section. Let γ

"
`C

"
, γ

#
`C

#
and assume that γ

"
γ
#
¯

k `G. We shall show that γ
"
γ
#
`C

"
C

#
. If γ

"
`C

"
then γ

#
`GfC

#
¯C

#
, and the result

is proved. So from now on we assume that γ
"
aC

"
and γ

#
aC

#
. We consider three cases.

Case 1: C
"
and C

#
are conjugate to subgroups of G

"
or G

#
. Say that C

"
is conjugate

to a subgroup of G
"
; then we may assume that C

"
%G

"
. Consider the vertex �

"
¯

1G
"
¯ 1GW

"
and observe that its stabilizer under the action of G on S(G ) is G

"
, while

that under the action of GW on S(GW ) is GW
"
. Let w be the closest vertex to �

"
in S(G ) which

is fixed by C
#
; note that C

#
fixes w as a vertex of S(GW ). We use induction on the length

l of the path [�
"
,w] to prove that γ

"
γ
#
`C

"
C

#
. If l¯ 0, then both C

"
and C

#
are

subgroups of G
"
and the assertion follows from the fact that G

"
has property (c) and

it is closed in G (see Lemma 2.1). Assume now that l" 0 and that the result holds

whenever the path [�
"
,w] has length smaller than l. Let e denote the last edge of the

path [�
"
,w]. Observe that (γ

"
γ
#
)−" �

"
¯ γ−"

#
�
"
and γ−"

#
w¯w are vertices of S(G ) ; hence

the path γ−"

#
[�

"
,w] is in S(G ), and, in particular, γ−"

#
e is an edge in S(G ). Therefore

there exists some g
w
`G

w
(the subgroup of G stabilizing w) such that g

w
e¯ γ−"

#
e. We

deduce that g
w
`C

#
GW

e
, where GW

e
is the subgroup of GW stabilizing e ; note that GW

e
¯G

e
.

Since G
e

is a conjugate of H, it is cyclic. On the other hand, G
w

is a conjugate of

either G
"
or G

#
, and so it has property (c). Hence there exist c

#
`C

#
, g

e
`G

e
such that

g
w
¯ c

#
g
e
. Therefore c

#
e¯ g

w
e¯ γ−"

#
e. It follows that γ

#
c
#
fixes e. Denote by w

"
the

other vertex of e ; then γ
#
c
#

fixes w
"

and the length of [�
"
,w

"
] is l®1. We infer from

the induction hypothesis that γ
"
γ
#
c
#

is in C
"
C

#
, and thus so is k¯ γ

"
γ
#
, as desired.

Case 2: C
#
fixes a vertex � of S(G ) and C

"
is hyperbolic. Denote by a a generator

of C
"
. Let T

C
"

be the Tits straight line subgraph associated with a (cf. [18, Proposition

24]). Then γ
"
γ
#
�¯ γ

"
� `S(G ). Choose a vertex w of T

C
"

; then γ
"
[�,w] is a finite path

of S(GW ), and hence [γ
"
w,w] is also finite. Therefore, by Lemma 4.3, γ

"
`C

"
, a

contradiction. Thus this case does not arise under our assumptions.

Case 3: C
"

and C
#

are hyperbolic. Denote by T
c
"

and T
c
#

the Tits straight lines

subgraphs of S(G ) associated with c
"
and c

#
, respectively, where C

"
¯©c

"
ª and C

#
¯

©c
#
ª (cf. [18, Proposition 24]). Let � be a vertex of T

c
#

. Note that the profinite paths

[�, γ
#
�] and [γ

#
�, k�] in S(GW ) have the same image in the profinite tree S(GW )}[�,k�]

obtained by collapsing [�,k�] to a vertex (cf. [23, Proposition 1.17]). Since [�,k�] is a

finite path, it follows that [�, γ
#
�] and [γ

#
�,k�] differ by at most a finite number of
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vertices and edges. Now, it follows from Lemma 4.4 that [�, γ
#
�]¯T

c
#

and that

[�, γ
#
�]f[γ

#
�,k�]¯ [�,γ

#
�]¯T

c
#

, since both [�, γ
#
�] and [�, γ

#
�]f[γ

#
�,k�] are infinite

profinite subtrees of T
c
#

.

Let T be the minimal C
"
-invariant subtree of S(G ) containing k�. Then T

c
"

XT (cf.

[18, Proposition 24]). Furthermore, Ta
c
#

XTa , since Ta contains k� and γ
#
�¯ γ−"

"
γ
"
γ
#
�,

and so it contains [γ
#
�,k�], which in turn contains T

c
#

. Let w be a vertex of T
c
"

. Then

T
c
"

¯C
"
[w, aw] and T¯C

"
([w, aw]e[w,k�]). Therefore Ta ¯C

"
([w, aw]e[w,k�]), and

so one deduces from Lemma 4.3 that Ta fS(G )¯T. Hence both T
c
"

and T
c
#

are

subgraphs of T. Next we distinguish two possibilities.

If T
c
"

¯T
c
#

, then by Lemma 4.6 C
"
, C

#
%R%G where R is polycyclic and Ra FRW .

Therefore C
"
C

#
is closed in R (see Proposition 3.7), and so in G.

If, on the other hand, T
c
"

1T
c
#

, then the image of T
c
#

in the quotient graph S(G )}
T
c
"

is an infinite straight line (for T
c
"

fT
c
#

is finite by Lemma 4.4), so that its diameter

is infinite. However, this image is contained in the image of T¯C
"
([w, aw]e[w,k�])

on S(G )}T
c
"

, which clearly has finite diameter (in fact, bounded by the length of

[w,k�]). This contradiction shows that, in reality, the case T
c
"

1T
c
#

does not occur.

P 4.8. Let G
"
and G

#
be quasi-potent, cyclic subgroup separable groups

ha�ing property (e). Suppose that H is a common cyclic subgroup of G
"
and G

#
, and let

G¯G
"
n
H

G
#
. Then for any cyclic subgroups C

"
, C

#
of G, we ha�e C

"
fC

#
¯C

"
fC

#
.

Proof. Let C
"
¯©c

"
ª, C

#
¯©c

#
ª be cyclic subgroups of G. Plainly, C

"
fC

#
%

C
"
fC

#
; hence the result follows if C

"
fC

#
¯ 1. So, from now on, we shall assume

that C
"
fC

#
1 1. First we observe that showing C

"
fC

#
¯C

"
fC

#
is equivalent to

showing that C
"
fC

#
1 1. For suppose C

"
fC

#
1 1; then K¯C

"
fC

#
is open in both

C
"

and C
#
; by Proposition 4.2 G is cyclic subgroup separable, and so C

"
fC

#
¯

C
"
fGfC

#
fG¯KfG¯KfC

i
fG¯KfC

i
, and KfC

i
%

f
C

i
for i¯ 1, 2; since

C
i
¯C n

i
(for, according to Proposition 4.2, G

i
is quasi-potent), there is a one-to-one

correspondence between the open subgroups of C
"
and the subgroups of finite index

of C
"
; thus C

i
fC

#
¯K¯C

"
fC

#
. The opposite implication is obvious.

Consider the tree S(G ) and the profinite tree S(GW ) associated with G¯G
"
n
H

G
#

and GW ¯G n
"
n
H
W G n

#
respectively. Then according to Proposition 2.9 of [15], if an

element a of G acts freely on S(G ) (that is, a is hyperbolic), then ©aª acts freely on

S(GW ) as well. Consequently, either c
"

and c
#

are both hyperbolic or both

nonhyperbolic.

Case 1. The elements c
"
and c

#
are not hyperbolic. Then c

i
(for i¯ 1, 2) is conjugate

to an element of G
"
or G

#
. Let l be the minimal distance between two vertices u

"
and

u
#
of S(G ) such that u

i
is fixed by c

i
(i¯ 1, 2). We shall prove that C

"
fC

#
1 1 using

induction on l. Say c
"
` g

"
G

"
g−"

"
. Substituting c

i
by g−"

"
c
i
g
"
(i¯ 1, 2), we may assume

that c
"
`G

"
. Then c

"
fixes the vertex �

"
¯ 1G

"
of S(G ). Let � denote the vertex of S(G )

fixed by c
#
and closest to �

"
. Then l is the length of [�

"
, �]. If l¯ 0, then �

"
¯ � and so

C
"
, C

#
%G

"
, and the result follows by property (e) applied to G

"
.

Next we consider the case l¯ 1 separately. In this case c
#
` g

"
G

#
g−"

"
for some

g
"
`G

"
. Substituting c

i
by g−"

"
c
i
g
"
(i¯ 1, 2), we may assume that c

#
`G

#
. Put �

#
¯ 1G

#

and e¯ 1H ; then �¯ �
#
and C

"
fC

#
stabilizes �

"
and �

#
, and therefore e. It follows that

C
"
fC

#
%Ha . So C

i
fHa &C

"
fC

#
1 1 (i¯ 1, 2). Applying (e) to G

"
and to G

#
we get

that C
"
fH1 11C

#
fH. Since H is cyclic, it follows that C

"
fC

#
1 1, as needed.

Assume now that l" 1 and that the result holds whenever c!
"

and c!
#

are non-
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hyperbolic elements that fix vertices of S(G ) that are at a distance smaller than l and

such that ©c!
"
ªf©c!

#
ª1 1. Then the path [�

"
, �] contains at least two edges. Let eh , ehh

be the first two edges of [�
"
, �]. Hence eh ¯ g

"
e, for some g

"
`G

"
. Substituting c

i
by

g−"

"
c
i
g
"
(for i¯ 1, 2), we may assume that the first edge of [�

"
, �] is e. Then the second

vertex of [�
"
, �] is �

#
¯ 1G

#
and so ehh ¯ g

#
e, for some g

#
`G

#
. Note that C

"
fC

#
stabilizes

the vertices and edges of [�
"
, �] (for S(GW ) is a profinite tree and so it does not contain

finite cycles), and in particular it stabilizes e and g
#
e. Hence C

"
fC

#
%∆

"
¯

Ha fg
#
Ha g−"

#
. By property (e) of G

#
, we have that Hfg

#
Hg−"

#
1 1; but since the length

of [g
#
�
"
, �] is less than l, it follows from the induction hypothesis that Hfg

#
Hg−"

#
f

C
#
1 1, and from the case l¯ 1 considered above, Hfg

#
Hg−"

#
fC

"
1 1. Thus,

C
"
fC

#
1 1, since Hfg

#
Hg−"

#
is cyclic.

Case 2. The elements c
"
and c

#
are hyperbolic. By Proposition 2.9 of [15] C

i
acts

freely on S(GW ) (for i¯ 1, 2). Let T
ci

be the Tits straight line of S(G ) with amplitude

m
i
corresponding to c

i
(for i¯ 1, 2) (see Proposition 1.5). Then T

ci

¯©c
i
ªT

i
, where

T
i
is a segment of T

ci

of length m
i
(i¯ 1, 2). Therefore T

ci

is a minimal ©c
i
ª-invariant

subtree of S(GW ) (i¯ 1, 2). Since C
"
fC

#
1 1, we have that T

ci

is also a minimal

C
"
fC

#
-invariant subtree of S(GW ) (i¯ 1, 2) (cf. [22, Lemma 2.1]). Since C

"
fC

#
acts

freely on S(GW ), one deduces that there is only one minimal C
"
fC

#
-invariant subtree

of S(GW ) (cf. [15, Lemma 2.2]) ; and so T
c
"

¯T
c
#

. Then, according to Lemma 4.3,

T
ci

¯T
ci

fS(G ) for i¯ 1, 2.

Hence T
c
"

¯T
c
#

. By Lemma 4.6 there is a polycyclic-by-finite subgroup R of G that

contains C
"

and C
#
, such that Ra FRW . Thus, by Proposition 3.5, C

"
fC

#
1 1, as

desired.

Finally we must show that property (f) is preserved under free products with cyclic

amalgamation.

P 4.9. Let G
"
and G

#
be quasi-potent groups ha�ing properties (f) and

(d). Suppose that H is a common closed cyclic subgroup of G
"

and G
#
, and let G¯

G
"
n
H

G
#
. Then G has property (f).

Proof. Let g be an element of G and suppose that γ `GW satisfies γ©gªγ−"¯©gª.

We need to prove that γ inverts or centralizes g. Consider the tree S(G ) and the

profinite tree S(GW ) associated with G¯G
"
n
H

G
#

and GW ¯GW
"
1

H
W GW

#
respectively.

Case 1. The element g is not hyperbolic. Since g is conjugate in G to an element

of G
"
eG

#
, we can assume that g is in G

"
or G

#
, say in G

"
. If γ `GW

"
then the result

follows from property (f) for G
"
. Otherwise, by Corollary 3.12 of [23], g ` δHW δ−" for

some δ `GW
"
; then, by Proposition 4.5 g is conjugate in G

"
to an element of H, and we

may assume that g `H. Hence by Corollary 2.7 of [15],

.
G
W (©gª)¯.

G
W
"

(©gª)k
H
W
.

G
W
#

(©gª).

Consider the natural homomorphism

φ : .
G
W (©gª)MNAut©gª.

Let C denote the subgroup of Aut©gª of order 2 consisting of the identity

automorphism and the automorphism that inverts g. It follows from the property (f)
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for G
"
and G

#
that the images of .

G
W
"

(©gª) and .
G
W
#

(©gª) in Aut©gª are in C. Hence

Im (φ) is contained in C, as desired.

Case 2. The element g is hyperbolic. Let T
g
be the corresponding infinite straight

line and T
g
its closure in S(GW ). Since T

g
is the unique minimal g-invariant subtree of

S(GW ) (cf. [15, Lemma 2.2]), .
G
W (©gª) acts naturally on T

g
. Hence we have the following

commutative diagram of natural embeddings

-g. Aut(Tg)

Aut(Tg).G 0-g .1

Let � `T
g
. By Lemma 4.3(i) there exists g« `©gª such that g«γ� `T

g
. Now, by Lemma

4.3(iii), T
g
is a connected component of T

g
considered as an abstract graph, so g«γ acts

on T
g
. Therefore, the automorphism δ of Aut (T

g
) induced by g«γ actually belongs to

Aut (T
g
). Now, since Aut (T

g
)FC

#
nC

#
, the normalizer of every infinite subgroup of

Aut (T
g
) is the whole group. Thus δ, or equivalently g«γ, normalizes ©gª (here g is

hyperbolic and so it has infinite order), and so inverts or centralizes g. Finally, since

g« centralizes every element of ©gª, it follows that γ also inverts or centralizes g, as

desired.

We end the paper by indicating that the proof of Theorem A stated in the

Introduction follows now from Theorem 2.2 and Propositions 4.2, 4.5, 4.7, 4.8 and

4.9.

In [15] it is shown that free-by-finite groups are in the class 8. This together with

Theorem 3.8 and Theorem A imply, in particular, the following theorem.

T 4.10. Let 8
"

be the class of all groups that are either free-by-finite or

polycyclic-by-finite. For i" 1, recursi�ely define the class 8
i
to consist of all groups that

are free products

G¯G
"
n
H

G
#

of groups G
"
,G

#
in 8

i−"
with a cyclic amalgamated subgroup H. Then e�ery group in

the class

8 «¯ 5
i=¢

i="

8
i

is conjugacy separable.
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